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Abstract

We present a general semantic account of Gifford-style type-and-effect systems. These
type systems provide lightweight static analyses annotating program phrases with the
sets of possible computational effects they may cause, such as memory access and
modification, exception raising, and non-deterministic choice. The analyses are used,
for example, to justify the program transformations typically used in optimising com-
pilers, such as code reordering and inlining. Despite their existence for over two
decades, there is no prior comprehensive theory of type-and-effect systems accounting
for their syntax and semantics, and justifying their use in effect-dependent program
transformation.

We achieve this generality by recourse to the theory of algebraic effects, a de-
velopment of Moggi’s monadic theory of computational effects that emphasises the
operations causing the effects at hand and their equational theory. The key observation
is that annotation effects can be identified with the effect operations.

Our first main contribution is the uniform construction of semantic models for type-
and-effect analysis by a process we call conservative restriction. Our construction re-
quires an algebraic model of the unannotated programming language and a relevant
notion of predicate. It then generates a model for Gifford-style type-and-effect anal-
ysis. This uniform construction subsumes existing ad-hoc models for type-and-effect
systems, and is applicable in all cases in which the semantics can be given via enriched
Lawvere theories.

Our second main contribution is a demonstration that our theory accounts for the
various aspects of Gifford-style effect systems. We begin with a version of Levy’s Call-
by-push-value that includes algebraic effects. We add effect annotations, and design
a general type-and-effect system for such call-by-push-value variants. The annotated
language can be thought of as an intermediate representation used for program optimi-
sation. We relate the unannotated semantics to the conservative restriction semantics,
and establish the soundness of program transformations based on this effect analysis.
We develop and classify a range of validated transformations, generalising many ex-
isting ones and adding some new ones. We also give modularly-checkable sufficient
conditions for the validity of these optimisations.

In the final part of this thesis, we demonstrate our theory by analysing a simple
example language involving global state with multiple regions, exceptions, and non-
determinism. We give decision procedures for the applicability of the various effect-

dependent transformations, and establish their soundness and completeness.



Lay summary

We instruct computers about their tasks using detailed textual descriptions, called “pro-
grams”, encoded in a precisely defined “programming language”. Another program,
the “compiler”, then translates our textual description into a description the machine
can execute. The compiler may change, or “optimise”, the translated program in or-
der to achieve better performance, for example to make the program execute faster,
or extend battery-life. One example for such “transformations” is the reordering of
instructions.

Our programs may cause “computational effects” besides computing their end re-
sults, such as display an image on a monitor, respond to a keyboard stroke, and print
a document. Some transformations become invalid in the presence of effects, causing
tension between the two. For example, consider a program that first displays a message
on the screen and then waits for the user to press a key on the keyboard. Our compiler
must not reorder these two tasks during optimisation, or else the program will wait for
the user to hit the keyboard before it displays the message to do so.

To ensure the optimisation process is correct, some compilers analyse the program
and attach to each part a summary of the effects this part may cause. In the above
example the part of the program that displays the message will be annotated with the
effect “output”, and the part of the program that reads the user’s keystroke will be an-
notated “input”. This annotation is called a “type-and-effect system”. The compiler’s
designers carefully study the programming language at hand and develop conditions
that ensure the optimisations are indeed safe. For example, parts annotated with “out-
put” should never be reordered with parts annotated with “input”. Despite their exis-
tence for over two decades, there is no prior comprehensive account of type-and-effect
systems beyond a case-by-case study. This thesis develops such a general account.

We rely on the theory of “algebraic effects”, which describes many computational
effects through equations and operations. This account combines the abstract “input”
and “output” effects in a fashion reminiscent of how we combine addition and multipli-
cation in elementary school algebra. Our first main contribution is a general mathemat-
ical description of these effect annotations based on such an algebraic description of
the programming language at hand. Our second main contribution is a demonstration
that our theory accounts for the various aspects of type-and-effect systems: it describes
the effect annotations and their meaning; it validates the optimisations; and it justifies
that the optimisation process does not change the meaning of the original program.

Finally, we demonstrate our theory by analysing a simple example language.



Preface by Andrej Bauer

The following preface was composed using the Up-Goer-Six Text Editor' and (mostly)
uses the 1,000 most common English words®.,

Mr. Ohad is about to become a doctor (the computer kind, not the kind that helps
sick people). But first he must explain to normal people like you and I what he did.
Most soon-to-be doctors find this a very hard thing to do.

Anyway, Mr. Ohad soon-to-be-doctor studied how to tell computers what to do.
You may think there is not much to it, but in fact this is quite hard because computers
do exactly what they are told, so we need to be very, very careful and precise when
we give computers instructions. A good way to do this is to use lots of math, and so
Mr. Ohad did it. He used algebra. Yes, everyone hated algebra in school, but Mr. Ohad
did not, which is why he is about to become a doctor. Let me tell you what he did.

Instructions for computers are called “programs”. There are many different ways
of writing these, and some turn out to be easier to use than others. Since humans are
very sloppy, we try to come up with ways of writing programs that make it easy to spot
errors and figure out what programs do.

Here is where algebra comes up. Mr. Ohad, on the advice of his mentor Dr. Plotkin,
worked on how to turn stuff such as printing, playing music, and generally doing cool
things with computers into good old boring algebra. No, he and his advisor are not in-
sane, they are just mathematicians. Mr. Ohad perfected one angle in the lately popular
idea that playing music and doing stuff with computers is really a lot like standing in
front of a blackboard with a piece of chalk trying to solve an equation. OK, I am being
funny. But seriously, this is the sort of thing he did. If you listened to him for about a
day (and to your algebra teacher before that for about a year), you would understand
why checking that a program works is like checking an equation. Believe it or not,
but hitting the Print button in your word processor is actually the same sort of thing as
adding two numbers. People like Mr. Ohad understand this, and much more.

I am skipping over funky words such as “effect handler” so I cannot really go into
details here. But the gist of the matter is that he used cool math to improve lives of
people who have to instruct computers what to do, and he improved your life by helping
make sure that computers will do what we want them to do faster and better, and all he

asks in return is that when you see him next time you call him Doctor Kammar.

Ihttp://splasho.com/upgoer6/
2The frequency list is taken from:
http://en.wiktionary.org/wiki/Wiktionary:Frequency_lists/TV/2006/explanation.
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Chapter 1

Introduction

It took me all night

To get hold of the right introduction
—~Queen

Pure functional programs are amenable to equational reasoning that can be used
for program optimisation [dMS95]. Practical programs are not pure, involving compu-
tational effects such as memory and file access. Unfortunately, computational effects
violate the validity of equational reasoning. However, not every possible equational
transformation is violated by every computational effect. Code fragments restricted to
a smaller set of effects may be amenable to some of the equational transformations pure
code satisfies. Gifford-style type-and-effect systems [LG88] are a light-weight static
analysis for annotating each code fragment with a set of effects it may cause. These
effect-annotations provide a basis for effect-dependent optimisation [Tol98, BKR9S].

This thesis concerns the semantic validity of such effect-dependent optimisations.
The denotational approach to semantics provides a natural setting for validating such
equational optimisations using denotational equivalence. Moggi [Mog89, Mog91] es-
tablished that collections of effects denote monads. Based on his observation, Tol-
mach [Tol98] and Benton et al. [BKR98] independently validate effect-dependent op-
timisations denotationally. However, their approach suffers from the following draw-
back, independently posed by Wadler [Wad98]:

“As hypothesised by Moggi and as born out by practice, most computa-
tional effects can be viewed as a monad. Does this provide the possibility
to formulate a general theory of effects and monads, avoiding the need to
create a new effect system for each new effect?”

In this thesis we propose a general theory of type-and-effect systems, and answer

Wadler’s question in the affirmative.

15



16 Chapter 1. Introduction

1.1 Effect-dependent optimisation

Consider the following illustrative ML-like code:

let z = 2 in

let f = fun b —> if zxz > 1

then x := if b
then zxz
else 4
else x = ly + zxz in
let ¢ = getchar () in
f (c="y")
f (c="y")

This program mixes functional code with computational effects: lines 3 and 6 update
a global memory location x, line 6 looks-up some global state, and line 7 reads a
character from the user.

An optimising compiler may transform this program to an equivalent program that
is better in some way. The precise nature of the improvement is not the focus of this
thesis, and it may include run-time efficiency, space utilisation, code size, or energy
consumption. For example, the compiler may transform lines 3—6 to the following

code, pre-computing z+z and reusing the result:

let u = zxz

if u>1

then x := if b
then u
else 4

else x (= !y + u

However, the presence of computational effects introduces subtlety to the optimisation

process. For example, the following two program phrases are not equivalent:

X = !x+1 let u = !'x+1 in
X = Ix+1 X = u
X = u

Fortunately, not all computational effects rule out this optimisation. If y is a differ-

ent global memory location, the following two phrases are equivalent:



1.1. Effect-dependent optimisation 17

x = ly+l let u = !y+1 in
x = ly+l X = u
X = u

More generally, if the only effects a program phrase may cause are restricted to
reading from one memory region p; and writing to a different memory region p», this
phrase may be safely reused. Thus, the compiler may first analyse the program to
determine which computational effects each phrase causes. For this purpose, in the
presence of higher-order functions, the simplest such effect analysis is a Gifford-style
type-and-effect system [LLG88], which assigns to each phrase both a type and a set of
effects it may cause. Thus, the then branch on lines 3-5 will be assigned the type int
and the effect set {readp1 } More formally, Gifford and Lucassen introduced type-and-
effect judgements I' = M : Ale, which state that M has type A and effect € in context I'.

For example:
b : bool,x : Locp, = x := if b then z+z else 4 : unit! {Writepl}

The typing rules then propagate effects, for example:

I'FM:boolley, T'"HFN:Ble, I'HK:Bles

I'Hif M then N else K : Ble; UgyUes

Note that we gloss over how to slice the global memory locations into regions, as it is
not the focus of this thesis. Henglein et al. [HMNOS, Section 3.6] discuss such effect
inference, focussing on Tofte and Birkedal’s inference algorithm [TB98, BTO1].
Crucially, type-and-effect systems admit higher-order treatment. We refine func-
tion types A — B with effect annotations A £, B that state that the functions may cause
effects in € during their execution. The rules for abstraction and application propagate

the effects as follows:

[,x:A+M:Ble CTFM:AS Bl THEN:AlE

I'HAx:A.M: (A5 B)0 I'MN :BleUg Ug”
Thus, the type-and-effect assigned to the function f in our sample program is:

{writep | readp, }
—

x : Locp,,y : Locp,,z : int = f : (bool int )10
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Using such type-and-effect systems (effect systems for brevity), we can now pre-

cisely describe when it is safe to reuse a piece of code:

THM:Ale T,x:A,y:AFN:Bl (foraup, {readp,wmep}ge>

let x =M in let x =M in ey {ready writey }
lety=Min| = |lety=xin
N N

Thus, an optimising compiler should implement a decision procedure guaranteeing the
side condition before transforming the source code to an equivalent variant using this
equation. Such a compiler may then transform lines 8-9 in the sample program above

as follows, using the effect-dependent optimisation in the transition marked (x):

letu=f(c="y)in| ® |letu=f(c="y)in
fc ="y ) \ )
= let v=f(c="y)in = let v=uin
f(c="y")
A\ v
letu=f(c="y’)in
= =
u

This thesis addresses three issues arising from this situation. First, we need to
guarantee that the side conditions on the optimisations are sound: if the side condition
holds, then applying the transformation does result in equivalent code. In order to do
so, we need to relate the syntactic information included in the effect system to the
semantics of the program [Ben96]. Thus, the second issue we address is the semantics
of the effect annotated language, and its relationship to the original, unannotated code.
Finally, we would like the side condition to be complete: if it is safe to apply this
optimisation based on the effect annotations, then the side condition is satisfied. For
example, the computational effects in our source language may also include exceptions.
Then, the side condition given above is not complete: the optimisation is valid in the

presence of exceptions, i.e., € may contain the ‘throw’ effect.

1.2 Denotational semantics for effect systems

Our goal is to study the validity of equations between annotated program terms. There-

fore, the natural approach to the semantics of effect systems is denotational. Briefly, in
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the denotational approach each program phrase is assigned a mathematical object that
captures its meaning by composing the meanings of its sub-phrases. Thus, such se-
mantics for an effect annotated language makes denotational equality a natural notion
of validity for equations between effect-analysed program phrases.

Historically, the validation of effect-dependent optimisations using the denotational
approach only took place following Moggi’s unification of effectful denotational se-
mantics using monads [Mog89, Mog91], and its popularisation by Wadler [Wad90,
Wad92]. With monads in place, the connection between type-and-effect systems and
monads was independently published during the same year by Wadler [Wad98], Tol-
mach [Tol98], and Benton et al. [BKR9S].

To describe the connection concretely, consider a language whose effects are in-
teractions with a single global memory cell capable of storing values from some set
V. We may interact with this memory cell in two ways: we either look-up the stored
value, or update it to store a new value. Languages involving such a memory cell are
modeled by the global state monad TgsX := (V x X)V. Thus, a computation is mod-
eled by a function Av.(u,,x,) mapping an initial cell state v to its new state u, following
the execution, and the return value of the computation x,. For example, the function
Av.(42,True) models a computation that modifies the cell contents to 42 and returns
the boolean value True.

One way to model the look-up interaction is by the following family of functions:

(0] [[lookupﬂx : (TGS,X)V — TgsX
O [lookup]y : Avi.(Av2. (U, vy s Xy p) ) > AV (U0, X0 0)

The domain of the function, (TgsX )V, models a given family of computations para-
metrised by the value v; currently stored in the memory cell. Given such a family,
K= Avi.(Av2.(uty, vy, X0, 1)), the function O [lookup] (k) looks-up the current value v
to obtain the computation K(v) = Av2.(uy,y,,%y,). As such look-ups do not affect the
value stored in the cell, the execution is modeled by applying the selected computation,
K(v), to v, resulting in K(v)(v) = Av.(uy, Xy ).

Similarly, updates are modeled by a family of functions

O[update]y : TgsX — (TgsX)Y
O[update]y : Av.{uy,x,) — Avg.Av. (i, Xy,)

Thus, given a computation k = Av.(u,,x,) to be executed after the update, and given a

value v to update the cell contents to vo, we model the update by ignoring, or over-
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writing, the currently stored value v, and passing to k the new value v as the currently
stored state, resulting in k(vo) = Av.(uy,,Xy,)-

Next, consider a language whose effects are interactions with a single global read-
only memory cell for V. In this scenario, the only interaction of interest is a memory
look-up. This language is modeled by the environment monad TgnyX = XV. The look-

up interaction is modeled by the family:

O[lookup]y : (TenwX WV — TenvX
O[lookup]y : Avi.(Av2.Xy, v,) = Av.xy,,

This time there is no need to return a new state for the cell, as the computation may not
change it.

Similarly, consider a language whose effects are interactions with a single global
write-only cell for V. In this case, the only interaction of interest is a memory update.
This language is modeled by the overwrite monad TowX = (1+V) x X, a particular
instance of the more general writer monad, also called the complexity monad, and
the monoid monad. These computations, in addition to returning an X-value after
execution, summarise the change in the memory cell. The left injection, 1;%, models
a computation that leaves the cell unchanged. The right injections, 1,v, where v € V,
model computations that change the contents of the cell to v. The update interaction is

modeled by the family:
O[update]y : TowX — (TowX )V
7\.\/(). Vo, X d=1y%
O Jupdate], : (8,x) — 1270.%) :
Mo.(Lv,x)  d=1yv

Finally, in this effectful context, a pure language, i.e. a language without side-
effects, is modeled by the identity monad T;3X = X.

In this setting, Wadler, Tolmach, and Benton made the following observation. In

a language consisting of a single global memory cell, there {read, write }
are four possible effect sets: 0, {read}, {write}, and G
{read,write}. These sets are ordered by inclusion to form {readg ({/write}
an effect hierarchy. For each effect set € in the effect hierar- A 0 g

chy there is a corresponding monad T¢:
T{read,write} =Tgs T{read} = Teny T{Write} = Tow Tp :=Taq

Corresponding to each effect set inclusion, there is an obvious monad morphism.

