Foundations for type-driven probabilistic

modelling

Ohad Kammar
University of Edinburgh

Logic Summer School
Australian National University
4—-16 December, 2023
Canberra, ACT, Australia

50“5/{’3 +HE UNIVERSITY of EDINBURGH Laboratory for Foundations (SN
informatics Ifcs of Computer Science Bayesce nt re
ted b EV“ THE ROYAL ThRIan Turing
supporte H NCZ
rotet™ IE SOCIETY  mnstiute - Facebook Research NCSC

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Co P wtat ﬂna€ ot

f iy ‘r//e rich S*ﬂ'[‘l&‘l‘tal
é conputeal i ow

Co wpatilion

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Caweubt‘l’.aﬂnae gol},e_w_ Cree vf:

fﬁ:cé tyre rich Stubistic
Co wfu"'hﬁ”L Co wpu‘l' el iou
Erprsve Type systtns: Se'wfzve Wée//;'ag

Hostell, 0Com) | 3375

MecManised met hemstics:

AAA!-) &1 ' rsb&“(/ h,L , Le’ v M""Ll ’Carlo $thfian
or- dratiest —b )
VeriQicafCOn: 3 OPszs:‘l" o
SMT -Powentd ) vepl ichic WA
Sysms AI

eﬂ;c:m‘t ) cerep cf :

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Caweubt‘l’.aﬂna( golle_w. Cree Off:

conputalion

by

Co w'ou‘,'ufion

C\uw LoMtcfion to

Youn)ations:
- Redt5s — His tomce
- golavs’$ Cﬂu%

- MW\A-&\"
- DMM\\')

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



\I\/\\g Qoum&i 1O ?

coun*blx(y Suf fofel Mﬁ‘%“ra“{ Sp
mepsunldS /. Stowim b ,cshst;cf

DESCH}“- PNLGL‘\7 Q PooVv” "7/Q
? well -behauel Pl Sl

$-Cinle MmetueS ax
Cor\'l‘mu o Pvakakl.y Stanlog Bp\..e\ Spaeg

QE&SJM me“su‘ onh \/
,Q (o orel Sl
‘YAVQWUI w , & u.'aer( wt«‘}al

i 4 e
w4l "7'65 "’o ALVQ‘De Sw\oa‘“‘\y (_H“ /F(’ :
s Coure

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Plan:
D ‘,’7({—}6.\»{0\. Probub, 1:7: discrete Cuse (M on _..Tue [7))

Z) Borel s 4 weagysbl, spaes ( Tu()
%) Rusi Bord Spets | Sifle -lyP(, Struife (WeL)
HS De(e.\wt "7PC Struglimg L Stwdwl Ronel SPmes [Tlm )

g) j:ni-f—(llrﬂtim k Yenkowm Va-v-iaJ,l@S ( Fﬁ)
= Couvsc
P)W aSh 7!@3%@.3( < We‘g%

sl

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



TInterestes in 1y Ma.l'k!boﬁf‘/ fovsotions of S Ci et 7
,Qa(xica(

H&J;U ‘th L—e{s on a funded PLD ofler (. AM}7

Ay{ver’ﬁSemewz‘ Compe 1ition / } Co«-{h-’/-(r

Chean ot ou-  PhD Prograns :

Ifcs | [Laboratoryv for Foundations
of Computer Science

oim L FCs Rl

X PLD AT G

'_ vj 'Qoba'l’ucS
nT

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



L—ﬂ-"JchZ o& A;S""";Lwﬁﬁ& V4 {)V\’~Laéa/;f7

X bl’c (=50n¢) of  Volueg / outcmes

OX —l7pe od Jdistributions / messures oner X

PX c DX Su) 47(‘( ot F\oL,é,’l.'& Meaq el ( J”’fﬂ‘-'. N'suc)

63( "7{’4 o essurable Cleds - Subgts of X we
W e ot waigkds @ Lo, o] wish to mepsmc

4:Dx, E: DX+ ce[E]l : W
r

> Meusue M Ms;J“g tr E

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



A'n}ams Dor Me2<ureg

Tt meugyy is o0 W

X+ Celd]=0 W
'J‘-

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



A'n}ams Dor Me2<ureg

X S « Bolea va-a’g,Q,!,m.'

E :RXF £ : BX
£ F:BX¢ EUF, ENF :Rx

E C:BX DX F (Ligiont ssbkivi)

CelE] = Ce[EﬂC]+Q[EnCC] W
r e F

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



A'n}ams -QDf m%unﬂS

w=(Ms)  [Be) (W.<) ks

(BX,-‘-'-)W‘= é(En)nfu(BXB E,S ECE S %

(G;X /‘C‘;) ol &‘/)S) he W- choin -CL;;(A-.‘
= (RxeS FUE B oW,k Spa W

E _:(@)() S)(»: "‘ -OX ¢ (Scott Cawﬁuu.'b)

C@.[UE]—SMFCC [E] ;W

Ohad Kammar <ohad.k . Type-Driven Probabilistic Modelling



Amiom  for ﬂ»o&.L.‘l.‘Z

Cost : N3 px 1:W
VPxk Cefxl=1 W
Gst

AV".‘X Costn 6 %

E:RX, 1 PXFP[E]i= CeLE] : [a]eW
F Cust 4

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



A'n}ams Dor Me2<ureg

Lﬂﬂlmt
DX, (-(\).\/)( : W LZ
f:DX I-J'*Lf) ( L&Jw{,m}

Aia,.m ﬂ\/o"& 6(5"’11\6

PP X, W Er¢]- (eepp W
(Expectstion)




MahL S‘(’VMTM_Q A notution Qﬂ"(r ( -.-Hclw'ca/-..)

H“VC . \aniua»a,e, + oxiomS
\A/ﬂh't - malel

+0&/3 Aite Measmes

VESt ok Courg: diccrete + Lonbeges

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



i~ vav-l
J\7@ X Set

DX - 5 Vx_%\\{\/\ t S Caw-+a£>l7 Sa(For{‘ee! z
(newt s ike)

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



%‘f@(ﬂ / Fvwerf,d
I”““/, P S seppets
he:X. pr>o0=> xel P,.,,F
X
r/\iw ~ Sw(‘a YA:: {néX,rn)ok 'i>)<
Sufp 1 is e Swmillest ot 9“(’90"“"(‘) -

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Discnet. Mok
‘\7'QQ X Set

DX - 5 Vx_%\&\/\ t S Caw-+a£>l7 Sa(For{'ee! z

= § [":Y_)\Wl §u(f,» is Ca,m'faue %

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



i~ MDAv-l

'\7@ X Set
DX = 5 VX-’)\&\/\ P 15 C¢w~+a‘:>‘7 Su(For{'éé z

')ZDXJE'-BX t ﬁe[E]b Z fr 2

- XEE
= Z p e
%€ EN S 1+
Lewwma: 10X, g ¢ %\3\(, S Supprls P, E: Bxe

CVQ[E]: J! vn

xe £nS

Ohad Kammar <ohad.kammar®@ed.ac.uk>



Eoa:
v £ BXEH C<[E];IEI:=!

X

E ‘ms n elt..a\k'. n

E ia .(—\m:"€3 Co

net: 1

XEE o = ):xEE] :\W

. E;&x,n:)(l— CelE]= {
"
V. EBxe [-eE]'-X—e\W
ndi cobv

-Cm'hﬂm
v E.’BXL CC[E]: ”,
O

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



\/&\ \ >lf|'t (limms

pOx+ Celd]=0 W
'J‘-
E C:BX, DX F

Ce [E] = C@[EHC]+C€[E/)CC] : W
r p F
E {(exc )“f f~:0x ¢
Ce_[(JEﬂ]-‘- Suf Ce [En] . W
vt “ P

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



ke_ﬂ\ﬂ,\s /.8 Lrom r (-a X :

N

n (D X}P

\<€rm\s (1v4 “aeem/ Py rv‘l,+ ergeé ’ M@ aSanef

X
Exn Dicgce lceene\ S": (DX§

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Koek_Jreqrel

,/L:D\"Jbt: DXFF (§"“l& : DX

In Seveht Mo&l :

=hyry
C%t*l'tf:)w)(. S ME k(15 x)

ver

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



(weon) é'éi/ﬂ'eﬂn'fiom ol V

*
W,Y,'\' . r/t : ( Now -5t pndad
+~va3n9|057)

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



2= Z
Z fin) =
k:(De") kO )5 :; ) f
1 A%
(& H k) Z'li"- hln4) N g‘ﬂ-(un)
z w6l \/L{'bl

I
>~
<
D
+
S
P
(S
|
S’
I
T
~~
4o
-
o -
=
—
{
4
=

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Ohad Kammar <ohad.kammar®@ed.ac.uk>



