7 Qbs constructions

In this sheet you’ll construct new gbses out of given ones. If the development starts to feel
too abstract, skip to the next sheet and come back to it when needed.

[77.1. Let A be a gbs and X € A, a set of points. We can equip X with a gbs structure

by taking as random elements all the random elements of A whose image is in X:
Rx ={a:R-> X|laeRa}
This gbs is called the subspace of A induced by X.

Check that the subspace X is a gbs, and that the inclusion X < A, is a gbs morphism.

A subspace embedding m: B - A of a gbs B into A is a qbs morphism m : B - A where:

m,: B, — A, is injective; and

L

m,o:Rp — Ry is surjective.
Show the following:

Every point z :=A* .z :1 - A is a subspace embedding.

Each inclusion X ¢ A, of a subspace X into its superspace A is a subspace embedding.
Not every monomorphism in Qbs is a subspace embedding.

Every isomorphism is a subspace embedding.

Every gbs morphism factors as the composition m o e of an epimorphism followed by a
subspace embedding. A

[77.2. Let A beaqgbs, X aset,and g: X - A, any function from X into the points of A.

Show that g carries a gbs morphism f: Q)g , = A from the indiscrete space over X into A,
S
ie., f, =g, iff the subspace g[X] = A is indiscrete.
Deduce that every morphism f: c{g , = R is constant. YA
S
[77.3. Find the terminal gbs 1 and the initial gbs 0.
77.4. Let Xy, X5 be gbses. Construct their product (X1 x Xo,mq,m):
The set of points is the cartesian product: X; x Xo, = X;,x Xo,.
The random elements are tupling of random elements:

Rxixx, = {a:R-> X, XX2|7710045RX1,772004€RX2}

We can think of random elements in X7 x X as correlated random-elements in the
product space.
The two projections are given by the set-theoretic projections:

’/TiIX1><X2—>Xi

i (21, 2) = @y
Show:

X1 x X5 satisfies the qbs axioms.
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Each projection 7; : X7 x X9 — X; is a gbs morphism.
The universal property of the product (see Ex.2.15).
Generalise: construct the product [];.; X; of any I-indexed family of spaces. A

77.5. Let X, X5 be gbses. Construct their coproduct / disjoint union (X u Xo,11,t2):
The set of points is the disjoint union: X; u Xo, = X1,0 Xo, = ({1} xX;)u({2} xX3).

The random elements are binary recombinations of random elements:

Jay € Rx,, a2 € Rx,.a = [, ]
Rxiux, =ja:R—- X, 1X, N {x:lel: a1 11
= Az.

T =129 Q2T

We can think of random elements in X; u Xy as splitting the probability between the
two spaces.

The two injections are given by the set-theoretic injections:

LiIXi—>X1HX2

L = yx = (i, x)
Show:

X, u X, satisfies the gbs axioms.

Each injection ¢; : X; - X7 u X5 is a gbs morphism.

The universal property of the coproduct (see Ex.4.3).

Generalise: construct the coproduct [];.; X; of any I-indexed family of spaces. A

77.6. Let X, L Y <f—2 X5 be two gbs morphisms. Construct their pullback <f1 X fo, ;;1, 5?2):

The set of points is the set-theoretic pullback:

Jiwfa, = {(ffl,fw) € X1, x Xo,

Jizy = fa 932}
The random elements are tupling of random elements whose projections agree:

Ripimps = {a:[R—> Jimfa,

;ioae’RX“izl,Q}

The projections are given by the set-theoretic projections:
Tt Xy x Xo - X;
7wy, w2) = a5
Show:

f1 0 fo satisfies the gqbs axioms.
Each projection T f1w fo > X; is a qbs morphism.
The universal property of the pullback:



—
fix fo 2, Xo - X,
5’%11 = lfz and every P! lfz — PN
X ——Y X1 ——Y
i i
The pullback is a subspace of the product: f; x fo & X7 x Xs. 4|

[77.7. The pullback of a subspace embedding m : S = Y along any morphism f: X < Y is
a subspace embedding T frxmo X. A
We can summarise this situation in the previous exercise in this diagram, where the
right-angle marker inside the square marks it as a pullback:
D
fixfo —> 8
W
Y

X7

[77.8. Show:

.Qbs, .
The free gbs functor %7 Set — Qbs preserves finite products.
51

b
The free gbs functor rb : Set — Qbs doesn’t preserve products.
The indiscrete gbs functor Lobs” : Set — Qbs doesn’t preserve finite coproducts.
S

b
Deduce that the sequence of adjunctions: PP Wi b’ between Qbs and Set
€ S
doesn’t have a further left adjoint nor a further right adjoint. A
Let X be a set. A metaphorology' over X is a set R € X% of functions from R to X
that satisfies the gqbs axioms (contains all constant functions and closed and measurable pre-
composition and recombination). Thus, a gbs A is a set A, equipped with a metaphorology

R4. (In Ex.6.3 we called this concept a gbs structure.)
7.9, Let X be a set and £ ¢ X® any set of functions. Show that the smallest

metaphorology ClgpsE on X containing F is given by the recombinations of measurable
pre-compositions of F-elements and constant functions:

I is countable, R = ¥,; U;, and for every i € I:
U, e BDQ, and

either a; constant, or there is some
measurable ¢; : U; > R, B; € E s.t.: a; =B 09;

Clgps E = { [Ar € Ui (1) ],¢;

[77.10. Show that the functor tgoy Qbs — Set generates limits and colimits, but doesn’t

€
create limits nor colimits (see discussion before Ex.3.27). Deduce that Qbs is complete and

cocomplete. A

L T’m open to suggestions for other names. Going back to its original roots, ‘metaphor’ originates from the
Greek peta (‘meta’, across) and gepw (‘phero’; to carry). This choice makes ‘metaphors’ an appealing
alternative to ‘random element’. The other candidate was ‘stochastology’.

Exercises



REFERENCES

References



	Qbs constructions