For example, the monad morphism from Tp to T{ypqate} is given by v = (11x,v), which
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lifts a pure computation returning v to a computation that does not change the state and
returns v. As another example, the monad morphism from T{j,0kup} t0 Tf100kup,update} 1S
given by k — Av.(v,kv), lifting a read-only computation k (Vx (=)

to a computation that inspects the current state, but does not /N

change it. Thus the effect set hierarchy has a corresponding (_)V (1+V)x (=)

'\_/'

computations only involving the interaction in each effect set € can be interpreted

hierarchy of monads and monad morphisms. Consequently,

within the monad T, or lifted to monads above it in the hierarchy.

Wadler’s contribution [Wad98, WTO03] is to identify the type-and-effect judgements
M : Ale in a Gifford-style type-and-effect system for a language with multiple regions
with monadic type judgements M : TzA in a multi-monadic language. He then considers
the two languages as a variants of Moggi’s computational lambda-calculus and the
computational meta-language [Mog89]. His technical contribution shows that Moggi’s
translation from the former to the latter preserves the types, effects, type-and-effect
derivations and inference, and operational semantics of the Gifford-style language.
Wadler concludes by noting the monadic hierarchy sans the monad morphisms, and
conjectures the existence of these morphisms. As Wadler only considers a language
whose effects consist of memory allocation and access, he poses the question regarding
the existence of a general theory of type-and-effect systems.

Tolmach’s contribution [Tol98] consists of a type-and-effect system for a recursive
language with exceptions and state. His effect hierarchy consists of a linearly-ordered

partial order of abstract effects (and not effect sets):
ID < LIFT < EXN < ST
which correspond to the effect sets
0 C {diverge} C {diverge,exception} C {diverge,exception, read, write }

where ‘exception’ means the program may throw an exception, and ‘diverge’ means
the program may diverge in a loop. Tolmach uses this effect hierarchy to validate some
effect-dependent optimisations using his denotational equivalence. Tolmach outlines
how his approach generalises to the complete lattice of subsets, or, more generally, to
any lattice. However, he reports on the following problem:

“The lack of a generic mechanism for combining monads is rather unfor-

tunate, since it turns the proofs of many transformation laws into lengthy
case analyses.”
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We divide this problem into two causes. The first is Wadler’s question: it is unclear
how to obtain the hierarchy of monads. The second caveat is that the Tolmach-style
models require specifying overwhelming amounts of data. In the small global state
example we gave earlier we had to deal with four monads, four effect interactions and
four monad morphisms. In general, we expect a number of monads, effect interactions,
and monad morphisms exponential in the number of effects. Paired, these two caveats
greatly restrict our ability to present such models for realistic cases, as we will require
lengthy definitions and case-by-case analyses.

Benton et al.’s work in this area began with an optimising compiler from SML to
JAVA bytecodes that uses a monadic intermediate language for effect-dependent op-
timisations [BKR98]. In a continued line of work, Benton et al. [BK99, BKHBO6,
BB07, BKBHO7, BKBH09] validate the optimisations employed by this compiler us-
ing Tolmach-style models, independently from Tolmach. The key advantage of the
Benton et al. models is their uniformity. For every effect set €, they define a monad T¢
as a function of €. This uniform definition saves much repetitiveness and tediousness in
the account for the language and optimisations. For example, a single argument shows
that 7¢ is a monad, instead of a different argument for each €. However, Wadler’s
caveat still applies to Benton et al.’s approach: each change to the overall set of effects
requires creating a new effect system with new semantics and new proofs.

Our goal is to address the issues encountered by Wadler, Tolmach, and Benton
et al. by developing a general theory of type-and-effect systems, accounting for all
aspects required by effect-dependent transformations: syntax, type system, effect in-
ference, models, and optimisations and their validation. Moreover, we strive for an
applicable theory that leads to engineering methodologies for optimising compilers.

We thus formulate our thesis:

There exists a general applicable theory of Gifford-style
type-and-effect systems.

1.3 An algebraic solution

Our work relies on Plotkin and Power’s algebraic theory of computational effects [PP03,

PP02]. Plotkin and Power complement Moggi’s monadic account of computational ef-
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fects [Mog91] by revisiting the well-established connection between universal algebra
and monads [HPO7]. Briefly, each equational theory gives rise to a monad, and most
monads used in denotational semantics arise from such theories, with the notable ex-
ception of the continuation monad.

For example, the global state monad (V x (—))V for a single memory cell storing
values from a finite set V = {vy,...,v,}, n > 2 arises from the following equational
theory [PP02, Mel10]:

update  (update, (x)) = update,,(x) (1.1)
update,, (lookup(xi,...,X,)) = update, (x;) (1.2)
lookup(update,, (x),...,update, (x)) =x (1.3)

These equations have an operational reading as terms for manipulating computation.
For example, the left side of Equation (1.1) reads: first update the cell to v, then update
it to u, and then proceed with the computation x. Thus Equation (1.1) states that later
updates override earlier updates. As another example, the left side of Equation (1.2)
reads: first update the cell to v;, then look-up the currently stored value, say v;, and
proceed with the computation x;. Thus, Equation (1.2) states that we look-up the most
recently updated value. Similarly, Equation (1.3) states that we do not keep track of
the interaction history if it has no bearing on the rest of the computation.

Plotkin and Power [PP0O3] define algebraic operations as families of functions that
arise from syntactic terms such as update and lookup. For example, the look-up and
update interactions O [lookup], O [update] defined in the previous section are such al-
gebraic operations for the equational theory for global state. The following observation

is the fundamental idea underlying this thesis:

The annotation effects inside the effect-sets of Gifford-style
type-and-effect systems denote Plotkin and Power’s
algebraic operations.

Thus, the annotation effects ‘read’ and ‘write’ we used above denote effect opera-
tions O [lookup] and O [update]. Therefore, in the remainder of the thesis we use the
same name for both annotations and operations.

This observation naturally leads to an algebraic theory of type-and-effect systems.
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1. We begin with an equational theory as semantics to an effectful programming

language.

2. The collection of syntactic constructs for algebraic effect operations in our lan-

guage determines the effect annotations.

3. The effect annotations and their correspondence with the syntactic constructs

determine the syntax, type-and-effect system, and effect inference.

4. By restricting the equational theory to the effect annotations in each effect-set,
we obtain a hierarchy of monads and monad morphisms compatible with the
effect hierarchy. We call this construction the conservative restriction construc-

tion.

5. We now have both syntax and semantics for formulating and validating effect-

dependent transformations.

Note the interplay between structure and property. The only structure we need to
specify is the original, algebraic, semantics of the programming language. The effect
system and the valid optimisations are then a property arising out of our structure,
which we may choose to investigate or ignore. As a result, our account is deeply

coupled with the semantics of the language in question.

1.4 Our advantage
We highlight four key properties of our approach:

rigorous. If annotation effects indeed denote algebraic effect operations, then even a
relatively simple language involving ten different effects will require over a thou-
sand effect sets. A non-rigorous treatment is therefore error-prone. Moreover,
even if such non-rigorous treatment is subject to thorough testing, it is impos-
sible to establish the completeness of the validity decision procedures. Thus
a non-rigorous design of effect-dependent transformations cannot be complete

apart from the most trivial cases.

denotational. Monads provide a mechanism to abstract over effects that is not avail-
able with axiomatic or operational approaches. Moreover, validating the sound-

ness of high-order program equalities using operational methods is inherently
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difficult due to contextual equivalence. In contrast, the axiomatic approach is

inappropriate for establishing the completeness of validity decision procedures.

abstract. As we will see in Chapter 12, our abstract and algebraic treatment hides
many irrelevant details and facilitates delicate algebraic manipulations of sym-
bols. It is implausible that such subtle arguments can be applied rigorously and

without error to large concrete programs.

general. Our generality allows us to present a systematic, rather than ad-hoc, account
of the optimisations. For example, as we will see in Chapter 11, this systematic
account suggested new effect-dependent optimisations not present in the seman-

tics literature.

1.5 Thesis structure

In order to support our thesis, we establish results in two directions. First, we show
that the semantics of effect systems are a property of the algebraic semantics. Then,
we show how this semantics accounts for the spectrum of type-and-effect systems and
related concepts.

To provide a general theory, we must support a wide selection of effects. Even
simply adding recursion to the language forces us to work beyond sets and functions,
for example, with an appropriate notion of domains and continuous functions. For this
reason, we provide evidence that our account can be formulated in category theory, to
encompass the various standard denotational semantics for effects. Such a formulation

encounters two problems.

e First, not all the notions and tools from equational logic have been fully devel-

oped for the level of generality required by our categorical account [Plo06].

e Second, the abstract categorical language hinders the accessibility of our ac-

count.

To address the first problem, we keep the development of new mathematical tools
to a minimum, and reuse existing accounts as much as possible. Thus, we present only
our conservative restriction construction in its full categorical generality. The other
results are formulated using sets and functions, but structured in a manner we believe

may generalise once the required tools are developed.
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To address accessibility, we spread the required background across the thesis and
introduce it as needed. We also highlight the parts of the thesis which require a deeper
knowledge of category theory.

The sections indicated with a “beware cats” sign assume deeper, but standard,
@ knowledge of category theory. The assumed knowledge includes: (co)limits,
adjunctions, (co)continuity, and monads, as covered by Mac Lane [ML98], and sym-
metric monoidal closed categories, and enrichment, as covered by Kelly [Kel82a].

The “cat-free” parts of this thesis assume only basic categorical notions, which
® are common knowledge in the semantics and functional programming commu-
nities. In particular, we assume familiarity with functors, monads, natural transforma-
tions, and monad morphisms. These parts of the thesis are designed to be understood
if read sequentially, skipping over the sections marked with “beware cats”. Of course,
while the statements are formulated in these more accessible terms, their proofs may
rely on categorically involved accounts. The scope of these two modifiers extends to
the end of the literary unit they are introduced in, such as Chapter, Section, or Proof.

The second supporting evidence we present for our thesis is an account of the
various concepts involved in type-and-effect systems and their optimisations. Due to
time and space limitations, we focus on the core concepts required to study effect-
dependent optimisations, namely an annotated source language and its models, and the
optimisations and their validity. For example, we do not study the effect analysis phase
that annotates a given source program with the effect sets.

The thesis is structured as follows:
Part I develops the general semantic foundations of type-and-effect systems.

Chapter 2 reviews Plotkin and Power’s notion of algebraic operations.
Chapter 3 defines hierarchical categorical models for type-and-effect systems.
Chapter 4 refines these models to account for languages with recursion.
Chapter S reviews the background on locally presentable categories we require.

Chapter 6 reviews Power’s enrichment of equational logic via enriched Law-

vere theories.

Chapter 7 specialises the categorical models to models arising from Lawvere

theories, and presents our categorical conservative restriction construction.

Chapter 8 presents the conservative restriction construction in terms of equa-

tional logic, sets, and functions.
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Chapter 9 presents logical relations models for relating the semantics of multi-

ple set-theoretic models.

Part II develops the general theory of type-and-effect systems and their effect-dependent

optimisations based on the semantic foundations.
Chapter 10 presents a general type-and-effect intermediate language and its de-
notational semantics.

Chapter 11 develops the notion of effect-dependent optimisations, its validity
conditions, and establishes the soundness and completeness of the conser-

vative restriction construction.

Chapter 12 studies how the validity of optimisations in combined collections

of effects follow from their validity in each component collection.

Chapter 13 demonstrates a use case for analysing an imperative, higher-order

language.
Chapter 14 concludes and discusses future work.

Appendix A summarises our notational conventions for cross-references.
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Chapter 2
Algebraic operations

I’m your operator

—Pink

The key contribution of Plotkin and Power’s theory of effects is to incorporate

@ into Moggi’s monadic account the language constructs causing the effects, in
the form of algebraic operations, or, equivalently, in the form of generic effects. This
chapter defines the semantics of a call-by-push-value (CBPV) language with the effects
incorporated directly into the model. The key difference between CBPV and traditional
monadic semantics is the use of adjunctions instead of monads. Therefore, the main
technical contribution of this chapter is to generalise Plotkin and Power’s account of
algebraic operations and generic effects [PPO1, PPO3] from the monadic setting to the
adjunctive setting. In all other respects, this chapter contains only background material.
In Section 2.1 we begin with categorical preliminaries concerning resolutions of
monads, lifting, and exponentials. Then, in Section 2.2, we define our generalisation of
algebraic operations to an arbitrary resolution of a monad. In Section 2.3 we generalise
Plotkin and Power’s equivalence of algebraic operations with generic effects. This
equivalence allows us to further analyse algebraic operations. Finally, in Section 2.4,
we define our CBPV models of interest, and incorporate algebraic operations into the

meta-theory.

2.1 Categorical preliminaries

Let V be a category. Recall that a resolution of a monad T is an adjunction F

U:C— YV suchthat T = U oF and the monadic unit 1} coincides with the adjunctive

31
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unit. Recall also that every monad has two canonical resolutions, the Eilenberg-Moore,
and Kleisli resolutions. The Eilenberg-Moore category for T, ‘VT, consisting of alge-
bras'B = (|B|,B[—] : T |B| — |B|) for the monad T, and T-algebra homomorphisms
h:B — B'. The Eilenberg-Moore resolution of T, is the resolution F 41U : V7 —
in which the left adjoint maps every object A to its free algebra (TA,u). The Kleisli
category for T, V7 consists of the V-objects and Kleisli maps f : A — TB. The Kleisli
resolution of T is the resolution F U : V7 — 4V in which the left adjoint maps every
object to itself.

Let F - U be any resolution of a strong monad T over a cartesian category v/, let
0 : FU — id be the counit for the resolution, and f : ' x X — UB any ‘V-morphism.
The lifting of f is the morphism f' : " x TX — UB given by the composition

rx7x % 1rxx) L rue Y us

Let A, B be objects in a cartesian category V. Recall that an exponential of B by
A consists of a pair <BA,eval>, where B is a V-object, and eval : BAXA - Bisa
-morphism, such that, for any other arrow f : C x A — B, there exists a unique arrow
M.f : C — BA for which

C CxA
M.f ) xal N
; BAxA——B
eval

Thus exponentials are universal arrows from — X< A to B [ML98, Section III.1]. Some
authors use the notation curry(f) for AA.f. Given f : B — C with B, C exponentiable
by A, we can define a map f4 : B4 — CA by

Iz ::M.(BA erV—a‘>Bi>C>

The notion of a cartesian closed category corresponds exactly to a cartesian category
with all exponentials and finite products, where the exponentials and the products are
specified.

Let F - U be any resolution of a strong monad T over a cartesian category V If A
is a 1/-object for which all exponentials of the form (UB)* exist, we define the arrow

AT x (TX)A = (UB)A as

:
M.(rx(TX)AxAerTX’%UI_a)

'We will justify our choice of notation for the algebra map B [—] in Chapter 8.
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Example 2-1. Let V be a set with at least two elements denoting storable values. The

global state monad over Set for storing V values is given by:

TX = (VxX)V n:x — Av.(v,x)
Tf: (VxX)V — (VxY)V v (uy, ky) — Av.ky, (uy)
Tf: Mw.(uy,xy) = A (uy, f(xy)) strxy @ (v (i, n)) = Av.(uy, (x,y0))

An algebra for this monad is a pair Y = (|Y|,Y [—]), satisfying:

Yol =y Y[, YW (s ya) ) ] = YT W ¥0,) ]
Given any f:I'x X — |Y|, and a set Z direct calculations show that

U (uy,xy)) = Y[ (u L f(Yxe )]
7 (y, Az (uz v, Xz 0)) = Az Y [Av.(uzy, f (Y, x20)) ] 0

2.2 Algebraic operations

Without further ado, we generalise Plotkin and Power’s definition of algebraic opera-
tions [PPO1, PPO3].

Definition 2.1 (algebraic operations). Let F U : C — V be a resolution of a strong
monad T = UF, and A,P be ‘V-objects such that all exponentials of objects UB by A,P
exist. An algebraic operation of type A (P) for F 4 U is an Ob (C)-indexed family of
morphisms op : (U—)A — (U—)? satisfying, for all f :T'x X — UB:

4

I x (TX)A (uB)*
I' < oppy = OPp
' (TX)" 7 (UB)”

We call A the arity of op, and P the parameter type of op.