\)roe ( Sistnete Gir/)i (i cwele 6‘»7 'gl)

(D,6.,%) is & rons) ig
o M(Dx)pk %S k=kr
MDY F %y(hﬁ ~p © DX
0T, K: (ox) t: (DY) ]

%‘Am\( fer)t ) - é; (& pic) () 4y

Cof‘a\\m,:3 (P 0. )&) 1S (o mongs




L—ﬂ-"JchZ o& A;S""";Lwﬁﬁ& V4 {)V\’~Laéa/;f7

X bl’c (=50n¢) of  Volueg / outcmes

OX —l7pe od Jdistributions / messures oner X

PX c DX Su) 47(‘( ot F\oL,é,’l.'& Meaq el ( J”’fﬂ‘-'. N'suc)

63( "7{’4 o essurable Cleds - Subgts of X we
W e ot waigkds @ Lo, o] wish to mepsmc

4:Dx, E: DX+ ce[E]l : W
r

> Meusue M Ms;J“g tr E

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Plan: v/
)) ‘,’7(-6 - drwn Pralmbi L‘7: discrete Cusye (MWI *Tue )

Z) Borel s 4 weagysbl, spaes ( Tu()
%) Rusi Bord Spets | Sifle -lyP(, Struife (WeL)
HS De(e.\wt "7PC Struglimg L Stwdwl Ronel SPmes [Tlm )

g) j:ni-f—(llrﬂtim k Yenkowm Va-v-iaJ,l@S ( Fﬁ)
= Couvsc
P)W aSh 7!@3%@.3( < We‘g%

sl

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Foundations for type-driven probabilistic

modelling

Ohad Kammar
University of Edinburgh

Logic Summer School
Australian National University
4—-16 December, 2023
Canberra, ACT, Australia

50“5/{’3 +HE UNIVERSITY of EDINBURGH Laboratory for Foundations (SN
informatics Ifcs of Computer Science Bayesce nt re
ted b EV“ THE ROYAL ThRIan Turing
supporte H NCZ
rotet™ IE SOCIETY  mnstiute - Facebook Research NCSC

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



L—an L4l ok J.TS-GV-CLJHWL 4 Fh’$a6a'/ﬂ‘7 ,?60{"

X bl’c (=50n¢) of  Volueg / outcmes

D)( 47'0( ol AiSh-iLu‘h'Dhs/m%u% OWX

PX c DX Su) 47(‘( ot F\oL,é,’l.'& Meaq el ( J”’fﬂ‘-'. N'suc)

63( "7{’4 o essurable Cleds - Subgts of X we
W e ot waigkds @ Lo, o] wish to mepsmc

4:Dx, E: DX+ ce[E]l : W
r

> Meufue lu. MSiJug 4o E

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



A rimns br messaces / distributions ’chff
pOx+ Celd]=0 W
'J'-
E,C BX, 1+ DX +

Ce [E] = Ce_[E(\C]"‘Ce[E/)cC] : W
r p F
E {(exc )“f f~:0x ¢
Ce_[(JEﬂ]-‘- Suf Ce [En] . W
vt “ P

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



/Q-rnds )é Hr koen ink 55_{{ Pﬁ&f
k?fw| (’\-‘w f"fo)(: k(ox)r oV k: rdDX

Dirac kernel : & 1 X— DX

[ .
<ock intepul: (40T, lR*(DX) * bk DX |
oY g, fA(Jn) be(x) (Ak fc‘:.i?

Gira Monwbs : (D, 5, ,§) A (P,S-,‘?). o

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Discete modol Recp
‘}7/Letwf W= [»,00] Bx:< Fx

DX:= {p: X W | Sqp b Cotile §

PX“: l‘é ox’ Ce D(] Sig

Ce[E] Z’m S’L-:n”'./ h:h:: -

€L nF 1

&/‘*IQ iz Ao Z P -k(r;x)

el




E P4 distributions ,? @_010

Coutia MeaSling (Ycﬂ/)f o )hi
i X

Dira[_ ey ne Xn ( v S\i&)

Zevo MesSure 0 A% 0

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Plan:
)) ‘,’7(-6—Av~l\l‘{ﬂ- Pralmbil.‘7: discrete Cusye (Mﬂn *Tue>

Z) Borel s 4 weagysbl, spaes ( Tu()
%) Rusi Bord Spets | Sifle -lyP(, Struife (WeL)
HS De(e.\wt "7PC Struglimg L Stwdwl Ronel SPmes [Tlm )

g) j:ni-f—(llrﬂtim k Yenkowm Va-v-iaJ,l@S ( Fﬁ)
= Couvsc
P)W aSh 7!@3%@.3( < We‘g%

sl

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



?qu/lf ey
t/*ID)(’ V: DYP H@V = &rGh)%V&J)gC;’:I; D(’(ﬂf)
= Ma,g). p 'VJ

dis oete
Wolp ‘

(@ \i HS a‘ij Pc—iD)

Eﬂ: :\:‘:)(x\(:: —F\:x@:‘:rr ui\) W‘uf.Su

Co w0 Si-l—.'am/b

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



. . Y [
Notation: A0 cst) 1e(02) 1 f &X(él,éj)k(l.j)
=@Alk

FML;I\.J ,TOI\("} T'\ e

jh*_ejy~4"-e ir\ Aba o Péef— :

X x¢
DX, V:Oy k;(\)z) -

ég I,(}n)%v()j) u( ) :%Q‘@Vb%é’])
= %\/QJ) {) e I<(h,33

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Pwsk;na w meosng Lorued
N f _ ;
ping, 4 X" r‘y'-cs;t/(éw)ﬁ'ow DX

N
=X 0 vonbow @l

(Wt
V«:DX: 1 law oF & H>

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Evi We ca mpreset (onfigudions o 2 g
u»s;.j Ex¢
LUH\":) 2k _éz—ﬁll\lzﬁ—)-al)\/
We et tWk 'h'—)aw ot @):

[N V) Newdpt - of
ol Whog S Qi

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



SC al}na\ ¢ Meosate
J

(.):Wx Px —» Dx

a./;:: A . a- fx

Ga=<o: ¢

NG: Seplep)s )j

aFo: Sqpip

|/c¢e,[

(')I\\\/KD)(—-)DX is an aclion 04 Mmoacd (W,0) 1) on pp-

[e—————]

0‘/5:“1///":'9(/’
4= o-b-p)=(cb) p

,A:DYk

Ohad Kammar <ohad.kammar®@ed.ac.uk>

Type-Driven Probabilistic Modelling



A s
Normalisgtion type Y K

"‘.‘DX’ C—CD(]:}LDIW +

o) v

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



S ‘\’0?&0,11 VﬂCa!m ’06

Joint distributjonS /u: D( er)(z)

R,
XZ

/\/\;U'\na‘ AQS{‘H&,{}M: X' é—”'- x,x)g
|au ok (’Y\z')ec’('mn

o O

MM'*J; M,’,‘sﬁt;ﬂf\ - //7(,: # ,M(“h‘{j) 57(.

;n#ejv-a"t out J
.E)Cr(.aa('. ]U‘.‘PX, V:0x - ('u@\/)nz:v

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



'hie Pe'd Cuc

Poiving €& S 3 \/8)

d.X!Z £ “ X = ! £
| e < ";'t\. er/’y
{o(,,@y: I Lodw, Lwd Ny ()(, T) T,

)g:Dﬂ, d:xn,{szya,. 0(:‘.’.# - /\ = )\ & /\B

d;lg ;ﬂéefe«!ut Wrt )

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



(Ourvett .
E)’C r?Q()r‘( )MT Du«f&?%S ot L Co:ia t?S SeS :
jians

C={Th] a=cxcc AUBYOY:Pa

7. L —C Dut cone ok A Fos¢
7T (:?
Some 148 =7 (xR
J
e ( ) - €= B = True, False ¢
_ htj. Th.!
J {hfj : F:alk

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



(Ourvett .
E)’C V)Q()r*( )MT Du«f&?%S ot L Co:ia ‘,-OS SeS :
jians

C={Th] a=cxcc AUBYOY:Pa

BEAN

TC @A S C Dutcone of ! ','DSS
<7 TS (;
Sme (48 —7Cxc—oR

Merg "ol jgq tivs V(T) U ) J

.\ ¢

| = V.odJ T= +1 =1
AS@""QQ ( C@ C);) tZ, % 2

U, (H)-VIH)
So )\ F =! t.
Sawe

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



(Ourvett .
E)’C V)Q()r*( )MT Du«f&?%S ot L Co:ia ‘,-OS SeS :
jians

C={Th] a=cxcc AUBYOY:Pa

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



(Ourvett .
E)’C V)Q()r*( )MT Du«f&?%S ot L Co:ia ‘,-OS SeS :
jians

C={Thy =Cxerc NUOUOU: 7

7. L —C Dut cone ok " tosg
' <M TS -
45 ) - U gavm {2 —2Cx¢cOR
- Same.- rE) U
A
) = = D®0U =)\ © A
<Sw~e,n_,$a~(23> I3 xif2, 3 3 S“*—elz Sa"(ls