This notion of algebraic operations is relative to any resolution of a strong monad.
In contrast, Plotkin and Power define algebraic operations for the Kleisli and Eilenberg-
Moore resolutions only. Thus, this definition is a minor generalisation of their notion.
As we work with CBPV, we need non-free algebras, so the Kleisli resolution is not
enough for our purposes. For working with effect handlers, Pretnar [Pre09] intro-

duces a special case of this definition for a particular syntactic resolution. As we want
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further work to account for handlers, we do not wish to tie algebraic operations too
closely with the Eilenberg-Moore resolution. Therefore, we formulate our definition

in this level of generality, and later instantiate it to the Eilenberg-Moore resolution.

Example 2-2. We present algebraic operations for global memory cell monad from

Example 2-1. The look-up operation is given by:

lookupy : Y)Y — |y
lookupy : Av.y, = Ax.Y [Av.(v,yy)]

Note that if X is a free algebra, FX, then lookup is given by:

lookupgy : 7\,V1.7\,V2-<uv17v2axv17vz> = A TX [[7\,\7.<\7,7\,V2.<I/tf;,1;2,x\77vz>>ﬂ
= Ax. u (7\9.@’, 7\«V2~<M17,vzvx\7,vz>>)

= k*.?»ﬁ.(uw,x;?ﬁ
Therefore, the sub-family of these maps indexed by the free algebras FX is the family

lookuppy : (TX)Y — (TX)*

lookupgy @ Avi.(Ava.(tty, vy, Xv vy ) > AV (Uty v, Xy y)

given in the introduction.

The family lookup forms an algebraic operation of type V(1) for the Eilenberg-
Moore resolution of the global state monad. To see that, take any f: I'x X — |Y|,
and chase an arbitrary element of I" x (TX)" around the following diagram, using the

algebra multiplication law.

iV
f

T

<'Yy AviAva. <_’i‘v1 V2 Xy -,V2>> Avi.Y [[ka. <”V1 V2 £, Xy 7\/2))]

lookup
I' x lookupgy r

Ax Y [A0. (5, Y [ vy us, vy f (Vo X5, )) 1) ]
(¥, Mx (w5 5, %5,5) ) || < Y is an algebra

K/M.Z [AV. (5.5, %55 ]

[
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Similarly, the update interaction is given by:

updatey : =) dl
updatey : Ax.y = Avo.Y [Av.(vo, )]
Again, note that the sub-family of these maps indexed by the free algebras coincides
with the family
updatepy : (TX)1— (TX)Y
updatepy : Ak.k — Avg.Av.k(vp)
given in the introduction. An identical argument shows it is an algebraic operation of

type 1 (V) for the Eilenberg-Moore resolution of the global state monad. O

Hyland et al. [HPPO6, Section 6] describe means to transform every algebraic op-
eration op for 7T to an algebraic operation op’ for 77 which they call operation trans-
formers. Hyland et al. showed that operation transformers are in bijection with strong
monad morphisms. We therefore take strong monad morphisms as our primary means

of transforming operations:

Definition 2.2. Let m : T — T’ be a strong monad morphism over a cartesian category
V, and op, op’ be algebraic operations of type A {(P) for any two resolutions F 4 U,
F' AU of T, T', respectively. We say that m maps op to op’ if, for all X € Ob (V):

OPrx

(TX)* (TX)"

o — m®

(T'x)* ; (T'x)"
OPprx

Example 2-3. The environment monad is given by:

Teny(v)X = xV n:x > Av.x
Tenv(v)f xV =vyV U Av.k, — Ak (1)
Tenyv)f @ Ay = A fxy)  strxy @ (6 Avyy) = Av.(x,yy)

Env(V)

This monad admits an algebraic operation lookup .V, given by:

lookupy : [¥[¥ —  |y|*

lookupy : Av.y, = Ax.Y [Av.y, ]

When instantiated to free algebras, it subsumes the lookup operation from the intro-

duction:

v
lookupg, o x  (Ten(v)X) — (T X)*

lookupr, . x - Wi (Avaxy, v, ) — Avax,,
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Let Tgs(v) and lookquS(V) be the global state monad and its associated look-up
operation from Examples 2-1 and 2-2. Then the following map is a monad morphism
from Tgpy(v) to Ts(vy:

m: Tgnyv)Y = Tgsv)Y

m:Av.x, = Av(v,x,)

This monad morphism maps lookup®™(") to lookup©S():
1 k EHV( )
A1 Ava.xy, y, ooxdp Ak Av.x,
m" mt
7\4 7\4 . s Xy v L }\' ;\' A Vs vy
V1AV (V2, Xy, vy) ookup TSV * A (v, X))
Similarly, the overwrite monad is given by:
Toww)X = (1+V) xX n: — Av.x
Tow)f: (14+V)xX — (1+V)xY u: <l ,(0,x)) = (9,x)
Towv)f: (8,x) = (8, f(xv)) (8, (uxx) = (8,x)
strxy = (6(8,5) = (8, () (12v1, (2v2, %)) = (L2v2,%)

This monad admits an algebraic operation updateow(v) :1(V), given by:

updatey : vt =y
updatey : (1% ,y) = A.Y [(v,y)]
(v, y) = WY [(V,9)]

When instantiated to free algebras, it subsumes the update operation from the intro-
duction: L
e (Toww)X)™ = (Town)X)Y

kv0.<12v0,x) 0= 1%

updater_

updatep v :Ax.(3,v)
o Mo.(Lv,x)  d=1v

Let updateGS(V) be the update operation for the global state from Example 2-2.

Then the following map is a monad morphism from Tow(v) to Tgs(v):

m: Tow(v)A — TGS(V)A
m: (\ix,a) — .(v,a)

(Lavo,a) — v.(vo,a)

This monad morphism maps updateow(v) to updateGS(V):
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updateOW(V) updateOW(V)
\/\ \/—\
Ak (L%, x) Avo.(12vp, X) Ak (12v,x) Avo.(1av, x)
mt m" mt m"
Ak AD.(D, x) Avo.AD. (v, x) Ak AD. (v, x) Ao AD. (v, x)
v v
updateGS(V) updateGS(V) 0

2.3 Generic effects
Plotkin and Power [PP03] noted there is another common way to model effects:

Definition 2.3 (generic effects). Let T be a monad over V, and A,P be V-objects. A
generic effect of type A (P) is a V-morphism gen : P — TA.

Example 2-4. The global state monad has the following two generic effects:

deref! : V set! : 1(V)
deref! : 1 — Tggv)V set! : V. — Tgs(v)1
deref! : x — Av.(v,v) set! 1 vp — Av.(vg, %)

Similarly, the environment and overwrite monads have analogous generic effects:

deref! : V set! : 1(V)
deref! : 1 — Tgpyv)V set! : V. = Tow(v)1
deref! : x — Av.v set! : vp — (Lavo,*)

]

Plotkin and Power [PP03] noted the following bijection between algebraic opera-
tions and generic effects. While they discussed it in the monadic setting, we generalise

the connection to arbitrary resolutions.

Theorem 2.4. Let F 41U : C — V be a resolution of a strong monad T, and A, P
be V-objects such that all exponentials (U—)A, (U—)? exist. Algebraic operations
op : A (P) and generic effects gen : A (P) are in bijection via

AA.Momy, P P
gen,, = P AN gt p Bl (ppyP o p 2 T

(UB)* xgen

.
op" = AP. ((U}_?)A X P (UB)* x TA 224 UI_?)
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Example 2-5. In Examples 2-3 and 2-4 we saw, respectively, an algebraic operation

and a generic effect for the environment monad Tgpy(\)A = AV:

lookupy : Av.by, — Ax.Y [Av.b, ]
deref! :xp — Ay

Calculating the corresponding generic effect and algebraic operations yields:

lookup xP
(AM.momy,P) FEny(V) eval
CNy40kup LK > <n7*> — (X*.yonp,ﬂ —s Ay

opgereﬂ vy, = Akeval (A.y,, Ab.D) = Ax.Y [Av.eval(AD.ys,v) ] = Ax.Y [Av.y, ]

Therefore, genyyox,, = deref! and lookup = op®r"’,

Similar calculations show, for the overwrite monad TOW(V)A =(14V) xA, we

have gen = set! and update = op*°"". O

update

Proof

The following calculations show that: (1) op®®" is an algebraic operation, i.e., op~
is well-defined; (2) op®®"o» = op; and (3) gen,een = gen. These calculations become
clearer through string diagrams (see, for example, Baez and Stay [BS11]). However,

we keep to commuting diagrams to avoid the overhead imposed by additional notation.

1. Forall f:I"xX — UB, we have

fi'A X P
I'x (TX)A x P (UBY* x P

A A
. o UB 7
[ (TX)" x gen X bifunctoriality (UB)” x gen

HAxra

A A exponential
I'x(TX)" xTA (UB)" xTA universality,
o . gen
I x (exponential opEe" def. opg xP
universality, I x str str naturality str
opE def.) -
= str associativity .
= T(f* x A)
I'x T((TX)* x A) = T(Tx (TX)* x A) T((UB)* xA)
str
I'xopfy x P T x Teval st nat:urality T (I x eval) (B xp
T (exponential universality, 4 det.) Teval
str
x72x ——— T(I'xTX)
str multiplication l Tstr .
reso- = T°f TU®
Tt || ytion] TX U8 T2( x X) T2UB TUB
= wralic reso-
naturali
l,u H ur Y u Llulionl Ue . eval
= U (8 naturality)
I'xTX ——» T(I’'xX) ———» TUB =
st g
st s e
exponential universality, /57 def.
I x eval = Ue
I'x(TX)' xP (UB)f xP UB

P xp eval
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By appeal to uniqueness from the universal property of exponentials, we deduce:

f#
I x (TX)* (UB)*
I x op%y = opg
I x (TX)" IG (UB)*

Hence op2" is an algebraic operation.

2. Let §: P — P X P be the diagonal morphism. For every B € Ob (), we have:

gen,,

Opp X P

T

(UB)* x P (UB)” x P

(UB)" x gen,,

(UBY* x (exponential
universality, gen,,, def.)

exponential universality,

(UB)A ) opgeidef.

products

UB)" x (\Mmom, P)

products

— (UB)* x MAmom, x P

(UB* x Px P

uB)y* P x Peyalt
eval*f def.,
Xponentlal universality
eval*’ x

where () follows by universality from the following diagram
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(UB)* x Mmom, x A

(UB)* x (TA)* x A

A
(UB)" xPxA (UB)* x eval
exponential universality
B eval* x A
UB)* x TA
T XA (UB)* xm e
A exponential
proﬂmts (UB) XM str universality,
- str unit evalji def.
(UB* xA =—————= (UB)* xA T((UB)* x A) (UB* x A
eval pnaturality Teval
TUB
n eval
adjunction
- Ue

Therefore, by universality of exponentials, op®"r = op.

3. Finally, the following diagram shows that gen,peen = gen:

gengpgen

n, f.
gel op dei Op,gpi\" P
—_—
(TA)A x P (TA)P x P
exponential
(TA)A x gen l universality,
opEM def.

(Mnom,P)

proiucls (TA)A < TA

AMmomy x TA str eval' def.
(P, gen) i -
P PxTA str nal_}rallty T((TAY! x A) 724 TA
~
Teval
str T(Mmomy xA)

T(PxA)
exponential

products
universality

str proj.

Tm,

TA
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A close inspection of Theorem 2.4’s proof shows that every algebraic operation

op : A (P) is uniquely determined by the component op4:

Corollary 2.5. Let F U be a resolution of a strong monad T, and A, P be objects such
that all exponentials (U=, (U—)" exist. For every morphism g : (TAY* — (TA)?
satisfying

(TA)* x (TA)A _eval” (TA)*
(TAY x g = 8
(TAY* x (TA)? (TA)P

eval™’

there exists a unique algebraic operation op : A (P) such that opg, = g.

Proof
For uniqueness, note that gen,,, is completely determined by opz,, which satisfies the
required condition. Therefore, by Theorem 2.4, op is determined uniquely by g. For

existence, given any such g, define a generic effect by

eval

AA.Mo
PANTP) A P ELS (TA) P 2 TA

gen .= P

By Theorem 2.4, op := op&" is an algebraic operation. Part (2) of the proof remains
valid if we replace opy,4 by g, and gen,,, by gen, showing that opp, = g. [
Thus, algebraic operations are independent of the particular choice of a resolution

of the monad, as opy4 depends solely on the monadic structure.

Corollary 2.6. Let F1 Uy, F> 1 U, be resolutions for a strong monad T, and A,P
be objects such that all exponentials (Ui—)", (Ui—)¥ exist for i = 1,2. Algebraic
operations op' : P(A) for F| 4 Uy and algebraic operations op?: P (A) for F, HU; are

in bijection via the equation op}; 4= oplzv A

Proof

The condition in Corollary 2.5 involves only the monadic structure, which coincides

for the two resolutions. n
Therefore, our definition for algebraic operations captures precisely Plotkin and

Power’s notion of algebraic operations [PP03], but is applicable to resolutions other

than the Kleisli and Eilenberg-Moore resolutions. In the sequel we will therefore speak

of algebraic operations for a monad without referring to a particular resolution of that

monad.
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Definition 2.7. Let m : T — T be a strong monad morphism, and gen,gen’ : A (P) be
two generic effects for T, T respectively. We say that m maps gen to gen’ if

TA
gen
P = m
T'A

Example 2-6. In Example 2-4 we encountered the lookup and update effects for the
environment and global state monad:
deref!SS :x = Av.(v,v) set!SS v = Av.(vo, %)
deref!®" : % 1 Av.y set!OW s vg = (1av0,%)
Recall the two monad morphisms from Example 2-3:
Meny © Tgny)A = Tgs(v)A  mow : Tow(v)A — Tgsv)A
MEn - W.a,  — Av.(via,) mow : (L1x,a) — Av.(v,a)
(avo,a) +— Av.(vo,a)
Straightforward calculation shows that mgy,, maps deref 1EV ¢4 deref!9S, and that mow

maps set!OV to set!9S. [

The bijection between generic effects and algebraic operations preserves the rela-

tion of being mapped by a monad morphism:

Theorem 2.8. Let op,op’ : A{P) be algebraic operations for any resolutions F - U,
F' AU’ of any strong monads T, T', respectively, and m : T — T’ a strong monad
morphism. Then m maps op to op’ if and only if m maps gen,, 10 geny.

Proof

First, assume m maps op to op’. We have

(W&nonz <P
t

P
L (T'A x P

op >/ (m maps op:m op') x P NX P

mt x P

eval naturality

m



2.3. Generic effects 43

where (x) follows, by the universal property of exponentials, from
(Mmomy) x A

exponential A
universality eval XA
eval naturdhty
monad
morphmm
eval eval

Conversely, assume gen = gen,, is mapped to gen’ = = gen,y. We then have, for

PxA

7\.A.T]/ o Tl -
2

exponential
universality

every object X:

A
A % gen’ TX
(TX
x bifunctoriality maps gen to gen
(TX)Y* xT'A A X TA (TX)PxP

exponential
m* x T'A universality,
st Theorem 2.4
tr’ stron monad morphism = =

(T'X)* x gen, € P str

st/
naturahty

AxT'A TT( TX)" x A)

Op;( < P m ><A mnaturahty mP <P
T'eval Teval eval’
eval

T/ TX T2X evalidef.

exponential universality, '(eval
Theorem 2.4 naturaht u
(T/X)P < P T'eval
monad morphlsm

(T'X)f x P

eval
naturality

Therefore, by the universal property of exponentials, we have:
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OPrx

(Tx)* (TX)"
m’ = m?
(XY (T'X)
OPF/x
and m maps op to op’. |

If m maps gen to gen’, then gen is uniquely determined by m and gen: gen’ =

mo gen. Theorems 2.4 and 2.8 let us transfer this observation to algebraic operations:

Corollary 2.9. Let F U, F' 41U’ be any two resolutions of any pair of strong mon-
ads T, T', and m : T — T’ a strong monad morphism. For every algebraic operation
op:A(P) of F 11U, there exists a unique algebraic operation op’ : A(P) of F' 41U’

such that m maps op to op'.