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



ndeperdeouce

?#:r;ns res / I’e« \/i

Q ” X = e
rexoFrrk 2 D xli T
(ot B>= oo Lotw, pws  (X+ Y) | e

n n
)&'-Dn/ o X ’ﬁ:Y - o&t{_ﬁ -:) - ) @ /\B
o f wdeped, T Wrt X <op> A : Pp
l—‘ﬂva WS 0n
.
»ioa, & TT x:n" dix T
el P ~ ® 3 ()
Y- NhePendit ngﬁf' >‘<°(J>'e— Jeg % v
wrt, A v€J

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



(Ourvett .
E)’C V)Q()h( )MT Dwf&?WLS ot L Co:ia ‘,-OS SesS :
—

C={Th] a=cxcc AUBYOY:Pa

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



\lﬂ(ﬂbh’at«j

( Discrete) /\/\eaécwe Spa <L (X, erX)

€0 Sunme prserving ¢:(x,+) — (Y, V)

QWC}'\o:\ (f:)('-ér St l"‘;:v

roOX, Eixore poinvarion? wnder § i

e, = (X, p)
Eaui

—_ "':Dx/ V'D'r"

Swep: (vt , O V) —3(fxx, vO ) 5°
HOXE PO inVaripd pnder Soyaf

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



\i\l:';jbds 25 Mmlchune S Vo - V;;;( ,\,77 ot ke

A P o .
05 ¢ervation A Se[ﬂ]

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



(10X, (/:\\«/X"Jf“( ‘W (L(Aesjt.,(
1:2| pr-Ya M!-gw)

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



A Nkt
I .
1€ Sufth g
= Ao, 2 f‘i" U spp 1
rex Vet

E - Bernah’/; astribation

/

e: Py B(p) = P8 +(-P)§  PM
Trine False

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



The. (a(l(:ne-lmewf?) :

§ 15 0'#'.“-&"5!’61/ h each arjh.;f,.

T bl
4\* (O['ir k(OX) - f({ra Fi)k = Ea f s
té_‘[’
-Tdb(, 'A:Df' ol \L}I, lQ__'- DXI,_
S{ulén)(ja l((n) .-r %’W(

1ET

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



FL-OE: \]/\/ & DY s a6 Sen »V‘JU '.Solwr/l.:sa.,:
(le)(.)':{) & (DJZ)):',[), <>)

ot () WXDX — Dx Mmows, D) |

At a nm,_l,_/C
(Za)p=2lop) ot 2 o
1 €T el €

va“a:) g 1S a#\‘ne-’fnear n Cacla &VJuu/h'l’.

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



ﬁm&m variable - I MB: R:=[-<0 oo f

e R
A r‘&hbm elemlvvi X - ’R (‘AJV‘"’ Sone PDﬂ-)

Carn ol "*“H'.‘f/7 N ,S |

To l’\l—fj I’l‘k ":V'S .
" Ngk

(-y: R —>W

+ W 20 . AW _ .
= )w{ Ow: 0 [X-ZD])O(/

- - A Wgo [t w
X ""U'{Dy‘ | [o ’ - [°<—$o]-)oll

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



—A
R
S
D
#_l.
=
L
O
'\l
N\
8
C—~—

eﬁF('rz-/F) I\’S e Norm "0(“ th[la(/] wlmost Panack

'C). (ﬂ,f’) lws Gn inng, /’”&j (o(,ﬁ>:.: }E [x.p] o nost Wbt

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Dcns;b

b density over X d:x —2W

dow”, pioxE dOf 0 DX
‘= &rux)(h-&)

\I\/arn;na ’l_Le -l-7ﬂes of MégsSyn~eg 4’ Je.ns.'l-{?s A

e discrete Moclel ahre CIUS—Q, !)«d'ﬁi/_ A‘.#[erc.«t-
They Lincile on conbible sets, So people 0fton o,

Thee.  Types help us keep thee sepayate.

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



in‘\’u.c I'i M-

12|
% |
&

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



A'moy}_ Cerh]l\ (N(Qr‘fie_s

E:[3X, |1 DXE ,u(b:) - elmost cectuinly %€ Frop
= [-€E|Op=p |
rek:
KNts: [h65]= { EE ¢ D

whe.. i M:no inSte.}
fr(2n) -almost §u}~e|] x¢E

E)Lfrc;}( Lool wP He A_(,.l ol « Novrimel S pacy
Ond mlﬁ7 ¢H.{ AQ_-CN\‘}QI\ $0 "'L,,t [ (,(2 ,M) s a

no'f‘W“L Spece UF -+o0 “"W?St Sane 67‘boll 77 .

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



d is « bnsiby of po Wit Vo

ALsd.de contima: ;
d " ? d is a Rodon- M, 'zoi)rh deriveting tovy V

:2 F=AOV

rA,\/ DX P '\4 << V ‘= "" RS aL.SﬂIGJ'tIJ Con-h'nao% 4.:,‘{-. V - tho

- peviox, p!
LCW\WW-' ey, &V(ln) "’:'(7")1‘(" - §ih(‘l)")l?)c
h:{p\«)x

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Rabon Niteodym T (iscrete version)
’/,V:Px,' Iu(ey 1'# Vn.Vx:o_j/A)t:o
o S P s seppy

E’*"- pvr C‘I'L\ X , v ,4:0x . //<<' ' - P)vof: W—cuoasl7,a5
o ﬁxn;fo.
d

T)v« /\n.,»x = —,:

d#

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Conkitiona| ¢ h(ec Totion

P isa Conditionsl expeclotion oA A Wri 2 abn‘j K

p:00L H: )(n; o(:ﬂ'(a,,*); ﬁ’L'(X, rn)
Fp= |E[°(| H:-]  Prop
SR, [ R g goos [paas) - i)
gbg}i,tim
O

dectedt \X YE[“\H:'] tuctial
StakiStic / Stetistic

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



T\hm (ka\MaJoa-av)i (A;S(M"e VCVS;'PM)

T)\QH'. S 6 cu{f-an

Ef-[-=-]e [T T Lap—Llxr)

/‘PJ),HX

st. E [°‘|H=-] IS & condtioncl Catectation ob K Wit pe
alﬂnJ H.

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Conbikionsl (Mloa“7 (discete ve a»).'

H: x ,»Px HP[“""] (Pﬂf(

- gx,xlw . [E [twsw|Hys L]
NN,‘

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



6,7(5'5 The (disoete version aduptes fun Will: o ): Xx@®
- - H:?”z
Lt X:P(X=®) Jjont FwL.L.'/.'1‘7 distridation . o(.y \'@

Assme pt:0x ,V:iDE) St. Ak MOV e
withk ) = 42 : Obsaudin
X'H A(f@\’) Space.
Wa fheo 1= 93
Q"Si: AXW ‘lx- ol
dy iz Xu.[vléﬁ)) (3, 8) 4 g
XK

.« ©
A Si...'.\.ﬁ (AH ‘W)= '\e’ff’“")a' H[)"a) = j&

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



69755'5 The (disoete version ,edepted fan \v’;ll;,,,s ): Xx@

- H:?”z
Lt X:P(X=®) Jjont FwL.L.'/.H‘; distridation . o(.y \'@

X

Assme pt:px V0B St. Az pHOV.

S
witt )= 42 . d.E ﬁg{ d = 43, Obsautin
1% B dp © T Space.
(=1-):Xx
Let A)(Il-\ ) @7:'\; ‘!xu()"a}
o %
N ™
ow : o
2\ . () — PX Bayes's Coriita:
X|H=-
= 4 (-10)o P [-]H=-]= A
XXIH:Q XIR k A([ X[ h=-

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Surames

'A@\] Prodact M fa§unes 4 Rg}ai -7on¢”,'
(Px, 2,0))  modde sty 0t 4 Hine Linear b ok g’
& LQ\;(SJM inHJyaﬁaﬂ
Staadad vocak..)ys-. joat digt, ,mcuim);s,,{:a.\, 1md@pPladeue | W ayiorcy
A'Cn${|-7 4 RQ‘W‘-N?RO)]M A‘Cr'.vd:v'bs(\aﬁ() "hQ U.)O\m'.nj)
Kmost cotdin progedies

Conkbiond e tation A Probalil:t
wilh Ba7¢$'§ TLe-.

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



’P\an: Vv’

D ’,’7(4—Av~lwn, Probub, 1:75 dis¢rete Cuxe (Mm *T“€>
Wel

Z) ‘Bﬂ\i\ 30{—5 4 meafupsbly SPELS ( )4 )

%) Dussi Bordl Spoers , Sinfle -lyP(, Strafue (WeL)

HS Degensit "7PC Struilng £ Shaded Brel Spneg  (The )

g) j:ni-f—(llrﬂtim k Yenkowm Va-v-iaJ,l@S ( Fﬁ)
= Couvsc
P)W aSh 7!@3%@.3( < We‘g%

seble

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Foundations for type-driven probabilistic

modelling

Ohad Kammar
University of Edinburgh

Logic Summer School
Australian National University
4—-16 December, 2023
Canberra, ACT, Australia

50“5/{’3 +HE UNIVERSITY of EDINBURGH Laboratory for Foundations (SN
informatics Ifcs of Computer Science Bayesce nt re
ted b EV“ THE ROYAL ThRIan Turing
supporte H NCZ
rotet™ IE SOCIETY  mnstiute - Facebook Research NCSC

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Plan:
D ’,’7#—5«4\»{& Probub: 1.7: discrete Cusye (M o ,..Tue)

Z) %ﬂ\{\ wts ( meagu,.aj,lc paces (Wea)
%) Ru s Pord Spa LLS( WeL) Séu.ﬂe -’7@: Stvuif e [T lw.)
HS De(e.\wt 7K Struglimg L Stwdwl Ronel SPmes [Tlu. )

g) j:n“j"ﬂ“m /¢ Yankon Va-v-ia.blgs ( Fﬁ‘)
= Couvst
P)W aSh 7!@3-}10/.5( < We‘g%

seble

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Ais@efe mo J,e( ™MeoSug Or:(] L»‘Sf yu.s:
23 24 p3¢
2, g — .

¢ 0§ - ’Zf\\j 'H\s

T Gpheas

N \/ \Z \zZ \~
Supp & " Volunss

Conbimmory  Conent
/\\//\W_ No ,\g))@——%[a,mj ’
A0 b)= b-a AP+ A)= AA (U A“) ; "

(%Qwvw\\ S ﬂgm@t\/\\ ( 4ranslotion

VO \Mt)

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



W Mo A:pR—>Lop@] !

oo
)‘@"b): b-a >\(Y\+A>: M A >\(Q /)/\):Z%AA

n=0 Z2
(%QM”\\‘ «5 loa H"\ ( +ranslotion G- 6déiing
d :\/\\/ow\o\nt)
.DZ"‘ZC+ PrDO'F In S'\‘MI\&WVL a-l\h/ Sis CourseS. M Bel\ ‘Aé
‘f,f;(al Proof s - Sl V6= (0050, S;,,a)

M_" no A\ :ﬁs1 —> [0,0\9] @ [o]=(1>)

L.
. R} Fotate 5T = Fae
*) Sa’risﬁ)/ Meagure  goions Por BS'= PS St Ly

b) iNVar it under yotat,ons E'-BS“' .
I 9','“ F | = E
¢) AS=T (=2n) A rotute[£]

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Qéucﬁ (S‘, f) fo [ {R’ )S Via Cestrictef Push Cortoar}
N s AEB. af Py — W

Flon)
R “l— (["f /\R
S = \ESS. Aﬁa(%'ﬂ D:]) ‘PSS Proy) B
YM‘Hn{S

(

Fotations 1A S @ +w““6'a/'é;<945 N /R

mcg ﬂ}, , We l\u\e Z«\R Citle, .

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



v67):= (050 549)

Thr: no ,\J’OS — [ o, oo] M =(1,2)

ét.
' | iR p rahf( 67z e
0‘-) Sad'lSwC}/ Meugune  aions Por BS PS 19 'CY‘:ﬂ

b) mvaraat nder rofml.ons E-BS" )‘
ot - | = E
&) AS=T (=21 rokele]

frasf: G+ -C:

( a 1om "‘ \’\0\ (AOC)
>US{’3 Xiom of ( CSQ U .= retale [E,]

Ohad Kammar <ohad.kammar@ed.ac.uk> e-Driven Probabilistic Modelling



&né’t\rb‘&hn{j E; ‘

M,j:s’ - )1,1\13 ' 376& n’h%k:J me)

= 3? e [o.))N & . rotate )L:(-]

N-@quivelent dasses -

nis‘l'[h],vizfjés"nw(t] (S : ?S'

C = f[z}v EPs| xes g
Veel, e o8y Aol 18:C—> 5 €

| Ve Z injectve

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



T&L( Co:':{z ES' ’QGC_} EPS N@ ')(,J;S:,_
e R

Nole: ~ Clo F >x=9. C.: ~ - euiv.
P4 3, h-ll:] 3 ( Z C)——?S'
ﬁ:@l— l = Y‘ai’a{(&l[&] éfs e:c\.zeee

f

Lt ()T envmerat. ®R0[0,l) St =0

[ )

Taw Ei.': C'-
67 .Q;,—t : 'E,‘ :CC = h:ﬂlfr.[ (,‘,] = ro"'a‘l‘er_.[ Eo]

RTp: <=0 E.

i:o

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Zpcce Dz mx

= 19e¢ @l rov‘afeize = %

AS Zeéco: kééi Find i sy rj.:-1

am 3 xél = E. A

\

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



7-&}((;40\)\4/3 _7‘22141] B/Q ::L}Dﬂ?

Cocc l“—l@S Meéasures Seucl, aR :

,e_nj flﬂ' ﬂ}«e@) Val‘tm{

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Woria avomn & Onba Mmeafie e ll- behued Subyts

%1 The Bord Gubets BrepRS

' O M\Qr\fw’tg @ih) ¢ B{R

C‘"’SW\L wh d e (—»@Jgﬂom D()-Qrwt\kg%f

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Eoranflex

iy

Bk o il Zfr‘g: N (r-&rsg) € B

femt

T et 5 1. () in ER

Ve
\’)% \AKNﬂS I&)b]-’ b U{& k)}

Ohad Kammar <ohad.kammar@ed.ac.uk> e-Driven Probabilistic Modelling



%'« N\M%Vwb@; CPoce V=(V )By)
_/

Let L
4 S#rrier) J?amlg ok
500 unbev 6- olthre. opecebions: g?gg PV,
Aty Acg,
?éBv AREERAY. Y 3, /‘QA"G g,

(
ey sk CorPlad S Q@utsble nigns

Tdow: Shvuctue ol s ofte~ he Worst —ceqe  Scenavip

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



E otunplos

= DGk SPuceh ’M (y PX)
C Fudiume smee R el HARS ik
CMK ﬁ[‘i.‘)b{)
I =
lR Qimil(’/\/h
{5/\ AI(C'BVK

/
- Swbspest Aepy, A= (A, [B,)0A)

= Onduts AxBo= (WAixBy ,G([BA] x[&&])

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



%’. Gored. W\Q/O/Swvuﬂo\-z QWJUM g;v' -V,

C o SV, — v

b AN WemL t""/o‘af@. -eseiel MM“W'W/LIVQ

Q(MeB, <= A€B,

. _ wtirvony Bution £:RSR"™
L0 R R g e S R

- a Pution - X —
-1, SiniR—HR =) | 5 \4

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



09 otS © Mesgble Spmes
Mortaisws MMWVM Loitions

T detihigg - Q?ﬁ"s" ton :

gTVn"ﬁVg, %fV,ﬁ)vZ
~—

Pva LV, Va

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



oy Ghegrs

Probets | (o fobuds [Lis pint Lnion Sbsfik ceg
Cokeaorid  Qimits , colimits | but:

T\Mw [ Aowwbiin '6|1 N 6] -eWnS BB,R) B/R(ﬂ Cor %Surai&

%\Q(/\ (9 (BR ) BBR\X(Q ) —) BOO/
"o (L) [reU]
el 5 (Mes(r,r) & R— K

Ohad Kammar <ohad.kammar e-Driven Probabilistic Modelling



Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



15”2/
/"
(2)¢ (Bg,eg > K7 R
(U ) () F— [Yé U]
T meafrohfy ¢ 8, = 3 (fa )18 )
0 = vank ((3) [tna]) <
| ) YankA>S
Gut; A >
~ -\
i o 5" T 5 Do) o (3o
%

Mo LA wn Ex. B

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



§Q7Mﬂﬁ”"l I-‘\\akgm o ShuTae

F."