Proof

If op’,op” : A(P) are two algebraic operations such that m maps op to both op’ and
op”, then, by Theorem 2.8, m maps gen,, to both gen,, and gen,,. Necessarily,
gen,y = gen,s. By Theorem 2.4 we deduce that op’ = op”. For existence, by fiat, m

maps gen,, to gen’ :=mo gen,,,. Theorem 2.8 implies m maps op to opgen/. |

Example 2-7. To demonstrate this corollary, recall we found a strong monad mor-
phism m : Tgyy vy — GS (V) that maps the algebraic operation for look-up of Tnv(v)
to that of Tgg(v) (Example 2-3), and the generic effect for look-up of g,y (v) to that of
Tgs(v) (Example 2-6). Finally, recall that the generic effect for look-up corresponds
to the algebraic operation for lookup (Example 2-5). Therefore, by Corollary 2.9,
the generic effect corresponding to the lookup algebraic operation for the global state

monad is the lookup generic effect presented in Example 2-4. 0

2.4 cBPV models

We now synthesise algebraic operations with CBPV models. In order to accommodate
operations in our meta-theory, we parametrise our definition by a set I whose elements

we call effect operation names such as I1 := {lookup, update}.

Definition 2.10. Let IT be a set and V a category. A type assignment for IT in ¥V is
an assignment type(op) = (A, P) of a pair of V-objects to each op € I1. We call A the
arity of op, and P the parameter type of op.
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We write op : A (P) when type(op) = (A, P) and the assignment is clear from the
context. When the parameter type is the terminal object 1, we write op : A instead of
op:A(1).

Example 2-8. Consider IT := {lookup, update }. Let V be a set denoting storable values.

A set-theoretic type assignment for the global memory V-cell operations is:
lookup : V update : 1 (V) n

Example 2-9. Consider IT := {input, output,raise}. Let Char be a set modeling the
characters in an interactive terminal. For example, we may choose Char :={0,1,2,...,127}
for modeling ASCII characters. Let Str be Char”, the set of strings, i.e., finite se-

quences of characters. A set-theoretic type assignment for I/O and exceptions is:
input : Char output : 1 (V) raise : 0 (Str) n
We restrict our interest to the following notion of a CBPV model:
Definition 2.11. An (Eilenberg-Moore) CBPV model is a pair <‘V , T> where:
e 1V is a distributive category;
e T is a strong monad over V; and
e 1V has all exponentials |§|A of all T-algebra carriers |B| by all objects A in V.

General models of CBPV form a properly larger class of adjunctions. In our de-
velopment, we are only going to use Eilenberg-Moore models of CBPV. Therefore,
we restrict attention to those models only. This restriction simplifies the development
considerably. We leave the treatment of arbitrary CBPV models as further work.

We also need a notion of morphisms between CBPV models. For our purposes,
it suffices to consider strong monad morphisms m : T — T'. There are other possible
choices. For example, one choice of morphisms is as functors Uy, : ‘V T L,y r between
the Eilenberg-Moore categories of the monads that factor the right adjoint U’ : ¥/ T,

vV as U oU,,. Another choice of morphisms is to require that those functors U, to have
a left adjoint. In our cases of interest, in which algebraic semantics is possible, these
choices coincide. Therefore, we choose strong monad morphisms as our morphisms
between CBPV models. Future use of the theory will determine which notion is more

appropriate for applications.
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Definition 2.12. Ler V be a distributive category. The category CBPVy, has as objects
CBPV models with F 41U : C — V, and as morphisms (F| 1U,) — (F, 14 U,) strong

monad morphisms m : Ty — T».

The following diagram summrises the relevant data in a morphism between CBPV

Cl\\ljl Fz//Cz

models:

F 0% U
O
n——T

The following definition ties all the previous concepts together:

Definition 2.13. Let I1 be a set. A CBPV I1-model is a quadruple

<‘V,type,T, ) [[—]>

where:
e V is a distributive category, called the value category;
e type is a type assignment for I1 in V;
o (V,T) is a CBPV model; and

e O[—] assigns to every op : A(P) in Il an algebraic operation O [op] : A (P) for
T.

Thus, effect operation names op denote algebraic operations O [op].

Example 2-10. Let IT be a two element set {lookup,update}, and V a set denoting
storable values. We present a CBPV II-model for a global memory V-cell.

We take: 1 to be Set; type to be the type assignment lookup : V and update : 1 (V);
from Example 2-9; T to be the global state monad Tgg(y); and O[—] to interpret
lookup and update as the look-up and update operations for 7gg(y), as in Examples 2-1
and 2-2. [

To summarise, we reviewed Plotkin and Power’s algebraic operations and generic
effects in the adjunctive setting, and their preservation by monad morphisms, and in-

corporated them into the CBPV model structure.
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Models

I’'m a model, you know what I mean.
—Right Said Fred

In this chapter we define our notion of models for Gifford-style effect sys-
® tems. There is tension inherent in this definition resulting from the degree
of structure these models include. On the one hand, we want to axiomatise the sim-
ilarities in structure between a range of different type and effect analyses and their
semantics, as studied by Tolach [Tol98], Wadler [Wad98, WTO03], Kieburtz [Kie98],
Benton et al.[BK99, BKHB06, BBO7, BKBHO7, BKBHO09], and Thamsborg and
Birkedal [TB11]. On the other hand, we want our axioms to capture as much common
structure as possible, allowing us to derive general properties and principles pertaining
to uses of effect analysis, such as validating optimisations.

Our first step is to parameterise the theory over the hierarchy of effect sets in the

chosen Gifford-style effect system of study:
Definition 3.1. An effect hierarchy X is a pair (I1, E) where Il is a set, and ‘E C P (II).

Given a hierarchy X, we call the elements of I1 effect operation names, or effect
operations for brevity, ranged over by op. We call the elements of E the effect sets,
ranged over by €. For example, for a global memory cell, we take the hierarchy to be

the full powerset:
({lookup, update}, {0, {lookup} , {update} , {lookup, update} } )

Ideally, the effect hierarchy includes all finite subsets of effect operations. How-
ever, in that case, the semantics involve exponentially large amount of data. There-

fore, Tolmach [Tol98] and Kierbutz [Kie98] only consider sub-hierarchies of the finite

47
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powerset hierarchy. As a consequence, we do not commit to a particular choice of
hierarchy.

In Section 3.1, we introduce the model class of a given effect hierarchy X, and
discuss the exponential quantity of data involved in specifying such models. Then, in
Section 3.2, we utilise generic operations and describe techniques for specifying these
models with smaller, yet still exponential, amounts of data. Finally, in Section 3.3, we
conclude by instantiating our categorical definition to the category of sets and present-

ing a more elementary and accessible definition.

3.1 Categorical models

/\: Withour further ado, we define our notion of models for Gifford-style effect

analysis:
Definition 3.2. Let X be a hierarchy. A X-model is a quadruple
(V,type,P,0_[-])
where:
e V is a distributive category, called the value category;
e type is a X-type assignment in ‘V;
e P isa functor E — CBPVy, called the model hierarchy;

e O_[—] assigns to each € € E and op € €, op : A(P) an algebraic operation
O, [op] of type A (P) for Pg;

and, for all € C €', and op € €, P(e C€') maps O [op] to O, [op]. Thus, P(e C¢€')

preserves the operations.
Note that we considered the poset £ as a category in this definition.
Example 3-1. Given any effect hierarchy ¥ and any X-model
(V,type,P,0_[-])
we have a hierarchy of CBPV models. For every € € ‘£, we have a CBPV €-model
(V,typee,Pe, O, [—])

where type, is the restriction of the type assignment type to €, namely type|,. [
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Example 3-2. We illustrate Definition 3.2 by using global state.

The operations of our hierarchy X are given by IT := {lookup, update }, with E given
by the entire powerset ¢ (IT). Let V be a set of storable values. We describe a £-model
(Set, type, P, O_[—]) for a single global memory cell of type V.

Assign types to the effect operations as in Example 2-9:
lookup:V  update: 1(V)

We define the object part of P by the identity, environment, overwrite, and global

state monads:

PO =1jq P {lookup} = TEnV(V)
P {update} = Tow(v) P {lookup, update} := Tggv)

For each € C I, we define P (0 C ¢€) to be the monadic unit 1 :id — T¢. As Tg is

strong, P (0 C €) is a strong monad morphism. Define:

P({lookup} C IT)x : Tgpy(v)X — Tgsv)X
P({lookup} CII)y : k = A (v, k(v))
( )
( )

P({update} CIT)x : Toww)X — Tgsv)X
P({update} CII)y : (11%, x) = WY [(v,x)]
1V, x) = WY [V, x)]
These are the two strong monad morphisms from Example 2-3.
The preservation of units under monad morphisms implies the commutativity of

the following diagram.

Px|
P ({lookup} C |Z|) P ({update} C [Z])
monad monad
P {lookup} morphism g Mot P {update}

PO

Thus, by setting P (¢ C €) := id, we obtain a functor P : £ — CBPV Set, and the model
hierarchy component of the model is defined.

We choose the algebraic operations as in Examples 2-2 and 2-3, which show they
are preserved by P.

In conclusion, the quadruple (¥, type,P, O_[—]) is a E-model. O
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The last example demonstrates that in order to exhibit a X-model, we need to spec-
ify a large amount of data. To illustrate the problem, consider the typical case when
the effect set IT comprises of n different operations, and we take the entire powerset
£ = (IT) for our hierarchy. Then, each X-model includes 2" different monads. The

number of monad morphisms we need to specify is

n/n .
Z Hms\{Op}gs‘Op € 8}’ = Z (k) |

0#ecE k=1

The number of algebraic operations we need to specify is n2"~! as well:

Y el = Z() -

ecE

Besides exhibiting these data, we also have to show it has the appropriate properties.

In particular:

e for each monad, we have to exhibit a strength, which also needs to be preserved
by the monad morphisms, totaling in 4 commutative diagrams for each of the 2"

monads and a commutative diagram for each of the 72"~ ! monad morphisms;

e for each of the n2"~! algebraic operations we need to calculate —" and —*4, and

establish the commutativity of a diagram; and,

e for each monad morphism ) op1ce and op’ € €\ {op}, establish the commuta-

tivity of the diagram for preserving op’:

Y Y le\ {op}| = Z() Kk~ 1) = n(n— )22

0+£ec EOpee

In the following sections we will encounter different methods to elaborate the full

model structure from a smaller set of data, and to avoid some of these proof-obligations.

3.2 Generic models

In light of this equivalence of algebraic operations and generic effects, we
@ can recast our model definition in terms of generic operations. To aid the
presentation, we use asterisks in our numbering. Thus, Definition 3.2* reflects that we
recast Definition 3.2 in terms of generic effects. The shaded text highlights which parts
of Definition 3.2 changed in Definition 3.2%*.
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Definition 3.2*%. Let X be a hierarchy. A generic ¥-model is a quadruple

(V,type,P,G_[-1)
where:
e V is a distributive category, called the value category;,
e type is a X-type assignment in ‘V;
e P isa functor E — CBPVy, called the model hierarchy;

o G_[—] assigns to each € € E and op € €, op : A (P) a generic effect Gg [op] of
type A (P) for Pg;

and, for all € C €/, and op € € P (e C€') maps Ge[op] to Ge [op]. Thus, P(e C€')

preserves the effects.

Example 3-2*. Consider a global state model (Set,type,P, G_[—]) where type and P

are as in Example 3-2, and G_ [—] assigns the generic effects from Example 2-4:

g{lookup7update} [100kupﬂ PA= 7\‘V'<Va V) g{lookup,update} Hupdateﬂ] tVo = 7\‘V'<V07*>

g{lookup 1 [lookup] : % — Av.y G{ update} [update] :vo — (12vo,*) O

The two X-model notions are equivalent:

Theorem 3.3. Let ¥ be a hierarchy. X-models <’V ,type,P, O_ [[—ﬂ> and generic X-
models (V,type,P, G_[—]) are in bijection given by geng [op] = Ge [op].

Proof

Immediate, in light of Theorems 2.4 and 2.8. [ |
Generic models allow us to do away with the proof obligations regarding alge-

braic operations. We can simplify our models further by additional assumptions on the

hierarchy ¥X. We describe one possible way to simplify them.

Definition 3.4. We say that a hierarchy ¥ is reducible if, for every op € I1, the set

{e € E|op € €} has a minimum €qp.

Example 3-3. Given any set I1, the powerset £ = ¢ (IT) is a reducible hierarchy,
with €,p = {op}. More generally, any hierarchy that includes all singletons {op} is
reducible. U
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Non-example 3-4. For the set IT := {lookup, update, raise }, the hierarchy given by
E = {{lookup, raise}, {update,raise} , {lookup, update, raise } }
is irreducible, as the set: {€ € E|raise € €} = E has no minimum. O

Definition 3.5. Let ¥ be a reducible hierarchy. A reduced L-model is a quadruple

(V,type,P, Ge_ [-])
where:
e 1V is a distributive category, called the value category;
e type is a X-type assignment in ‘V;
e P isa functor E — CBPVy, called the model hierarchy;

e Ge [—] assigns to each op €11 a generic effect Geop lop] of type A(P) for
P&op,

(and that is all).

In other words, we no longer have to supply effect operations for every set in the
hierarchy, merely to €, for every effect operation op. Thus, just as in Example 3-2*, a
reduced model for global state only includes the definitions for the lookup and update
generic effects. The rest of the model structure can be elaborated from the reduced

model:

Theorem 3.6. Let X be a reducible hierarchy. Reduced X-models <’V ,type,P, Ge_ [[—]>
and generic Y-models <‘V ,type,P, G [[—]> (and hence Y-models) are in bijection
given by the factorisation of G_[—] through Ge_[—] as

Ge [-1=G-[-]o(e-,—)

Proof

Given a generic X-model, the corresponding assignment Ge [—] is completely de-
termined from G_[—]. Conversely, preservation of generic effects implies that any
Y-model has to satisfy: G [op] = P(&op C €) 0 Gg,, [0p]. By Corollary 2.9, this choice
uniquely determines the generic effect G¢ [op] preserved by P. [
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Using generic effects, we succeeded in discharging the n2"~! proof obligations re-
quired in the definition for algebraic operations. We also demonstrated how the struc-
ture of the hierarchy can simplify the model structure further: our reduced models do
away with n"~! — n operations and discharge all of the n(n — 1)2"~2 proof-obligations
dealing with effect preservation. However, we are still left with the burden of speci-
fying the 2" monads and 7 -2"~! monad morphisms between them. Our definition of
reducible hierarchies is not the only way to reduce the burden of model specification
using the correspondence of generic effects and algebraic operations, but merely illus-
trates one way to do so. For example, we can also reduce the specification of models
for the hierarchy from Non-example 3-4 by specifying lookup and update in their re-
spective sets £qp, specifying raise in the two subsets {lookup,raise}, {update,raise},
and requiring that they are mapped to the same effect by the monad morphisms in P.

Such techniques are present in the functional programming community. In the
Haskell programming language, such hierarchies of monads arise with modular de-
composition of effectful programs, and are specified manually by the programmer.
The requirement to also specify the operations manually in each level led to several
methods for lifting the operations from the lower monads to the higher monads in the
hierarchy. For example, Guts et al. [SGLHI11] use a reduced model (as in Defini-
tion 3.5) and deduce from a given hierarchy of monads and monad morphisms how
to lift the operations. As another example, Schrijvers and Oliveira [SO11] specify the
operations at the lowest levels of the hierarchy and develop a domain specific language
for choosing the appropriate monad morphism used to map the operation to a monad

higher in the hierarchy.

3.3 Set-theoretic models

To aid accessibility, we remove some of the categorical scaffolding of our ac-
® count. We instantiate our general categorical models to the category of sets. To
aid the presentation, we use the (revisited) suffix to the reformulated categorical result.

Thus, Definition 2.10 (revisited) is the set-theoretic specialisation of Definition 2.10.