I C~9WV\+&£L( . \/I = T‘- V

€T

‘__:.> Some \/\IJM-M,@, Stvatmr  in M&% :

C&M% a )EC‘W :/)V
Codh = N Y N | Febmnd] Iyegiee f

1y ke

,inw gwe ;E-()\?, OQJ/N—% [-00/6\9] Qim; Coufa — R

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Cgm(i%z \r\;jkw -0r da- bu;l&rng] blocks: f;:;% 5% /

\/mmag% (/R) ;:< F)é/fq”\'/ {;:%m: 0 jg@ww

a,()(?w)ft' : Vanrsu;,‘é_(u.’ Qﬂw“) ¥ R —> @/'V

<t /(appwc&, v—>n~rl < A

gﬂ" ont Meagurbly b T/(L& V
A (nS;{Ca ,,
ﬂ;mgwf : (Ew,q):]/fe)w—ﬂ L-oo /oo]//Q L\ff"@r-owtf- V
QWN SIS )P,Xn.ﬁiw&ﬂo gmk ’
n— oo

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling

.




W
v 5\93%-. mewgun}cil:7 65 1‘7/;(\

.
(2>
For \,\'.JLN'OV'ACK \au"\}.\r‘j g'o&i&j

beloc messurabivy prots o ti]

nN own

e veésume 1 ar&r Q\raju.ew = ComPoS: 4%/

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Plan:

D ’,}W—Ar:w‘t Probub: l:7: diserete cusy (M"" *Tue>
v’

2) Bond) sets 4 neagubly spaes (Ve )

%) Dv Wi Rord $pa LLS( WeL) S;y.ﬂp_ 47p¢ Struifue [le. )

HB Degensit 47P<- Struilng £ Shaded Brel Spneg  (The )

g) j:n“j"ﬂ“m /¢ Yankon Va-v-ia.blgs ( Fﬁ‘)
= Couvst
le aSh 7!@3%@.5( < We}’%

seble

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Plen

i————

AV b o bkl Bod Wk
V a A Lor S A éBR
the \Cgooé It 4 Mesg — e gtysy

Shs s Mux

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



é\zé \mclw%

= Disoeke T 1 Ccomtuble
T Getdll pwobuts of Sig -

~ Godd ¢ulsPaces of Sis:

Ir = LD, l] ﬂz*",: (0,0’O) R>/°9= EDJQ"J

- (outobl Cophadiits & Sbg:
w = 23)0\9] ,’3;: Ero\?,OO]

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



G?V\SQV VitV e, @ocHnsions —— Mg

Oronbad  Pored SPw-cek

/8

M (25
Lok, L s
abstvact  (awo )J,W() 7 )

S P4 e’

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



M; QW%Y—@DJ R X: (LXJ)JQX>
- -/

L
Sek ot
’P m CTionsS DCIR'ﬁL)(_,
”ra"‘}ﬁw‘ Q’va{/\f&"

LRy %.C;t

~ Constout S
9@6 \XJ m

(Ar.)fﬂ ¢ RY I e
_ Pream@osivion s O

- ye Low Lingb\oL

\
C ayvNaN- '

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



%vf QW’%?~GDJ O’ X: (LXJ ) ﬁx)

L
LR, %:Ot -/\. 4o
){% C Lx C [@S@é wh My o Puctims o R~X,
A EQW‘ Qlew{/\tﬁu
_ PPQUM(7°$V\¥§DVL‘. m m

L« le
A€ R (‘P:R—7VR Mgbj
X

Uﬂ*lﬂl—%’ RS X, € Ry

-
];0(0?

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



M; &W’%i?@%?j O’ X: (LXJ ) épx>
- -/

L
Sek o4
’P “»Uhfowﬁ X:IR=S X
/t
\ra“/‘&)w‘ Q'Qm‘{/\tﬂu

LR, i"()t
)KI%C’ LXJ C l@%@é ww }yv\f'.

_ ye Lonbingb ot

'
C uyvhNaN- '

£G, I le
\
— N R= \.9 An - B>
o €, e —
.'. m
* r réA y Y
PR \’ f.é An. Xa I . { ré(!;/-.o;‘.
(0 \\m\

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



M; &\W’Si?GD%J R X: (LXJ ) ﬁx)

L
L[Q_\ S'"Ot -/“ % 0"'
){%Q LXJ C l@SQ wn By R Puuctions xR =X,

"
om EQW‘ Qlew Lntﬁ”

!
Constomt S ~ re Conbination

\

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Faenle s constalS
- M. |
- YR — (\@23 ) M%(‘R,\R\) CENA: »q

qbs under /i) R /‘
FRYS

et “><">-.(><, O,,W_(m/,())"

C&/TSCH/“L C“og on X

LK)
o, %i-\ .= (X) X )
&; el Cutign

IWA(SCW qu on \/

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



{bs  Morphismn S X =Y

- QM’tYGW g X, 77 Y,

_ O‘(DI,QRX E%dz

% \
— ~ Constwt Q‘M’i[@u&
va 7‘35
vﬁl c RY Wor(»m%w
L\(, - Q - S r\flz (luuti%

YL Glos mor fhis

&WVE QL bg & - bk, corphibio

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling






Plan:

D ’,}W—Ar:w‘t Probub: l:7: diserete cusy (M"" *Tue>
v’

2) Vorel sets £ "”Za%us-\a;le speces (We‘\')

%) Dv Wi Rord $pa LLS( WeL) S;y.ﬂp_ 47p¢ Struifue [le. )

HB Degensit 47P<- Struilng £ Shaded Brel Spneg  (The )

g) j:n“j"ﬂ“m /¢ Yankon Va-v-ia.blgs ( Fﬁ‘)
= Couvst
le aSh 7!@3%@.5( < We}’%

seble

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Foundations for type-driven probabilistic

modelling

Ohad Kammar
University of Edinburgh

Logic Summer School
Australian National University
4—-16 December, 2023
Canberra, ACT, Australia

50“5/{’3 +HE UNIVERSITY of EDINBURGH Laboratory for Foundations (SN
informatics Ifcs of Computer Science Bayesce nt re
ted b EV“ THE ROYAL ThRIan Turing
supporte H NCZ
rotet™ IE SOCIETY  mnstiute - Facebook Research NCSC

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Plan:
D ‘,'7#—594.\»{& Pralwbil.‘7: discrete Cusye, (M n ,..Tue)

Z) Bovel sets £ M2l sbly SP2LS (We),)
L) Dot Bord cuces (Wek)  Sifl b Smite (Th )
HB De(e.\wt 7K Struglimg L Stwdwl Ronel SPmes [Tlu. )

g) j:n“j"ﬂ“m /¢ Yankon Va-v-ia.blgs ( Fﬁ‘)
= Couvst
le aSh 7@3-}10/.5( < Weﬁ%

seble

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling






M; &\W’Si?GD%J R X: (LXJ ) ﬁx)

L
L[Q_\ S'"Ot -/“ % 0"'
){%Q LXJ C l@SQ wn By R Puuctions xR =X,

"
om EQW‘ Qlew Lntﬁ”

!
Constomt S ~ re Conbination

\

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Faenle s constalS
- M. |
- YR — (\@23 ) M%(‘R,\R\) CENA: »q

qbs under /i) R /‘
FRYS

et “><">-.(><, O,,W_(m/,())"

C&/TSCH/“L C“og on X

LK)
o, %i-\ .= (X) X )
&; el Cutign

IWA(SCW qu on \/

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Vol LAe ﬁés @y, gna < a,w:\l\/-":(fw?, MM (/QW)J
i G)')S-Hv\tg'-

: ﬁ.‘\W"
£ 8, R
¢

o—

(ﬂr:ﬂ?. %3 [E] -

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Vol LAe ﬁés @y, gna < a’wf\l\/":(“'”z MZVJ (/QW)J
. PN@N()asIHWL:

X Mess (R, W), (P Mews(IR,R) +

R—> R —— W 2Mmme,w)

Mey is a cAt.

(aa‘f“ﬂ éj_);(R <L( = o('fflébﬁ« — Eéﬁ:'U\/ \/

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Vol LAe ﬁés @y, gna < a’wf\)’\/":(“'”z MZVJ (/QW)J
* YC Combinatlion -
1 X MU/S(\R,\W) E_: 5”3 , K= .'(ZTE;’F:BMF

ﬁ.ﬁ = () u:'[F]/)E; '3 Bﬁ

I bedd: el

VelMs & BreF &7 Jiea Vef; A X FEF &) (€ W}\Jj

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



6'6]#\(‘( _me‘l',orL

xX:R—>X Si.