Definition 2.10 (revisited). Let X be a hierarchy. A set-theoretic type assignment for
¥ is an assignment type(op) = (A, P) of a pair of sets to each op € I1. We call A the
arity of op, and P the parameter type of op.

We write op : A (P) when type(op) = (A, P) and the assignment is clear from the
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context. When the parameter type is a singleton 1 = {x}, we write op : A instead of
op:A(1).

Example 2-9 (revisited). A set-theoretic type assignment for the global memory cell
hierarchy is:
lookup : V update : 1 (V) O

Definition 3.2% (revisited). Let ¥ be a hierarchy. A set-theoretic X-model is a quadru-

ple
<type7 vam*7 gf H_ﬂ>

where:
e type is a set-theoretic type assignment for X;
o T_ assigns to each € in ‘E a monad Tg;
e m_ assigns to each € C € in ‘E a monad morphism mece = Tg — Tgr;

o G_[—] assignsto eache € E, and op : A(P) in € a function Gg[op]: P — TeA;

(Such functions are called generic effects for T¢.)
o foralle Ce' Ce'inE:
mece = 1d, Mg/ Cel © MeCel = MeCe!
i.e., m_ is functorial;

and, for alle C €' in E and op : A(P) in€:
T.A

QSW

P — msggl

gs’m

8/
Thus, m_ preserves the generic effects.

Example 3-2% (revisited). We construct a set-theoretic model for global state.
The global state hierarchy is given by IT := {lookup, update} and E := ¢ (IT).
Let V be a set of storable values. We describe a set-theoretic X-model for a single

global memory cell of type V, (type, 7_,m_,G_[—]).
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First, we assign types to the effect operations:
lookup:V  update: 1(V)
Next, we choose the following monads:

To X=Tq X=X

Titookup} X = Tgayw)X =XV

Trupdate) X =TowwX =X =(14+V)xX
Thiookupupdate} X = Tas(v) X = (Vx X)Y

i.e., the identity, environment, overwrite, and global state monads.
For each € C I1, we define mgpc, to be the monadic unit ng : id — 7.
Define:
Mtookupycr : (—)Y = (Vx (—))Y
M{iookup}CTT : K = A (v, k(v))

Calculation shows mjookupycry 18 @ monad morphism from Tiookup to 711. Define:

Mpupdatejcrt : (L+V) x (=) = (Vx (=))Y
M.(v,x) d=1~*

M {ypdate}CIT - <8,X> =
w.(Vx) d=1u

Calculation shows m ypgaee}cr1 1S also a monad morphism, this time from Tiypgate to 7i1-
The preservation of units under monad morphisms implies the commutativity of

the following diagram.

Tz,
M {lookup}C x| M {ypdate} C|Z|
T monad monad T
{lookup} morphism n ) morphism {update}
M {lookup} M {update}
Ty

Thus, by setting mece = 1d, we obtain a functorial family m_.

We choose the generic effects:
g{lookup,update} [DOOkupﬂ A= 7\.V.<V, V> g{lookup,update} [[updateﬂ SV }"v-<V0;*>
g{lookup } [DOOkupﬂ Dk vy g{ update} [[update] SV <12V07*>

Finally, we show preservation of operations by m. It amounts to chasing two dia-

grams:
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g[[l upl Av.v € T{lookup}v g[ date] (v, x) € T{update}l
ookup up ate
*€1l / M{lookup}Clz| vo€EV / M{update}C|x|
g[lom G[{UPW‘

Mv.(v,v) € TgV Av.(vo,v) € Tig|1

In conclusion, the quadruple (type, 7_,m_, G_ [—]) is a set-theoretic £-model. [

Example 3-5. We construct a set-theoretic model for exceptions and input/output in-
teractions with a terminal (terminal 1/0O).

We choose the hierarchy as IT := {raise, input, output}, and set £ := ¢ (IT).

Let Char be a set modeling the characters in an interactive terminal. For example,
we may choose Char :={0,1,2,...,127} for modeling ASCII characters. Let Str be
Char*, the set of strings, i.e., finite sequences of characters.

The model (type,7_,m_, G_[—]) is given as follows.

The type assignment is given by
raise : 0 (Str) input : Char output : 1 (Char)

Given any € € E, any set X, and any three different sets I, O, R ¢ X, we define Tz X

inductively as follows:
o if x € X, then x is in T¢X;
e ifraise € E, and s € Str, then (R,s) is in TX.
e if input € €, and for all ¢ € Char, ¢, € T:X, then <I7 <l6’>c€Char> isin TeX;
e if output € €, ¢ € Char, and t € T¢X, then (O, ¢,1) is in TgX;

In other words, 7T¢X is the set of labeled trees, whose leaves are X-elements. If
input € €, then these trees may contain nodes, labeled by /, whose branches are in-
dexed by Char. If output € € then these trees may contain nodes, labeled by a pair of
labels (O, c) (where ¢ € Char), with a single branch stemming from them. If raise € €,
then these trees may also have leaves from Str, and these strings are distinguishable
from the X-elements.

In terms of universal algebra, 711X, for example, is the free algebra for the follow-

ing signature G::
{raise, : 0,input : |Char],output, : 1|c € Char,s € Str}

We can also model the set 71X using the SML algebraic datatype
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e
(R,”cabab™)  (0,°a") (0,7p") (0,¢")
l (0,"b’> (0,"0 )
L o

l

Figure 3.1: An example element of TiN

— datatype 'a T = Just of ’a
= | Raise of string
= | Input of char -=> 'a T

= | Output of char * 'a T

We can present these trees diagrammatically. See Figure 3.1 for an example ele-
ment of 77N, when Char = {°\0’,’a’,’b’,’c’ }.
The monadic unit is given by the inclusion Mg : X C T¢X. The monadic multiplica-

tion is given inductively:
o uc(t):=t1;
e If raise € €, e (R,s) == (R, s).
o Ifinput € & e (7, {te) cechar) = (I, (He(te)) cechar ):
e If output € €, ue (O, c,1) = (0, c,ug(t));

i.e., by collapsing the nested tree structure. Figure 3.2 demonstrates the action of
the multiplication. The monad (7i,m,u) is the free algebra monad for the universal

algebra signature ¢ we described above. It is also the free monad for the functor:
FX :=Str+X"a" | Char x X

Similarly, the other monads T; are free algebra monads for analogous signatures and

free monads for analogous functors.
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Q (<oxc’> (0,2")\ (R, pachac”))
| |
2 0)

(R, bacbac”)

Figure 3.2: monadic multiplication

Thus we specified the monad hierarchy 7-.

The monad morphisms are given by inclusion: (mgce)x : TeX C Ty X, hence func-

torial.

The generic effects are given by:

e if input € &:
Ge [input] : 1 — TzChar
Ge [input] : x — <I7 (€)cechar)
e if output € €:
Ge [output] : Char — T¢1
Ge [output] : ¢ — (0, ¢, %)
e if raise € &:
Ge [raise] : Str — T¢0
Ge [raise] : s +— (R,s)

Note that the inclusions m_ preserve the generic effects, as G_ [ — ] were identically

defined for every €.

In conclusion, (type,T_,m_,G_[—]) is a set-theoretic X-model. O
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Contrast the last two examples. For global state, we explicitly defined an ad-hoc
monad for each effect set €. For exceptions and I/O, our definition was uniform for all
effect sets: we define a single monad 77, and omit the irrelevant elements according
to the effect set. The same idea applies to the generic effects: they are defined in the
same manner for all €. Specifying X-models in this manner dramatically decreases
the amount of data we have to specify: as we have 3 effects, instead of specifying 9
monads, 12 monad morphisms, and 12 generic effects, we specify, uniformly, 1 monad,
1 monad morphism, and 3 generic effects. We will see in Chapters 7 and 8 that this
process can be generalised to arbitrary algebraic models, including the global state
model.

@ To conclude this section, we show that set-theoretic models coincide with cat-

egorical models with 9V = Set:

Proposition 3.7. Let X be a hierarchy. Set-theoretic X-models (type,T_,m_, G_[—])
and (categorical) E-models (Set,type,P, G_[—]) are in bijection given by

e foralle € ‘E, Pe =T;; and
o foralle C€ inE, P(e C€) =mgcy.

Proof

Functoriality of m_ guarantees the functor P is uniquely determined by the bijection.
It remains to show well-definedness, by equipping each monad 7¢ with a strength to
form a strong monad Pg, such that P(e C €) is a strong monad morphisms with respect
to the strengths of Pe and P¢’.

The following result follows directly from Kock [Koc72]: every monad over Set
has a unique strength, given by stry  : (a,k) — T (Ab.(a,b))(k). Thus Pe is a well-
defined strong monad.

For all € C € in E, mgcg is also a strong monad morphism, by chasing a diagram

using the naturality of mgcer:

() —S T, (Ab.a, b)) (&)
m(Te (Ab.(a,b)) (k))
||[<— mgce naturality

(a,m(k)) g (Ab.(a, b)) (m(k))

A X msgsl

Thus P is uniquely determined by 7 and m_, and we are done. [
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In summary, we defined the notion of an effect hierarchy, and categorical hier-
® archical models. We saw that in order to specify a complete hierarchy we need
to produce exponential amounts of data. We managed to do away with some of this

burden, but we could not go below an exponential amount.



Chapter 4
Recursion

A scar on my arm that says: Domain
—Lou Reed

In this section we isolate a subclass of our categorical models suitable for mod-
® elling languages with recursion. To achieve this, we refine the definitions from
the previous chapters by requiring additional structure.

Programs involving recursive functions may fail to terminate. Thus they exhibit
divergence as an effect. Therefore, effect hierarchies for recursive languages have

divergence as a distinguished effect:

Definition 3.1w. A recursion effect hierarchy is a pair (¥,diverge) where ¥ is an effect

hierarchy with a specified effect operation diverge € Ily.

To aid the presentation, we use the ® suffix to reflect that the revisited unit is a
modification of a previously presented unit to accommodate recursion. Thus, Defini-
tion 3.1® modifies Definition 3.1.

We treat a recursion hierarchy (X, diverge) as a hierarchy X, and always denote
the specified operation by “diverge”. For example, a recursion hierarchy ¥ for non-
determinism consists of two operations IT := {choose,diverge} and the full powerset.

For the more semantic aspects of our models, we turn to domain theory. Domain
theory provides the standard mathematical machinery needed to model recursion. The
simplest type of domain sufficient for our purposes is an ®-complete partial order (®-
cpo). We refine our models to account for recursion by demanding them to be suitably
enriched in the category of ®-cpos. For this purpose, we review the key concepts from

the previous chapters and define their enriched counterparts.

61



62 Chapter 4. Recursion

We proceed as follows. We first recapitulate some standard domain-theoretic con-
cepts and notation. Then, we recall how to incorporate recursion into (Eilenberg-
Moore) CBPV models, and enrich the notions of algebraic operations for an enriched
monad. Next, we refine the structure of our categorical models to accommodate recur-
sion. Finally, we specialise to the category of ®-cpos, removing many of the categori-

cal concepts, for a more accessible account.

4.1 Domain-theoretic preliminaries

An ®-complete partial order (®-cpo) is a partial order W = (|W|, <), closed un-
der suprema \/,cy W, of increasing w-chains (wy),.n. A (Scott) continuous function
f: W — W between ®-cpos is a monotone function preserving such suprema, i.e.,
f(\V,,wn) =V, f(wy) for every increasing m-chain (w;,).
A discrete ®-cpo is a set ordered by equality (X,=). The empty ®-cpo 0 is (0,=).
The singleton @-cpo 1is ({x},=). We write n for the discrete domain over n elements.
The product W x W, of two ®-cpos is the component-wise partial order over their

cartesian product [W;| x |[W;|:
/ / . . / /
) )
(wi,w2) < (wj,wh) if and only if wi < w} and wy < wh

This order does give rise to an ®-cpo, with suprema taken componentwise.
The exponential W2W ! of two w-cpos is the w-cpo consisting of all continuous func-

tions from Wj to W», ordered pointwise:
f < gif and only if, for all W € Wy, f(w) < g(w)

This order does give rise to an ®-cpo, with suprema taken pointwise. The evaluation
map 1s the continuous function eval : WZW ' x W) — W, given by (f,w) — f(w).

An m-cpo W is pointed if it has a least element L. If W is pointed, then, for all V,
WV is pointed, with Av. L its least element. A continuous function f : V — W between
pointed domains is called strict if f(L)= L.

In categorical terms, the category @CPO has m-cpos as objects, and Scott contin-
uous functions between them as morphisms. An endofunctor F : ®CPO — owCPO
is locally continuous if, for every pair of w-cpos V,W, the morphism map F, send-
ing a continuous function f:V — W to Tf : FV — FW, is a continuous function
F:WY — (FW)FV. An endofunctor F over ®CPO is called pointed if, for every
o-cpo W, FW is pointed. A pointed functor is called strict, if, for all f: V — W,
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(Ff)(Ly) = Lrw, i.e., if every F f is strict, even when f is not necessarily strict. A
locally continuous monad is a monad whose underlying functor is locally continuous.
We define pointed monads and strict monads similarly.

The evident forgetful functor |—| from @CPO to Set has a left adjoint, assign-
@ ing to each set X the discrete m-cpo with carrier X, (X,=). The empty ®-cpo

0 is the initial object in @CPQ. Binary sums are given by disjoint union:
Wi+ Wa = (Wi |+ [Wal, { (tuw,uw’) i = 1,2,w < w'})
The singleton domain 1 is the terminal object. As left adjoints preserve coproducts,

we indeed have
n summands

——
n=1+...+1

The product W x V described earlier is the categorical product. In fact, ®CPO is
complete. If D : J — ®CPO is any small diagram, the limit LimD = (L, 6) is given by:

e |L| and || form the limit of the underlying set-theoretic diagram:

Limget |D| = (|L], |o])

e the partial order is given by
w < v if and only if, for all j € Ob (J): 6;(w) < o;v
and
e suprema are given by the following property:

w= \/wn if and only if, for all j € Ob (J \/GJ W)

The exponential WV is the categorical exponential of W by V, and the evalua-
tion map is the categorical evaluation morphism. Given a Scott continuous function
f:UxV — W, the map AV.f is given by currying u — Av.f(u,v), just as in Set.
Therefore, ®CPO is cartesian closed, hence a distributive category.

An ©CPO-enriched category is a category ' such that, for all objects W,V in
Ob (1), the homset ¥/ (W,V) is equipped with a specified partial order making it an
®-cpo, also denoted by ¥ (W,V), and, for all W,V,U € Ob (V), composition is a Scott

continuous function:

ot V(V,W)x V(U V)= V(U,W)
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Let ¥ be an ®CPO-enriched category, I a set, and W; € Ob () an I-indexed
family of objects. An WCPO-enriched product [];c;W; is an ordinary product [];c; W;
in the underlying ordinary category of 4V such that, for all V € Ob (), the evident

tupling map is continuous:

(Sier et V (VW) = YV (V, ILietWi)

Similarly, an ®WCPO-enriched coproduct Y ;c;W; is an ordinary coproduct Y ;-; for

which, for all V € Ob (), the evident cotupling map is continuous:

[lier [TV Wi, V) = V(Wi V)
icl icl
Thus, an ®CPO-enriched distributive category is an @WCPO-enriched category with all
finite ®CPO-enriched products and coproducts such that finite products distribute over
finite coproducts.
Let W,V € v be two objects in an ®CPO-enriched category. An ©CPO-enriched
exponential W is an ordinary exponential WY for which, for all U € Ob (%), the

currying map is continuous:
AV.—:V(UxV,W)— Y UW)

Let V, V' be ®CPO-enriched categories. An ®CPO-enriched functor F: %V — V'
is a functor F : V — 9’ between the underlying ordinary categories, such that, for all

A,B € Ob (), the induced morphism map is Scott continuous:
F:v(A,B) = v (FA,FB)

Thus, a locally continuous functor is exactly an ®@CPQO-enriched endofunctor over
oCPO. We note that there is no need to differentiate between ®CPO-enriched natural
transformations and ordinary natural transformations between @WCPO-enriched func-
tors. Thus, an @WCPQO-enriched (strong) monad is an ordinary (strong) monad whose
underlying functor is @CPQO-enriched. Similarly, an @CPO-enriched adjunction is an
ordinary adjunction F 4 G : C — ‘V between the underlying ordinary functors of two
®CPO-enriched functors F and G. The bijection ¢ : C(FA,B) = V' (A, GB) of the ad-
junction is then Scott continuous as, by naturality, @(f) = G(f) on. Finally, an ®CPO-
enriched resolution of an WCPQO-enriched monad is an ®CPO-enriched adjunction

whose underlying ordinary adjunction resolves the underlying ordinary monad. A
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direct consequence of Kock’s work [Koc72] is that every endofunctor (monad) over

®CPO has a unique candidate for strength, i.e., the map:

str:VXFW — F(VxW)
str: (v,t) = F(Aw.(v,w))(1)

If this candidate is indeed Scott-continuous, this functor (monad) is locally continuous
(strong).
The cartesian closed structure of @WCPO itself is an ®WCPO-enriched cartesian

closed category. In particular, it is an @CPO-enriched distributive category.

Lemma 4.1. Let V be an ®CPO-enriched category, and let A € Ob (V) be any object
such that, for all T € Ob (), the ®CPO-enriched exponential AL exists. If, for all
I € Ob (V), V(T,A) is pointed, then, for all A € Ob (V), V (A,A") is pointed, and
Lagr = AT Laxra.

Proof

By fiat, AI'.(—) : V(A% T,A) =Ny (A,AT) is a continuous isomorphism. As Laxr .4
is the least element of V(A X I',A), AI"._Lar 4 is the least element of 7/ (A,AF ) Thus,
vV (A,A") is pointed. [

4.2 wCPO-enriched cBPV models

We turn to incorporate recursion into CBPV. The following notion appears in
@ Levy’s work [LevOl, Lev04]:

Definition 4.2. Let T be a strong monad over a cartesian category V, let B, B' in
Ob (V T) be two algebras, and let T € Ob (V) be any V-object. A T-algebra homo-

morphism from B to B’ over I is a morphism h: T x |B| — |B’|, satisfying:
rx7 |8 — . 7(rx|B) —" . 1|B|
I'xB[-] = B'[-]
I'x|B B
s : 8

We will make use of the following properties of algebras:

Lemma 4.3. Let T be a strong monad over a cartesian category ‘V, and B, C be any

T-algebras.
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1. If h: B — Cis a T-algebra homomorphism in the usual sense, then, for all T, the

following morphism is an algebra homomorphism over I':

r'x|B| 2 |B| % [C|

2. If the exponential |C|" exists in V, then there is a T-algebra structure over |C|F,

denoted by C', given by:

AT (T(@r) < T 5 7 (¢ x 1) Lo, 7)) S |g|)

In this case, every algebra homomorphism over T, h:T x |B| — |C|, gives rise

10 a (unique) algebra homomorphism from B to C' :

swap

AT (|B] xT % T |8 % |c]

3. For all morphisms f :T x A — |B|, the lifting f7: T x TA — |B| is the unique
T-algebra homomorphism from FA to B over I, satisfying

I'xTA
t
I'xn \f
T'xA > IB
7 |B|
Proof
The following diagram proves part 1:
=
PxT (B - 7T x |B) — 2 7(8 — " T|C
str proj.
L lgeb
'x B[] B[-]|  homomorphism  |C[~]
T, naturality -
I'x|B B C
<|B " B ————IC

In part 2, the fact that C! is a T-algebra is well-known, and follows by routine cal-
culation. The fact that AI".(h o swap) is a homomorphism follows, by the exponential

universal property, from the following diagram:
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T(A.(hoswap)) x T’

(T|§|) %< T costrniturality (T(|Q|)F) «T
costr costr
T(AI'.(hoswap) xI)
Swa . -
p cost;det. T(|§| XF) T(‘Q|FXF) QF[[_]] < T
I'xT|B] Tswap\ iﬁiﬂf_ﬁﬁﬁ%ﬂ Teval
StI'\‘ B exponential r
B H_ﬂ xT swap naturality T(F X |§|) T |Q| univer_sality‘gy x I
= I'xB[— — =
<B[-] Th
homomorphism over I"
I x |B| a eval
Cl-1]

exponential universality
swap =

B| xT r
B (AL.(hoswap) CI" T

eval

The uniqueness proof is also straightforward, but we omit it, as we will not make use

of it in the sequel.

Finally, the following diagram proves part 3:

Tf

FXTZAS—H>T(FxTA) 7B
str multiplication T'str T(f T_def-) /
- T2 f TB[-]
T>(I'x A) —— T?|B]
I' % u u 4 naturality \ u T-algebra B [—ﬂ
T(T'xA) T |B|
str £ def. B[—]
I'xTA B
fT

Straightforward calculation shows that
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I'xTA
el gt
I'xn \f
I'xA S IB
7 |B|

and that f7 is the unique such homomorphism, but we omit these calculations as we

will not make use of them in the sequel. [

Definition 2.110. An ®CPO-enriched (Eilenberg-Moore) CBPV model is a pair (V,T )

where:
e 1V is an ®CPO-enriched distributive category;
o T is an ®CPO-enriched strong monad over V; and

e V has all ©CPO-enriched exponentials |B|* of all T-algebra carriers |B| by all
objects A in V.

A recursion CBPV model is an ®CPQO-enriched model <‘V , T> Jfor which:

e for all objects T" € Ob (V) and algebras B € Ob (‘VT>, V(T,|B|) is pointed;

and,
e forall f:A— T inV and homomorphisms h from B to C over I':

lrpof=1las ho(T, Llrp) = Lrc

Example 4-1. Recall the collection of monads 7 for exceptions and terminal I/O
from Example 3-5, and let € C {raise, input, output} be any effect set. If W is an w-
cpo, then T |W| inherits an ®-cpo structure, by inductively taking the smallest partial

order satisfying:
o if w<w inW thenw <zw w';

e if input € €, and for all ¢ € Char, t. <7 7., then

/
<I7 <tC>cEChal’> SEW <I’ <tC>ceChar>
e if output € €, c € Char, and r < ¢/, then

<O,C,l> <nw <0,C,t/>
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As trees, two elements of TW are comparable if they have the same shape, and
corresponding leaves are compatibly comparable in W. Thus, an ®-chain of such trees
is a sequence of trees with the same shape, whose corresponding leaves form m-chains.
Hence, the suprema of such an ®-chain is the same tree, with the suprema of each leaf
®-chain in its corresponding leaf.

The monadic structure of 7; is @CPO-enriched, and (oCPO,T;) is an ®CPO-
enriched CBPV model. If W is not pointed, then clearly 7eW is not pointed. Therefore

this model is not a recursion model. O]

Example 4-2. The lifting monad T is given by

T W|:= {L}+|W] wsw <= w=1.l,or
T f:= {L}+f w="1Lww =1, and W <y W
n: w — hw u:l L—u1yl
strwy @ (w,yl) =1L uitotyL—1y L

sttwy @ (w,aw) = 1 (w, V) Ui llbow — LHw

Note that a monad T is strict if and only if there is a monad morphism 7| — 7.
The morphism map
T ={Lli+-=[u,120—]

is continuous, hence 7 is an ®CPO-enriched strong monad. Thus (0CPO, T ) is an
®CPQO-enriched CBPV model.

The T'| -algebras are precisely the pointed ®-cpos. Indeed, let B be any 7’| -algebra.
By fiat, 1L is the least element of 7' |B|. Thus, for all b € ||W|] :

W [—]-continuity

v I
Wul]l<Wuw]=W[nw)]=w

algebra

We have shown that every T -algebra is pointed. Therefore, Y+ W [1; L] is the least
element of ®CPO (I, [W|). Conversely, if W is pointed with a least element Ly then

the algebra structure over W is given by

Lw w=11L

W ow=1uw

If f:A—T,then Lrp(f(d)) =W[uyLl]=_L(5), hence Lof=_1. Lethbea
homomorphism from |V | to |[W| over I'. By the definition of homomorphisms over T,

we have:
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str Th

(VY [ull): ul: ul
I'xV[-] Wi-]
(v V[ull): p h(v.V[ull) =Wlul]
Thus, ho(I', L) = L. In conclusion, we have a recursion CBPV model. O

In light of Lemma 4.3, we can replace the condition on homomorphisms over ob-

jects with homomorphisms in the usual sense:

Theorem 4.4. Let <’V , T> be an ®CPO-enriched CBPV model. It is a recursion model
if and only if:

e for all objects T € Ob (V) and algebras B € Ob (V"), V(T',|B|) is pointed;

and
e forall f:A— T and homomorphisms h from B to C:

lrpof=1lap  holrp=_lrc

Proof

We show that the two homomorphism conditions are equivalent:

— Take any object I' € Ob (¥/) and homomorphism 4 from B to C in the usual

sense. By Lemma 4.3(1), ho 7, is a homomorphism from B to C over I', hence:

1 =(homy)o(l',L)=hol

<= Take any object I' € Ob (%) and homomorphism % from B to C over I'. As
<‘V , T> is an @CPO-enriched CBPV, the ®CPO-enriched exponential |C \F exists
in 7. By Lemma 4.3(2), AI'.(h o swap) is an algebra homomorphism from B to
QF, therefore:

Lemma 4.1

!
(AT-(hoswap))o Lrp= Ly or = Al Lrre: 1= [C] (%)

The commutativity of the following diagram completes the proof:
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LT (AL.L) x T

exponential

= universality
[B| x T C|" xT
swa T
/ AL.(hoswap) x T m
Vi o €l
exponential universality
h n

Example 4-3. We present a recursion model for exception raising computations.
Let T{y,ise) be the monad for exception raising from Example 4-1, and 7', the lifting

monad from Example 4-4. Define T := T} o T{pise). Let W be any @CPO, then
|[TW| = {L}+Str+|W|
and the m-cpo structure is given by x < y if and only if either:
(L). x=_1;o0r
(raise). x=y=(R,s), s € Str; or
W)y x=weW,y=veWandw <.
and suprema are given by:

L foralln, x, = L
V%= (R,s) for some ng, for all n > ng, x, = (R, s)

\/w, for some ng, for all n > ng, x, =w, € W

Consider Typise} © TLW. Tts carrier set is also { L} + Str+ [W/|, and the -cpo

structure is given by x < y iff either:
(raise). x=y = (R,s), s € Str; or

(L. x=1L,y=weW;or
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W), x=weW,y=veWandw<v
and least upper bounds given by:

(R,s) for some ny, for all n > ng, x, = (R,s), for some ng
\/Xn =44 foralln, x, = L

\Vw, for some nyg, for all n > ng, x, =w, €W

Therefore, the map Ax.x from Tiraise} © TLW to T 0 Tipyiser W 1s continuous. Direct
calculation shows it yields a distributive law of T'| over T{se)-

Thus, T has a strong monad structure, given by the inclusionn : W C TW and

u:l =L str: (y,L) — L
I R,s> = (R,s) stri(Y,(R,s)) — (R,s)
I =X str: (y,w) = (Yw)

If B is any T-algebra, then |B| is pointed, with B[_L ] the least element. Therefore,
oCPO (T, |B|) is pointed with Ay. L the least element.

Given any function f : A — I" and T-algebra homomorphism 4 : B — C, we have:

T-algebra homomorphism
l
(ho(My.L)o f)(8) =h(L)=hB[L])=C[(Th)(L)]=C[L]
hence ho Lo f = 1, and, by Theorem 4.4, (#CPO, T') is a recursion model. O

Finally, we define our category of CBPV models:

Definition 2.12m. Let V be an ®CPO-enriched distributive category. The category
®wCPO-Adj VY has as objects CBPV models with F U : C — V, and as morphisms
(Fy HUy) — (F, 1 U,) strong monad morphisms m : Ty — Th.
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4.3 ®CPO-enriched algebraic operations

/\: In the ®CPO-enriched case, enriched algebraic operations coincide with the

ordinary ones:

Definition 2.1 (enriched algebraic operations). Let F U : C — YV be an ®CPO-
enriched resolution of an ®WCPQ-enriched strong monad T = UF, and A,P be V ob-
jects such that all @9CPO-enriched exponentials of objects UB by A, P exist. An ®CPO-
enriched algebraic operation of type A (P) for F 4 U is an an algebraic operation for

the underlying ordinary resolution F - U.

Similarly, the definition of an enriched monad morphism mapping an enriched op-

eration to an enriched operation coincides with its ordinary counterpart.

Example 4-4. Consider the lifting monad 7', from Example 4-4. Given any 7| -algebra
B, define:

1p:B° — Bt

lp:ix —=AxL
To see that | is an algebraic operation of type L : 0, consider any f : ' x W — |B|. By
Lemma 4.3(3), f7: ' x T\W — |B| is a homomorphism over I. As (#CPO,T) is a
recursion model, we deduce that f7(y, L) = L for every y € I'. Therefore:

£
<Y7*> ' *
I'x Lpx 1p
(Y, dx.Lpw) fil k*.fT(%J_) = 1
Hence 1 : 0 is an ®CPQ-enriched algebraic operation for 7', . [

The argument in the last example can be generalised to arbitrary recursion models:

Lemma 4.5. Let <‘V , T> be a recursion model. Then there is an algebraic operation

diverge : O for the Eilberg-Moore resolution of T, given by:
: . . 0 1
divergep = 7‘1'J-|B|0x1 . |B]” — |B]
The corresponding generic effect is then given by

geNiyerge = L1,F0: 1 —T0
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Proof

As <‘V , T> is a recursion model, ¥/ (1,T0) is pointed, hence the generic operation
gen == J—l,FO :1—T0

is well-defined. Define diverge := op®®" and obtain, by Theorem 2.4, an algebraic
operation diverge : 0 satisfying: geng;ero. = -L. Note that the enriched model structure
guarantees diverge is an enriched operation.

Let B be any algebra. We have:

191

recursion model

B°

recursion model,
Lemmi 4.3(3)

eval'

Thus, by Theorem 2.4, divergeg = A1. L and we are done. [

B|°x1°

Example 4-5. Recall the monads for exceptions and terminal I/O from Example 4-1.

Using Theorem 2.4 we obtain enriched algebraic operations for T¢:

e if raise € €:
raise :0
raiseg : x — As.B[(R,s)]

e if input € &:
input : Char
inputg : Ac.be K*-E[KL <bc>ceChar>H
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e if output € €:
output :1(Char)
outputg : Ax.b — Ac.B[(O,c,b)]

For each € C €/, the inclusions are continuous. OJ
The following definition ties all the previous concepts together:
Definition 2.13w. Let I1 be a set. An ®CPQO-enriched CBPV I1-model is a quadruple
(V,type,T,0[—])
where:
e 1V is an ®CPO-enriched distributive category, called the value category;
e type is a type assignment for Il in V;
° <‘V , T> is an WCPO-enriched CBPV model; and

e O[—] assigns to every op : A(P) in II an ®CPO-enriched algebraic operation
O[op] : A(P) forT.

We say that an ®CPO-enriched CBPV II-model (V,type,T,0[—]) is a recursion
CBPV II-model if IT has a distinguished effect operation diverge such that:

° <‘V, T> is a CBPV recursion model; and
e O[diverge] is the divergence operation (see Lemma 4.5).