T, 0= «[R] is ctbl A
o neTms . o [x1€ By

=( - - -
X [] ¥ o [x;] . & [ 0(1‘3,,,)

2 ——IF

T

(IR

Ohad Kammar <ohad.kammar®@ed.ac.uk>

Type-Driven Probabilistic Modelling



Qs s

Vo libAe 74S @y, Loy~ r)( 7:: (X) GS,»P‘((X)L

o Sidle

ot o 27

L\«(%.nY{Kl bl fo)eR,
m'uar R

Sixf' ()F n)-(\fx_\ - ;

eB, V
kFY v R




Qs s

Vo lidAe ﬁés @y Lo r)( 7:: (X) GSJ»PUX)L

’ PPQCOMfOS;":\DVLI NG :f:;s;f:;
X S Singla k), ¢ :Mers (RR)¢ foa) € Rp
j:m(o(o‘()g Trot bl \/
2 Xt
~( =( o
(ogotf) [x) = (f[x(n)] ? B,R v

o(Me B, 2
YRR mélsSursble

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Qs s

Vo lidAe 74S @y Lo r)( 7:: ()() GlSi»Pl((X)L

. . - : _ £ o-s; le :
Tewmb'"”t'w"]_ . NGB - I:F c_fél A
ol i(s-simplel) ) E: B R=DEF e R,
InlE #] €O il
| .‘eI

1€

()L) = U d;l[”]ﬂE; éB/R /

V€T

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



?}”ﬂ X :Set, A:@bs v

e V8 XA L IX - > A

ﬁi’; 0(:72025:-," oSl =

o= [O(.'[‘n] ./\(, ')(] et o(—":>
, m /‘ Mol nalion
(goo():[o([‘n] ./\(,4:?(] s *RA \/

j XETp o
\ — ctb)
Bowre) Constit € B,

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



VeoP: Xiset, P:@us
« V8 X—A;. XS > A

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



LVJ (LVJ) M% (K,V))

Ahy (\[ C,M
‘-M}n .
X AC l)(_\ V ® € Rx : ‘(
M_\ N\% | { \ ag“E(a]GBR
T - ll_ -
253 - QW'\\(S ((’DLAS SuLSpows)
@\96 vy (,a\w (38 (Lo ﬂ\ﬂ%
o y 71«0 ‘I'\GWK)
0 i \L"\A Ol s In Y/u
v D SM QM;A MEaStdr b

geft SPee g Corviod 570‘]}

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Faofl

Qrobert O("Y,T‘uﬂz) : cgwewc&
necesS wvﬂ)/ . T T

— Lxx“ :/LYJ X1 Yy / dentS
- = , (okr, A ER € 2.
Rxw { AT, (@, B7) x, 8 /?rg

FebSt ok shvivtee oo M&g.

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



F wnCTionn SpPeces Stry) J WtLorly o d l

- X = th(x'l’)

- )/{ "= Cuvva[@%(m)‘x"’)l
X
= o Ry | A e RxY

- eyl - \rx =Y
evel (@ ,7) 1= £

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Sﬁa el( Type Stviq Tirrl,

Sirfle be cage :

' S'cmf'/ -fyf—u A- (ﬁ’(.ull/;,s

. : : A
-‘7/&3 bre. SinPle - A,Bﬂ}/—( F A : Ty f2¢

= No polymor g
- Mo terw &6(@\%
* Lonterts .Qor -’-(rwsf r"' t:A

a"f S-""(Q . r: }(‘:ﬁ. 1’--,’(4:A’\

Y& List ( T7ﬂ€)

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



& ()[( T7/L< Stvie, Tirnd.

Sirfle be cage :

* jnter ptation s Si-ple

Eh':ﬂ"‘“ ) Xmi Bp]):= 7,I;L A,

1=

[ e t:A] @ [r] > A

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



S/(V««()l( T7/){ S"VW’ILMI«—C Curr/J'lowlri— Lap\"-e[(

F 1A Mt s:B Av. <1e, 5P
‘/’ NNP ﬁf}] 7 AR

M <L,8Y: AxB

r 1 : AR f', n'—l“,a"ﬁ FS: C meas“mb;lﬁ;'
4
(v it (np=tins:Cc Ny Fype )
QV w (&) b) =tV i 5*'[""""3"’5]
ird > C
S meugable te.

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



R
= ie o) € Rx Pre CompAitiON
(J
v
(Q) e R, ->\VQ6R/R: Megs(R R)., e RX:> f{f:fxﬁ

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



gulospac,eé
Forr  XeQs , AC X, Set
Rp i { ek Bl wered

The p=(AR,) B8t Subfme qbs
We Wil N > X

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



BOY\”_Z S wbS ?ﬂ% Cnslm J—'J@

The G"alg/abm B)(z{ HSQ&) VA ER . mﬂ[ﬂ]ggﬂg

. : X
\WHFnu{w&g A po= 2 | +o Gos of

/ gg ) O He B@»@\-m-&om@l Sefs Crpmn
L Br 0 despeipbne Ser T .
\ oF igakn c4 wl'tzn

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



S)rm b/ Gbr@l 3@%@

Qe A ghs S 5 shusd Bodd whe
Mess T s

) )

Sws ¢ ks

M
Sgﬂgw“‘. (S?‘»s Conslrvith . Qdension o Sbs

A Por sone Aég/

A

R

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Ereodle €= 0 RS R P wtanes f <5 R
Co 15 $bs (Well-kaoun )

Z on clpsed indends

Proot: C p b (= lompoct intend
B Cowﬁyu#y
\ T
Nt N \-/o,bea,zéa:z* +

aem ERYACN V P9€@ta Lob] (S~ @ ‘ b

IP-qi<s 5 | . k X
) P’ I(Z w0 awble 7(\(

Theon gogciée,,{a,f Sl WS

Co— ¢, = ¢ /J

L(?'—»(q)@ qu-w\r, fim g(aw )

n
N—=00 (M).we//\/

Ohad Kammar <ohad.kammar@ed.a > Type-Driven Probabilistic Modelling



Erengle (i)

Co S $bs, an> Qrsls GxR—R
'S measurible
Aveors:
T Lonstvnting Coplete Sepavoble metric

- Qy\w’ma Wb evelfion s vnessnisl
wyt métric O“JJ@M@

s O ’

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



NQV\- kapl}& T fga‘vl‘?lk et al 2 ﬂ

u{AeEml/%#;égcagR

A
QEBEL"BR

- { (AJJHZ)éB;

- §ﬂ45m| A O(L%% — gﬂ{

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Plan:
D ‘,7&—&-1\»{‘1. Prakabil"7: Siserete Cusye (M o ,..Tue)

Z) Vorel et £ N2ulupsbly SP2LS (We),) Y

5) Buwsi Bord Spocss (Wek)  Sifle dype smatie (The )
v’

HS De(e.\wt 47P<. Struglimg A Shuwl Rorel SPmel [Tlm )

g) j:nigrﬂtim k Yenkowm Va-y-iaJ,l@S ( Fﬁ)
= Couvsc
le aSh 7@3%0/\5( < We}’,a(

$3ble

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Demabt  Tye StytmTune

O -L);a( I\Q\Ctrr.}.j
to a4 Hrm

_"7(@ Con Contain terms - o

X:Type, E: BX f‘{ch\ mEl: T)’(ﬁ
J
a +pe, ust le \"

STLC

& Hepm |

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Degan bt T‘V(L( Si\(MYLM(

& + P I\Q\Ctrra'tj

_"7(!& Con Contain terms - s 7
X:Trpe, E- Bx : 4)“)(\ ”‘Eﬁ({

J ’\)
O +ype, ust e

STLC

Cm{—eni 'CDV'MO{:'OVL :

& Hepm |

P
G

M v A177/<
T, %A b

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Demabt  Tye StytmTune
hrer dnde  spuces -in- (ot

ur+Aj}
\)/&P

U]

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



D@(CV\LQ,?‘: -l\/ﬂ% c\/(’/m\L{ Sgaoe,s»in/[,micew

[RC e gy © O Spee i G

| dep
v . Vv
e in Lokt /Ul"]] e Conttrd Speeg
E.S uSSigAVg Y\EZ‘@A\'{"Q A lerm

€hViV”““Z"'T '
A [ (£, 0)e8n #¢E y

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



J FrAﬂ
[MFA ¥|

r oo A - [Fﬂ ﬂF,afﬂu::ﬂFI—Aﬂ

M F oy T o] : H’Pz’_)[AD

E3 WQaM,M'Mé r) a: A FWkn [T

Wien
IT,aAl= IreAl 2 ]

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



AC'HOA of Sabstidifiun op 7L>/%

Jr-Ace1l

TT2

{(P’, a)é[:iﬂxﬂﬁﬂ‘ée()u:rr% > [IneA]
r| J#
Ir) —= —

E\Cf' J At Bf“"‘”ﬂ‘ Aty 22,

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



- SecTio
Jeqns - seclos ITFm:All
el - > (TrA]

@ \ l&/
% " Doe:RFDeo): B, [0 k] ] 7rl

- tRXBR

\&I’m

Ef Voriobles: Jr,shroch]
[Y\", a:P‘“ < i) 'J"‘f) > ﬂ-r‘: a:R ‘_H[‘Vkﬂ]
>V

E)L-(r(,',%.' = l L.(’
wcetir o S¢ 3U‘>5‘\'i3ﬂ:"\0w \'4
Ir el

ML &)

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



o EN

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Degobit  Padats

ahy; (ﬂuA)—-)@
V,«A+8B

FF TR

acp

Lﬁr\' 1L @Xﬂf:

GEA

[0 { £ COAl] bpezrs (TR anvs ] %
\/ o,éﬁ\",a:lﬂ : AQP&, =, :> CL"/(’WK)-‘-‘C(

Exeaye: Qing e vodon 2lomeds.