Example 4-6. The monads 7 for exceptions and terminal I/O from Example 4-1 give
rise to ®CPO-enriched €-CBPV models, as (0CPO, T;) is an enriched CBPV model
(see Example 4-1), and the operations are interpreted as the enriched operations from

Example 4-5. This model is not a recursion model. [

Example 4-7. The lifting monad 7 gives rise to a recursion {diverge}-CBPV model,
as (0CPO,T\) is a recursion CBPV model (see Example 4-4), and we interpret the

distinguished (and only) diverge operation as the divergence algebraic operation. [
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4.4 Recursion models

: We are finally ready to incorporate recursion into our models for effect analy-

Sis:

Definition 2.10w. Let X be a recursion hierarchy and V an ®CPO-enriched distribu-
tive category. A recursion X-type assignment in V is a L-type assignment in the un-

derlying ordinary category of V, such that diverge : O, i.e., diverge : 0(1).
Example 4-8. A recursion type assignment in ®CPO for non-determinism is:
choose : 2 diverge : 0 O
We are now ready to define recursion X-models:

Definition 3.2m. Let X be a recursion hierarchy. A recursion X-model is a quadruple

(V,type,P,0_[-])
where:
e vV is an ®CPO-enriched distributive category, called the value category;
e type is a recursion X-type assignment in ‘V;

e P is a functor E — ®CPO-AdjV, called the model hierarchy, such that, for

all € € E with diverge € €, P¢ is a recursion model;

e O_[—] assigns to each € € E and op € €, op : A(P) an (enriched) algebraic
operation O [op] of type A (P) for Pg, such that, for all € € ‘E with diverge € €,

O, [diverge] is the divergence operation (see Lemma 4.5);
and P (e C €') preserves the operations,

Example 4-9. We construct a domain-theoretic model for exceptions, terminal 1/O,
and recursion.
To keep this example simple, we choose the recursion hierarchy by setting IT to be

{raise, input, output, diverge}, and
E = @ ({raise,input, output} ) U ¢ ({diverge, raise})

We will extend this model to the full powerset hierarchy in Section 4.5 (Example 3-
S5m).
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Take Char and Str be the discrete m-cpos whose carriers are the corresponding
sets Char and Str from Example 3-5.
The recursion model (@CPO, type,P, O_[—]) is given as follows.

The type assignment is given by
raise : 0 (Str) input : Char output : 1 (Char) diverge: 0

Recall the enriched models (0CPO, 7T_) for exceptions and terminal I/O from Ex-
ample 4-1, the recursion model <c0CPO, T{diverge}> from Example 4-4 given by the
lifting monad, and the recursion model <0)CPO7T{raise7diverge}> for exceptions from

Example 4-3. Note that, for every € C € in ‘£, we have a continuous inclusion
mece : Te C Ty

Thus, by choosing Pe to be (0CPO, T;) and P (e C €) to be mec,, we obtain a functor
from £ to ®CPO-AdjwCPO, and in the cases where diverge € €, namely {diverge}
and {raise, diverge}, we have a recursion model.

For every € € £, we define:

ifraise ~ €¢, define: O [raise]p :x = As.B[(R,s)]

ifinput € g, define: O, [input]y : Ac.be — Ae.B[(I,{be)ccchar)]
if output € ¢, define: O, [output]y : Ax.b — Ac.B[(O,c,b)]

if diverge € €, define: O, [diverge]g:x  ~— As.B[L]

Note how O, [diverge] is the operation from Lemma 4.5, that O, [raise] does indeed
define an algebraic operation for Tpise dgiverge}» @nd that the inclusions Pe C ¢’ do in-
deed preserve the operations.

Thus <‘V ,type,P,0_ [—]> is a recursion X-model. ]

As in Section 2.3, we define models in terms of generic effects:
Definition 3.2*®. Let ¥ be a hierarchy. A generic recursion X-model is a quadruple
(V. type,P.G-[-1])
where:
e 1V is an ®CPO-enriched distributive category, called the value category;

e type is a recursion X-type assignment in ‘V;
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e P is a functor E — ®CPO-AdjV, called the model hierarchy, such that, for
all € € E with diverge € €, Pe is a recursion model;

o G_[—] assigns to each € € ‘E and op € €, op : A(P) a generic effect G¢[op]
of type A (P) for Pg, such that, for all € € E with diverge € €, G [diverge] is the

generic divergence effect (see Lemma 4.5);
and P (e C €') preserves the effects.

As 0CPO-enrichment for algebraic operations, generic effects, and their preser-
vation coincides with the preservation of their ordinary counterparts, we obtain the

following theorem:

Theorem 3.3w. Let ¥ be a recursion hierarchy. Recursion X-models

(V,type,P,0_[-])

and generic recursion ¥X-models

<{V7 typea P7 gf [_]>
are in bijection given via geng, [op] = Ge [0P].
Finally, recursion models are a subclass of our categorical models:

Theorem 4.6. Let (¥ diverge) be a recursion hierarchy. Every recursion (¥,diverge)-
model can be seen as a X-model, by forgetting the enriched structure and non-distin-

guishing diverge.

4.5 Domain-theoretic models

® We now specialise to the category of w-cpos. The following definition charac-

terises all categorical recursion models of this category:

Definition 2.10 (revisited)®. Let X be a recursion hierarchy. A domain-theoretic recursion
type assignment for X is an assignment type(op) = (A, P) of a pair of ®-cpos to each
op € I, such that diverge : 0.

Example 4-8 (revisited). A recursion type assignment in @CPO for non-determinism
is:

choose : 2 diverge : O O
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Definition 3.2* (revisited)w. Let X be a recursion hierarchy. A domain-theoretic recursion

Y-model is a quadruple
<typev T—am—7 g— H_]>

where:

e type is a domain-theoretic recursion type assignment for ¥,

e T_ assignsto each € in ‘E a locally continuous monad T, such that, for all € € ‘E

with diverge € €, T is strict;
e m_ assigns to each € C € in E a monad morphism mece : T — Ty;

o G_[—] assigns to each € € ‘E, and op : A(P) in € a continuous generic effect
Ge [op] : P — T:A, such that Gg [diverge] : x — L;

e m_ is functorial;
and m_ preserves the generic effects.

Example 3-5®. We construct a domain-theoretic model for exceptions, terminal /O,
and recursion.

We choose the hierarchy by IT := {raise,input, output,diverge}, and set £ to be
2 (I0).

Take Char and Str be the discrete m-cpos whose carriers are the corresponding
sets Char and Str from Example 3-5.

The recursion model (type,7_,m_, G_[—]) is given as follows.

The type assignment is given by
raise : 0 (Str) input : Char output : 1 (Char) diverge: 0

First, we define T for € C IT \ {diverge}. Let W be any w-cpo, and take any
€ C {raise,input,output}. We take carrier set [TW| to be |T¢| |W|, where |T¢| is the
set-theoretic monad for exceptions and terminal I/O from Example 3-5.

The set |T¢| [W| inductively inherits an ®-cpo structure from W:
o ifw<w inWthenw < w in Tg;
e forall s € Str, (R,s) < (R,s);

e if input € €, and for all ¢ € Char, ¢, < 1., then

<I, <tC>ceChar> < <I7 <té>ceChar>
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e if output € €, c € Char, and r <1/, then

(0,c,t) <(0,c,1")

As trees, two elements of 7:W are comparable if they have the same shape, and
corresponding leaves are compatibly comparable in W. Thus, an ®-chain of such trees
is a sequence of trees with the same shape, whose corresponding leaves form m-chains.
Thus, the suprema of such an ®-chain is the same tree, with the suprema of each such
®-chain in that leaf. Inductive calculations show that the unit and multiplication of | T¢|
are continuous, hence define a monad T; over ®CPO. An additional calculation shows
Tz is locally continuous.

Next, we define 7 for € with diverge € €. This time, we proceed co-inductively.
Let W be any w-cpo. We define |T:W| as the largest set X such that if r € X then

either:
(L) t=_1;or
W) teW;or
when raise € €: (raise) ¢ = raise; or
when input € €: (input) = <I, <tC>C€Char>, where, for all ¢c € Char, 7. € X; or
when output € €: (output) ¢t = (O,c,t’), wheret’ € X.

Thus |T;W| is the set of finite and infinite trees whose nodes are labeled by R, I,
and O, depending on whether raise, input, and output are in €, and whose leaves are

either the bottom element L, or a W element. In co-algebraic terms, |T;W| is the final

co-algebra for the following polynomial functor:
{L}+|W|+Str+(—)"" +Char x (-)

where each of the last three summands is included depending on whether raise, input,
and output are in €.
As any final co-algebra, |T;W| is equipped with a co-induction principle. A bisim-

ulation is a binary relation & over |T;W| for which (¢,s) € R implies:
(Lbis) t=s=_1;o0r

(Whis) t=s=w,weW;or
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when raise € €: (raiseps) == (R,s), s € Str; or

when input € &: (inputyy) 1= (I, {tc)occhar ) S = (I, (fc) cecpar)» Where, for all ¢ in
Char, (t.,s.) € R ; or

when output € €: (outputy,) 7= (0,c,t'), s =(0,c,s'), where (t',s") € R.

The co-induction principle states that all bisimulations are subsets of the equality
relation on |T;W |, i.e., if R is a bisimulation, and (¢,s) € X thent = s.
The partial order structure on |TzW| is also defined co-inductively. We define < as

the largest relation K over |TzW | for which (z,s) € R implies either:
(L) t=_1;or
Wo) t=w,s=v,w,veW,w<v;or

when raise € €: (raise<) =s=(R,s),s € Str;or

when input € &: (input.) 1= (I, {tc).cchar)» § = (I, (Sc)cechar) Where, for all ¢ €
Char, (t;,s.) € R; or

when output € €: (output.) = (0,c,t'), s = (0,c,s") where (',s) € R.

Informally, we have r < s when s can be obtained from ¢ by substituting the leaves
w with larger leaves w > w, and by substituting | with any other term. Using this
informal description, the order is ®-complete: the least upper bound of an ®-chain is
obtained by taking the least upper bounds on the leaves from W, and adding infinite
branches where the shape of the term does not stabilise.

We establish that < equips |TzW| with an ®-cpo structure more formally.
Proposition. The relation < is a partial order.

Proof

Case analyses show that the diagonal relations A := {{t,¢)|t € |T.W|} and <? both
satisfy the condition in <’s definition, hence A C < and <? C g, ergo < is reflexive
and transitive. Case analysis shows that < N > is a bisimulation, hence (< N >) C =,

ergo < is anti-symmetric. [
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Given a poset P, denote by wChains(P) its set of ascending w-chains. Note we may

conduct the following case analysis on any w-chain (t,), .y in @Chains(|T |, W):

(Ly) for all n, t = L; otherwise, there is a least ny for which
thy # L, and either:

W) tn, = w; then, for all n > ng, 1, > wy,, hence t, =w, € W,

and wy,, is an ®-chain in W; or

whenraise € €: (raisey)  fp, = (R,s); then, as in the previous case, for all n > ny,

tn = (R,s); or
when input € €: (inputv) Ing = <I, <trclo>ceChar>; then, for all n > nyg,

In = <Ia <tg>ceChar>

and, for all ¢ € Char, (t5) is an ®-chain; or

n>n0

when output € €: (output) #,, = (O,c,1,); then, for all n > ny, t, = (0,c,1}), and

/ . .
(tn) n>n, 1S an @-chain.

Using this case analysis, finality of |T;W| implies there exists a unique function
V : @Chains(|TeW|) — | T:W| satisfying the following conditions. For all (z,), ., using

the previous notation:
(Ly) Vita) = Ls
(W) Vtn) = Vizng W
when raise € €: (raisey) V() = (R,5);
when input € € (inputy)) V() = <I, (V=g tfl>C€Char>;
when output € &: (outputy)) V (ta) = (O0,¢,Vyznytn)-

More explicitly, the above case analysis gives @Chains(|7zW|) a co-algebra struc-

ture, and finality yields \/.

Proposition. For all ®-chains (t,) in ®Chains(|TeW|), \/, 1, is the least upper bound

of (tn).
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Proof

Define the following two relations:

RPN = L1, \/ ta) | (1) peny € @Chains(|TeW ), m € N}
n

Rleast . {(\/tn,s) ‘ (tn)pen € @Chains(|T:W|), foralln €N, s >1,}

Case analyses on (t,) :how that & P°'"d and R 1¢8t satisfy the condition in the definition
of <, hence R C <, hence \/, 1, is an upper bound of (z,), but then R!¢%' C <
shows \/, 1, is the least upper bound. [
Thus, TeW is an m-cpo.
We define the morphism map structure of 7 by mapping each f : V — W to the the
unique function Tg f : TV — TeW satisfying:

(Lmor) Tsf(t) =1
(Wior) 'Iéf(l‘) = f(W);

when raise € € (raisemor) Tef(f) = (R,s);

when input € &: (input,,,)  Tef(t) = (I, (Tef (1)) cechar )
when output € €: (output,, ) Tef(t) = (0,c,Tef(t')).
Proposition. T; is a strict functor over ®CPO.

Proof

Case analyses on ¢ show that the following two relations are bisimulations:

{0, Teid(0)|e € |TW[},  {({Te(fog)(t), (Tef o Teg) (1)) |t € |TeW |}

Thus, T¢ is a functor. Case analysis on ¢ shows, by <’s definition, that if f < g, for any
f,g:V — W, then

{(Tef (1), Teg (1)) |t € [TEW]} C <
Thus, Tg is locally monotone. Note that, by the definitions of < and \/, the maps
(te) — (I,{t;)) and t — (O, c,t) are continuous. For any ®-chain of functions (f,), we
use this continuity within further case analysis on ¢ to show that the following relation

is a bisimulation:

ULV fa(0)), V (TefuO))e € [TW I}

n n
Thus, T¢ is a locally continuous functor.

Note 7¢ is pointed, with L € TzW is the least element, and by fiat 7¢ f preserves L.
Thus T is strict. n
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Next, we equip 7 with a monad structure. The unit is given by the inclusion
W C T;. The definition of the multiplication map u(7) is given co-inductively, by case

analysis on any 7 € TZW:

(L) L3

W) s, where f = s:
when raise € €: (raise) (R,s);
when input € €: (input) (I, (u(7.)));
when output € €: (output) (O, c,uf(7')).

Note that some care is needed in the case (W), and it requires further case analysis
on s to properly define the required co-algebra structure.

Straightforward calculations show that these maps are indeed continuous natural
transformations that satisfy the monad laws.

To summarise, we defined the monads 7 required in the definition of domain-
theoretic recursion models.

Note that if diverge € € C €/, then, by definition, TW C Ty W, and the inclusion is
continuous. Also, if diverge ¢ €, then T;W is the subset of Teu{diverge} W that includes
only the finite trees containing no _L. In this case, the inclusion TeW C Tgtgiverge} W 1s
continuous. In both cases, the inclusions in fact form monad morphisms. Therefore,
for all e C €' € ‘£, we choose mgce as the inclusions, and obtain a functorial family of
(continuous) monad morphisms.

We choose the following generic effects, whenever they belong to the effect set €:

Ge [diverge] : 1 — T:0 Ge [raise] :Str — T:0
Ge [diverge] : x — L Ge [raise] :s — (R, s)
Ge [input] :1— T:Char Ge [output] : Char — T¢1

Ge [input]  :x — <I, <C>c€Char> Ge [output] : ¢ — (0, ¢, %)

As the definitions of the generic effects are uniform in €, they are preserves by the
inclusions.

In summary, (type,7_,m_, G_[—]) is a domain-theoretic recursion X-model. [



4.5. Domain-theoretic models 85

Note that in the last example our treatment was only semi-uniform. It was uniform
for all € without diverge, and separately uniform for all € containing diverge. However,
when moving between the two cases, some care was required. Also, the two cases
were different in nature: when diverge was not present, the treatment was completely
inductive. With diverge present, the natural models become co-inductive. Compare
this account to Example 4-1, in which our account of exceptions and divergence was
also inductive. This phenomena is a well-known consequence of the limit-colimit
coincidence [Sco72, PS82]. In particular, despite their co-inductive appearance, the
models can still be viewed as initial algebras. The conservative restriction construction
we will present in Chapter 7 construct these hierarchical models for I/O, Exception,
recursion, and global state in a uniform manner.

We conclude this section by establishing that domain-theoretic recursion mod-
@ els indeed characterise all recursion models over @CPO.

Lemma 4.7. An ®CPO-enriched CBPV model (oCPO,T) is a recursion model if and

only if T is strict.