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling






Plan:
D ‘,7&—%1\»{»1. PraLaLil"7: Siserete Cusye (M o ,..Tue)

Z) Vot Shs £ measu bl speces (We),) y
%) Rusi Bord Qeaa,s( Wel ) Simdle 47p(_ Struifue (T LL,)
v~

v v

HS De(e“m 47PC. Struglme A Shuwl Rorel SPmel [Tlm )

g) :‘:nMgrﬂtim k Yenkowm Va-y-iaJ,l@S ( Fﬁ)
= C

Plesse asu 7%3%0/\5( A &E;(

$3ble

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Foundations for type-driven probabilistic

modelling

Ohad Kammar
University of Edinburgh

Logic Summer School
Australian National University
4—-16 December, 2023
Canberra, ACT, Australia

5'“\1;/{’3 +HE UNIVERSITY of EDINBURGH Laboratory for Foundations (SN
informatics Ifcs of Computer Science Bayesce ntre
ted b “7“ THE ROYAL ThRIan Turing
supporte H NCZ
rotet™ [IE SOCIETY  mstitute - Facebook Research NCSC

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



P&Vﬁal;{»j ) Virir eral g

A Gone| enwbeding €1 x >y

—

v\’\\&Q,&"'\\\l\& -ijfiowt & :>(J 7 LYJ
- TS image i Borelt @ Tx,)€ B

- Q FS §+Y0m v
\ ‘8' OCGQXé> @oO(é,Q},

EDLALNQM
4 7 » S5 Sk & ] SR

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling






Plan:
D ‘,7&—%1\»{»1. PraLaLil"7: Siserete Cusye (M o ,..Tue)

Z) Vorel $ets £ N2ulupsbly SP2LS (We),)
%) Rusi Bord Qeaa,s( Wel ) Simdle 47p(_ Struifue (T LL,)
HS De(e“m 47PC. Struglme A Shuwl Rorel SPmel [Tlm )

g) :‘:nMgrﬂtim k Yenkowm Va-y-iaJ,l@S ( Fﬁ)
= Couvsc
le aSh 7@3%0/\5( < Weza(

$3ble

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling






% AWSWL&/‘ oy (R s « O Aon
M :B W = EQ/OOJ

Sa%‘yrvs e meakime  Gnvions:

L @ -
Mp=o PE = (ECR)ei EaF), P(VE)=SAPE,

For Mouhuable spews | replone R with V

We weike LGVJ Bar the MJWMM Qﬂv

fO\r Ghs X ,  Tong LG‘-Mv

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



ﬂ\m (Lﬂlp&(jw( e ysnre )'-

There is o unig he messoe. MNE (GR, St
>\((/~|\0)= b“a-

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



_l/\w\ (L@E%JM Meypiure ):

There s o unig he measme. NE (GR, St
>\((/~|\0) = b“a.

Prook Shelch (stomdwd analysis tatbooi):

|) regteict 6t (ntion 4o (o,l] A @nhu}, Vie G - ml}l\,7

& (2,5

2) Tare zag (2] EeZ, &7 - U *isb:) “\

3) w:";“s )\:Z{’w; A f)_(”i o= Z(L ~a, ) nkepentet of’

L‘\ /\¢:0 , AL = A(E{\F)-f ’\(EAFC) (S‘\'koij'&"fwwl)

\2,

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



S> —Tuk";"/[ 6“)6'(’—LV(EnQ Enu> " fa/
nfXea70 D (E,FF.
G) ) .IS Cov\',;ﬁw.rs on ZL: IL [Ehgénu)a M 20
/29 UEnéZ, -H.g__ AUE.@:S“/O’\E'L
L
é -
c(Z) B(qu

WE Ut C@'W‘— -h\ca 02:0(7'5 @%{'Qws;a/t ﬁ‘-"”:

A Cnttnbe Wﬂi1uel] t, A 1)3[0’0 — W.

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



The  nestricker G{va Spuces

ET’”&( LGV ] with ’}WO alé,s S’rvw"'c‘.&s:
X Ré\\f/f-’ {o(:(R—)G\//V/'\GGV/Ar a[rA)' ;R_.)\wk

\/ B)( L‘? A ‘S o I/@y—n,e{

N “—> W " © Feuer Yoo oledk
g Rey € Rey
“orewl| Mesg * Lebesque integral
N — e o5y able i1

Ow On » both WJIA,W‘@K-

Lo M Speces ane quirsi o] (VP"O"";%

L WMVM M\Vﬂw MmAlas ”]'95 MOV l/l(i,w!

Ohad Kammar <ohad.kammar@ed.a Type-Driven Probabilistic Modelling



Quk: SIWPLC ¥wn/(ft{9w ((?!X—N/\/ Whow

—

-
1 ném, AGB; , ADAEY ccW S+t
(i #s)

@ = Y A, s
W D’J'L!L\r(/w\s&: O
N
V} — o= o=

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Encvlwe ypbo o sfure

Sl Codle 2= 1 1 By

n €N
Siple = Lew”| P S?%& S oW
ond e o interpurettion ;
I-1: STNPLQCO& —> Simle
Din, £.7) 1= i ric[-€ Ay |

4 C)"W te- SHie ﬁﬁkff oA
ﬂ" - A”l

Ohad Kammar <ohad.kammar@ed.ac.uk> e-Driven Probabilistic Modelling



LQ_ ) . D heme»é-e.//
mms g: X/W\/ 'S NeaSuwrable 7“'5/“) 1
TQI\Z ?2 th %L wBW Sone mﬁm‘ﬁ& 5’7‘!‘»& |

n— CO

%16 SK»(OL(\
Moreons, | wme hoe Meggmable  swde choica .
Stmfle Adpron -
e el o ew] il t AN
j

ca o

Ohad Kammar <ohad.kammar@ed.ac.uk> e-Driven Probabilistic Modelling



Why { f

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



\\/%:1 &'M-;\/ a .
: raw
0T, P Pge

AT 6P roxndin,

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Why { f

W
A

(kw &An

73-1‘ a9 000000000000 0000 000000000000000000000CGOFS 0000000000000000000OCGOCGOGOS

\

LA@“............ 0000000000000 000000000000° 0000000000000 00000000OCKOCOGOS

An 0000000000000 0000000000000C° 0000000000000 00000000000000000F°

X

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Why {

w
A

\

?/Am-ﬂoooooooooooo ‘XY

An‘............. (XX T X XXX} ( X 1 ]

00000Q000000p000
.....‘.....

....‘.................

Q.C...‘.....

Ohad Kammar <ohad.kammar®@ed.ac.uk>

X

Type-Driven Probabilistic Modelling



O
LY
//B-w & 290 0000000000000000 .....................
ZA’L“............z 4 ....‘:................. ........................
An.__-;."é.". E . : : ooiooooooooooo.o.oooooooo.

X

Ohad Kammar <ohad.kammar®@ed.ac.uk>

Type-Driven Probabilistic Modelling



00000 HO00OOOP

Type-Driven Probabilistic Modelling

A
e
3
(3)
«©
T
Q
©
q
m
A
ol
d
<
[e)
\2
S
©
1S
1S
©
X
<
(1}
=
@)



Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



[ G Single ke — W
§V (Vl;?,P) - z (iw;“;)- P(;GIAR\ E')GIA:)




1n WL@&HUTT\QVL Prop ey \Mf ley -orée -

OMT o

e
SZ@X*W — W

S wp = ,w{ ff‘ﬁr] [p eSinple %Ck

meﬂﬁwaék
w6 (j = ,Q%M ﬁ‘”(grw\ou A"(M",f p p)n o b,
w it = 00 , 7>{PQ
\y[én)-lz |
P/\’f S r* [X)(Jt) g@‘f % s O ) o An: Zn an: 'Lv.

S0 | Bion

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



\

——

/)lﬁ wAke St ricie A (7\“"0 gjt}m@ MQV}@&

> ‘
Dirac Dlibe e inyoghigded

G N
QX 2 6x ] o Mes
Y >A.{ ae L
n&p. 0

\M\L\S\\ @W%w&(@n/ \< oclt in'l'fﬂ"ﬁ(:
:? L GXY Gy)(% Gy UV/STL%'M Fn

&y@:)ﬂ Sk(ék) Q(MJA)

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Fuba, ‘TOAQU; ﬁauls
Efale: JE|
;\:&E QR E::{ ol.. 0O
A € GIR Lab%omz b RxR—> WE -1
kn)ie [yl

§;H,[,Sr)i§k(}m)k{x )= @# 0=0ap
jar oy gl Mgl g

é ’\(MW#@r) K(h,4) = <§ AGx) 3"’;' o0

_——

xRy 50%&{)(\\ +0 =1

Ohad Kammar <ohad.kammar@ed.ac.uk> ype-Driven Probabilistic Modelling



(Rc\ N own~ V5 %6 Mealne s ongé

| Do
N> A/” Dowi( g
oY, = {,\q | o: R—X
'L/:—J&/&csgu&
RDX'«: {Qn. /\o(w ) o ﬂ{wﬂi——\X&

p
dx = Dx §:0M<(DX) —px fitt ﬂ(uJ 0> 6

D valintes our h‘@m O as ;’lc,.-.liy Fu\oiwl'TOu{U"
MEDX  VEDY|

“%VQM) 43 v (La\ got:g) = %\sz) ij’:) /“(A"O) SC”'J)=: /‘@V

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



-

ll’”"ﬂ: For $bs S) (s, Dgls/ D<o<>s € Shg

14 N> a,j e ith P O CVWLC\/‘PW\A;_S on //'@,S ‘
— s ’Q}nﬂl&; K S—%[S LYA/’W\ ’/(J

Rps = | RGO| stk el -

00602 Ts thoe 5 gonter purt to D in Mo ]
More mm*b, S D5 ¢ Sbs'l

( H\/ (Pecis, no)

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



D%*ri%ﬁ()n Cu b monalds

A N8 Spuca IE {I‘CW‘ ,u)u/ir
(L= (ﬂa") T
1§ 6 gbs (1L vith
LD P, X ~/P’C~Dx ) P‘X<%}
gmﬁl./g Vil gy Spun T
DX

- () (hvba;ilv’? 5pe@

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Full model
e Qg Wimlow] Ox=b

DX:=( {kd‘d'f?—’xk ) {QP'AWY’,:(:{RKW—AXH

Ox = {l‘é oxl %D(] :15

&[E]:/AE S;.,: EH{ ekt
p "¢E.o

(f;f*h =] L. Jl‘““)k("i‘?)




Plan:
D ‘,7(-6—56\1‘{*1- Pra!»lpil"y: Siserete Cusye (M o ,..Tue)

Z) Vorel $ets £ N2ulupsbly SP2LS (We),)
%) Rusi Bord Qeaa,s( Wel ) Simdle 470(_ Struifue (T LL,)
HS De(’e"w 47PC. Struglme A Shuwl Rorel SPmel [Tlm )

— Vv
g) .\-nHj"ﬂtiWL Lk Yankom Va-y-iaJ,l@S ( Fr.‘>
= C
le AS\ 7@3-};0/\5( < 5;;:;(

sl

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Rondom Yoriab)e: £ (]l — @ e R
@: /[0;0 /ijo\)) /ED,C‘OJ
2 —
jl — R g IR

R*/ap\vﬂ{/(

Y, [}eo,c\i{
(2,29 (\~°° o)
1
N o R N T A M-2ofay ubl 6‘5‘%«\-%»&1«
— ‘ﬂV\f w Z o Z
ION Azo
- R Mewsuyshfy velbtor SPs )
)w'f “W‘Z,V,
A A LT "o

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Vrlﬁ Pﬂx 811-7\"/

Pey A= QValg,p) = AA

P\\ebalofuuj S(’au,e (L= (ﬂ/’\fb)

? P‘Q - ¢ V 2 }bo\x% )\@%) "a\V\AD%t S[Amls )
Jor Some Qg , PR, [e@]d
Cofe (1.7¢@ )

Z =7 a5, W P(MMEZuf#Zw]:o

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Ohad Kammar <ohad.k ar@ed.ac.uk>



Ohad Kammar <ohad.k ar@ed



Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



L n
Stk shi (&
E;(zz,[taftign/ﬂ Coveriany  omd Cwmti,{;[mn
I . JJAJ L — IR CO\/JCorY: ’L/f_z——?/p

F5=fpx  Gnz)=<hEr A EL

COYV(Z Z) = (———-—Z 122 = (s ( &wd‘((z’z))
1Z0, 171,

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Sﬂwm\ \imiFS

?:[l,oo)/\-?m C@‘“’C"a OE_(;))&(%(;)!N
= {Z ] Yee@ Juew \/rnzi. )
¢

| Zz,.;% 1<

—ﬂ\w; I-(;L B CQWLJ "Covﬂ@lrﬁ
{lm s Cudey L — L5 (oot s
\U m&aw)

\’\/\‘@ l. ¢ NZ] Cwﬁ &efm.,g has ana.s CoVMVJ ing  Subseq.

2, W@ Gin Jind 33 Meluir-db

Ohad Kammar <ohad. a

Type-Driven Probabilistic Modelling



Zotufle
ﬂw ( (La\w noled @m%ﬁ@n%)
Fory gcoﬁ‘ L. £ €5 asSr:
| Qi’srw% GL
P " —
ZJVI»MZ: e B

f

2. ) JX;N: Al 2y

Nn=r0

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



S e nga, bilb~

MZ LP Se pava b&:% (ontable  dense  subsel
_—

@i: S@ww&lﬁy 15 Pw&;& of /\.@ !

TFAE: .
- Aezl. o[: Sepanble

— Yoerl. LP Se parible

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



P, = 2 $bS S metasurably Sepuctle in
PSxT),00)
- Ao \Omizg rwusuwbb Sepa phle y ﬁ i
Ball,=|
= 3 P A L, an  Orthanord B B,) duse

)ET

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Eounple
Let S C_9£2 Closed Vea‘brwapaQ\

@Yﬂwsww CLQ,CO V’()O%NL\\:SW e B]m n fect
<P, P> L — |SKS

WL(A— _S \3 ibﬂ(pw%/ ot OV')’L»MV»Q 575’/4.1)3

We hiwe 4 Mu/guva/lau Wsion ot
<\"P> T LY s xt

:2<£)FA>PA f"L:: Is-fP .

n=9o

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Kol A ov'S Conbitiondl Expeslation

ILgF@u e Puth Spuce @ Sewplg SPece
H g

_ 7

o bseyystion

~N

\ otk
\ ‘ / ELx|H=]
0 bseried
-t
-4 4 skt sHic

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Koo 30 ov'S Condiio M«é )= LW#@C\JEVL

goours Puth spce Se-fle SPece

A Gosbod onpetition @ L 3
\
CA Z C/,ﬂ_n_@;v"ﬁ i S’miris-l‘:‘%\’ /;EE‘:&'H”]
He 2 — i Lot N febstic
Z € | st. Pl Ac ;
Fo g@

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Conditiond ¢ e dations

/. Unighe 2,

Ohad Kammar <ohad.k ar@ed.ac.uk>



-ﬂmm ( E%KHAM,)

-

—'['\Ha] L@ZK\)J’-)L R

- When éﬂ.f\) 1S Sepordle

\_.

|

AL ’] ‘Lc'ﬂ») _——)L ®,

- W @ 15 Tkl sopedle

|

. | —
\-i‘]'w L( Q) >°(@,,y)

A

E{-

-/




Plan:
D 17&—&-1\»01. Pra!»lm’l"y: Siserete Cusye (M on _..Tue)

Z) Vorel $ets £ N2ulupsbly SP2LS (We),)
%) Rusi Bord Qeaa,s( Wel ) Simdle 47p¢_ Struifue (T LL,)
HB De(e.\wt 47PC. Struglme A Showl Rorel SPmel [Tlm )

_ | v
g) ,\.:\Hg"ﬂtlﬂfl— k Yankom Vav-ia.blgs ( Fr.‘)

Ohad Kammar <ohad.kammar@ed.ac.uk> Type-Driven Probabilistic Modelling



Discete model

‘}7/4 v W= [p,00] Bx:< Fx
DX:= {p: X=> W | Sept Contile §
PX“: l‘é ox’ Ce [X] =1§

Ce[E] Z’m S’L-:n”'./ h:h:: -

€L nF 1

&/‘*IQ iz Ao Z P -k(r;x)

el




Full model
Type Qg Wimlow] Ox=b

DX:=( {kd‘d'f?—’xk ) {QP'AWY’,:(:{RKW—AXH

Ox = {l‘é oxl %D(] :15

&[E]:/AE S;.,: EH{ ekt
p "¢E.o

(f;f*h =] L. Jl‘““)k("i‘?)