Proof

First, assume the model is a recursion model. For any ®w-cpo W, TW is pointed, as
TW = oCPO (1,TW) via w — Ax.w. Givenany f:V - W, Tf:TV —TW is a
homomorphism, hence:

eorjrn 4.4
L= (e 1)) = (Tf) 0 (i L) () = (TF)(L)

Thus T is strict.
Conversely, assume T is strict. Let B be any T-algebra. As T is pointed, |T'| has a
least element L. For any b € |B|, we have L < mn(b). Therefore:

continuity

¥ !
B[L]<B[n(®b)]=b

T-algebra

Hence |B| is pointed with B[ L | the least element. By Lemma 4.1, for all I" € Ob («CPO),
oCPO (T, |B|) is pointed, with Ay._L the least element.
If f: A—Tis any function and / : B — C any T -algebra homomorphism, we have:

T-algebra homomorphism 7 is strict
\ \’
(ho (ML) £)(3) = h(B[bot]) = C[Th(L)] = C[L] = L

Hence, by Theorem 4.4, (oCPO, T') is a recursion model. |
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Proposition 3.70. Let X be a recursion hierarchy. Domain-theoretic recursion X-
models (type,T_,m_, G_[—]) and (categorical) recursion £-models (Set, type,P, G_ [—])

are in bijection given via
e foralle € ‘E, Pe =T;; and
o foralle C€ inE, P(e C€) = mgcy.

Proof

From Kock’s work [Koc72] follows that all locally continuous monads over ®CPO

have a unique continuous strength. By Lemma 4.7, the conditions on recursion models

and strict monads are equivalent. The rest of the proof is analogous to that of Proposi-

tion 3.7. |
To summarise, we defined recursion effect hierarchies, recursion models, and des-

ignated the specified divergence effect.



Chapter 5
Locally presentable categories

This presentation of my ploy
—No Doubt

This chapter is a brief interlude, in which we define locally presentable cat-
@ egories. The locally presentable categories include Set and wCPO, our cat-
egories of interest. These categories form a central ingredient of Power’s enriched
Lawvere theories, as they ease the construction of limits and adjoint functors, which
Power needs in abundance. This introduction is by no means exhaustive, we refer to
Adamek and Rosicky [AR94] for a full account of locally presentable categories. This
chapter contains mostly background and folklore material, with the exception of Sec-
tion 5.4 which contains a correction of a slight mistake in the literature, complicating
our account.

In Section 5.1, we begin by defining directed colimits and their set-theoretic and
domain-theoretic characterisations. Next, in Section 5.2, we define the central notion
of presentable objects. We characterise them in Set, and provide a counterexample to
Adamek and Rosicky’s characterisation of the countably presentable domains. In Sec-
tion 5.3, we define the locally presentable categories and state their relevant properties.
Finally, in Section 5.4, we characterise the countably presentable domains and show

that @CPO is indeed locally countably presentable.

5.1 Directed colimits

A regular cardinal is an infinite cardinal A such that, for all cardinals o < A, and o~

indexed family of cardinals (A;);_,, satisfying A; <A foralli < a, wehave ;o A <A.

87
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We will be concerned with the first two regular cardinals A = X and A = X, but the

definitions below apply to arbitrary regular cardinals.

Definition 5.1. A A-directed poset is a poset I such that for every X C I with |X| <\,
there exists some i € [ with i > x, for all x € X. In other words, every subset of I whose

cardinality is less than A has an upper bound in I.

The term ‘finitely directed’ is interchangeable with ‘X -directed’. Similarly, ‘count-

ably directed’ is interchangeable with ‘X -directed’.

Example 5-1. Let X be any set. Let Py (X) be the collection of finite subsets of X,
ordered by inclusion. Given any finite family ¥ of X-subsets, their union |J ¥ is again
a finite X-subset. As |J ¥ bounds every set in ¥, we deduce that EP;;O(X ) is finitely
directed. [

For the next example, we recall a few domain theoretic concepts. We write V C W

when V is a subdomain of W. That is, V consists of an ®-chain-closed subset |V| C |W/|,
with the ordering induced by W. Given any subset X C W, its closure is the smallest
subdomain C1X C W containing X. The closure can also be given predicatively by

transfinite recursion:

Xo =X
X1 =X, U{V x¢|(x) is an ®-chain from X}, }
X =UiaaXi

Regularity of X implies this sequence stabilises at step ®;. Indeed, if (x;) is an ®-
chain from X, , then for every k < Yo, x; € Xj , for A < 0. Regularity of X implies
that for A := Yy, Ak» A+ 1 < Xy. But then x; is an ®-chain in Xj, hence \/ x; is in
X511 € Xo,. Thus, Xe,+1 = Xq,, and the process stabilises. In particular, Xy, 41 1s a
subdomain of W containing X, and transfinite induction shows it is contained in every
subdomain of W containing X. Thus, CI1X = Xg,,. An immediate consequence of this

construction is an upper bound on the cardinality of the closure:
IC1X| < max {2, |x]|}*°

Indeed, if we denote ¥ := max {2, |X

}, then transfinite induction establishes this bound:

[Xo| = |X| < o
Xn 1 g Xn +Xn NogKNO‘F KNO Ko
+

— KNO—f—KNOXNO — KNO+KN0 — 2'KNO < Kl“'NO — KNO
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and, for a limit ordinal A < y:

A< Xy <280 LMo
X <Y X = ) o= A kR0 Lo o = Mot Ro = Ko
<A i<A
A subset X C W is dense if and only if C1X = W. A separable domain is one with
a countable dense subset. From the upper bound of Cl1X we established, it follows
that for every cardinal A, there is, up to isomorphism, only a set of domains with a
dense subset of cardinality A. In particular, there is a set of separable domains, up to

(continuous) isomorphism.

Example 5-2. Let W be any ®CPO. Let Dy (W) be the set of W’s separable subdo-

mains, ordered by inclusion, i.e.
Dy, (W) :={V CW|V has a dense subset B with |B| < X}

Given a countable collection F of separable subdomains, we then have a countable
collection ‘B consisting of the dense subsets of each of the countably many separable
domains in . Consider the domain V := CI{J B. The countable union | B of count-
able dense subsets is then a countable dense subset of V, hence V € Dy (W). AsV
bounds every U € F, we deduce that Dy (W) is a countably directed poset. 0

Definition 5.2. Let C be any category. A A-directed diagram in C is a diagram
D : 1 — C with I a A-directed poset considered as a category. A A-directed colimit

is a colimit for a A-directed diagram.
The following lemma characterises the finitely directed colimits in Set.

Lemma 5.3 (see Adamek and Rosicky [AR94, Exercise 1.a(2)]). Let D : I — Set be a
finitely directed diagram. A compatible cocone (C,c) is colimiting if and only if:

1. the cocone is collectively epi: C = J;c;ci|Di]; and

2. if cp(d") = ci(d), then there exists some j > i,i' such that
D(j = i)(d) =D(j>i)(d)

Example 5-3 (see Adamek and Rosicky [AR94, Example 1.10(1)]). Every set is the
finitely directed colimit of its finite subsets. Indeed, given any set X, consider the

finitely directed diagram Py (X ) of X’s finite subsets (see Example 5-1). Consider the



90 Chapter 5. Locally presentable categories

cocone consisting of the inclusions n C X for every finite subset of X. Due to the sin-
gleton inclusions, this cocone is collectively epi. As the cocone comprises of injections
and the diagram is finitely directed, condition 2 also holds. Thus, by Lemma 5.3, X is
the colimit. [

Similarly, we characterise the countably directed colimits in @CPO.

Lemma 5.4. Let D : I — ®CPO be a countably directed diagram. A compatible cocone

(C,c) is colimiting if and only if:
1. the cocone is collectively epi: |C| = U, ci|Di]; and
2. ifcy(d') = ci(d), then there exists some j > i,i’ such that

D(j=i)(d')>D(j>i)(d)

Proof
(=) First, assume (C, c) is colimiting. Let S be the Sierpinski space { L < T}.
Given any dy € Diy, define an /-indexed family of functions e; : Di — S by:

1 there is some j > i,ip such that
d . c c
e;’(d) = D(j = io)(do) = D(j > i)(d)
T otherwise
This function is Scott-continuous. Indeed, if d| < d» in D;, and if e;(d2) = L, then
there is some j > i,ip satisfying:

monotonicity

4
D(j > io)(do) = D(j = i)(d2) > D(j > i)(d1)

Therefore, e;(d;) = L, and e; is monotone. Next, take any w-chain (d,) in Di such

that, for all n, e;(d,) = L. Therefore, for every n, we have some j, > i, iy for which
D(jn 2 io)(do) = D(jn = i)(dn)

As [ is countably directed, there is an upper bound j for all the j,. We then have, for

every n:
D(j > io)(do) = D(j = ju) o D(jn > io)(do)
2 D(j 2 jn)oD(jn =i )(dn) = D(jn = i)(dn)
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Therefore,
continuity

i}
D(j > io)(do) = \/D(j = i)(dn) =D(j = i)(\/ dn)
Thus, ¢;(\/d,) = L =V ci(dy), and ¢; is continuous.
Next, e forms a compatible cocone. Indeed, take any i < 7/, any d in Di, and set
d =D((' >i)(d). If e;(d) = L, then we have some j > i, iy for which:

D(j = io)(do) = D(j = i)(d)
As I is countably directed, we have some j' > j,i'. For this j/, we then have:

D(j' 2 1)(d") =D(j' 2 i)(d) = D(j' 2 j)oD(j = i)(d) < D(j' > io)(do)
Therefore, ey(d’) = L. Conversely, if ey(d’) = L, then we have some j' > i, iy for
which:

D(j' > io)(do) = D(j' = i')(d") = D(j' > i)(d)
Therefore, ¢;(d) = L. Thus, for every i < i we have ey o D(i’ > i) = ¢;. Thus (S,e)
is a compatible cocone, and we have a unique Scott-continuous function fy, : C — S,

factoring e through c.

Given any d € Di and d’ € Di’ with ¢;(d) < ¢y(d’), we then have
ef (d) = fuleid) < faler(d) = &f (d') = L
with j := i’ witnessing the last equality. Therefore there exists some j > i,i’ for which:
D(j>i)(d) > D(j > i)(d)

and condition 2 holds.

Next, let C' be the union |J;; ¢;[Di] inheriting the partial order from C. Consider
any o-chain (c;,(d,)) in C'. For every n, by condition 2, we have some j, > in,in11
such that:

D(Jn P in+1)<dn+1) > D(Jn = in)(dn)

Then, by considering an upper bound j > j,, we have that d, := D(j > j,)(d,) is an
o-chain in Dj. Setd’ = \/d),, and we have:

cj(d)=c;(\/d) =\ cj(d)) =\ c;(D(j = jn)(dn)) = \/ ¢, (dn)
Therefore, \/cj,(dy,) is also in C’, hence C' is a (sub)domain. By restricting the
codomains of each ¢; to ¢} : Di — C’, we obtain a compatible cocone (C’,c’). The
couniversally induced function f : C — C’ post-composed with the inclusion C' C C

then factors ¢’ through ¢, hence C of = id, and C' = C, and condition 1 follows.
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(«<=) Conversely, assume conditions 1 and 2 hold. If (E,e) is any compatible
cocone, defineamap f: C — E by f(w) :=e;(d), where i, d are any such that ¢;(d) = w.
The existence of such a function follows from condition 1. The choice of i and d does
not matter: if i/, d’ also satisfy c¢;(d") = w, then by condition 2 and countable direction,
there is some j > i,i’ such that D(j > i)(d) = D(j > i’)(d’), hence:

Note that f is Scott-continuous. Indeed, if w' = ¢;y(d") > ¢i(d) =: w, then, by
j = i)(d). Therefore,

Therefore, f is monotone. Continuity follows similarly, by additional appeal to count-
able direction.
By definition, e factors as co f. Consider any other function f* which factors e
as co f'. Then f satisfies f’s definition, and we have uniqueness. Thus, (C,c) is a
colimiting cocone. |
We use the last lemma to establish directly that ®CPO is countably directed co-

complete:
Corollary 5.5. All countably directed colimits exist in ®CPO.

Proof
Let D : I — ®CPO be any countably directed diagram. Let X := Y ;c;|Di|. Define a

relation on X by 1;,d J1;d’ if and only if there exists some j > i,i’ such that
D(j = i)(d) > D(j > i)(d)

and set the relation = to be J N C. The relation = is an equivalence relation, with
transitivity following from countable directedness of I. The relation C then factors

through =, and makes X /= into a poset, which we denote by C. Given any ®-chain
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(w,) in C, by countable directedness, there is a j such that Dj contains an ®-chain
(dn) of representatives corresponding to (wy), i.e., w, = [t;d,]. Then, \/ w, = [1;\V d,],
hence C is an ®-cpo.

For every i, define ¢;(d) := [ud]. Direct calculation shows that ¢; is a Scott-conti-
nuous, collectively epi, compatible cocone. By definition, condition 2 of Lemma 5.4
holds, hence (C,¢) is a colimiting cocone. |

We also use Lemma 5.4 to present an ®-cpo as a colimit of a diagram of a subclass
of its poset of subdomains SubW := ({V C W}, C).

Theorem 5.6. Let W be an ®-cpo, and D : [ — SubW a countably directed diagram.
Then, in ®CPO, we have ColimD = ({J;c; Di, C).

Proof
Countable direction guarantees the union is an ®-cpo. The two conditions in Lemma 5.4
hold immediately. |

As the singletons {w} are seperable, we obtain the following result:

Corollary 5.7. For every ®-cpo W, we have Colim Dy (W) = (W, C).

5.2 Presentable objects

The central notion in locally presentable categories is that of a presentable object.

Definition 5.8. Let C be a category. A C-object K is A-presentable if, for every A-
directed diagram D : I — C, colimiting cocone (C,c), and morphism f : K — C:

o there existi € I and g : K — Di that factorises f as

f:Kk5Di%C

. g G . . . . . ..
o andifg : K — Di' — C is any other factorisation, then there exists some j > 1i,i

such that D(j >i)og=D(j >i)og

This definition is equivalent to requiring that the representable functor induced
by K, i.e., C(K,—): C — Set, preserves A-directed colimits. A A-small colimit of
a diagram whose objects are all A-presentable objects is also A-presentable [AR94,
Proposition 1.16]. In particular, a finite coproduct of A-presentable objects is also A-

presentable.
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Example 5-4 (see Addmek and Rosicky [AR94, Example 1.2(1)]). In Set, the finitely
presentable objects are precisely the finite sets. Note that, indeed, a finite disjoint union

of finite sets is a finite set. O]

Example 5-5. Every finite ®-cpo is countably presentable. Let K be any finite ®-
cpo, (C,c) a colimiting cocone for a countably directed diagram D : I — wCPO, and
f : K — C any continuous function.

Given k € K, Lemma 5.4(1) implies there is some di € Diy such that ¢; (dy) = f (k).
For any two k >k, we have f(k) > f(k'). Lemma 5.4(2) then implies that there is some

. / . .
i** > ir, i such that

/

D(** > i) (dy) = D > iy)(dy)

As K is finite, the set {ik, i )k,k’ ek } is finite, hence there is an upper bound i in /.
Define g : K — Di by g(k) := D(i > ix)(dy). This function is Scott-continuous. For

monotonicity, take any k > k’ and calculate:

g(k) = D(i > it)(dy) = D(i > i**) o DI > iy) (dy)
D(i > i) o D > i) (du) = g(K')

WV

As g has a finite domain, monotonicity implies continuity.

By definition g factors c; through f, as:
ciog(k) = cioD(i > ix)(dr) = ci (dr) = f (k)

Let g’ : K — Di’ be any other such factorisation. For every k € K, we have:

Therefore, the factorisation is essentially unique, and we have that K is countably

presentable. L
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The above argument fails if we consider countable domains instead of merely finite
domains. Indeed, when the domain is infinite, it potentially has uncountably many ®-
chains. The crucial step is to establish the continuity of the factorisation map g. Unfor-
tunately, some sources in the literature incorrectly overlook this subtlety. For example,
Adamek and Rosicky [AR94, Example 1.14(4)] correctly state that “each finite ®-cpo
is X -presentable”, but incorrectly state that “an infinite ®-cpo is A-presentable iff it
has cardinality smaller than A.” Lack and Power [LP09] partially correct the mistake,
and state that “the countably presentable objects of ®@CPO include [...] uncountable
m-cpos that have a countable presentation.” Unfortunately, they also overlooked the
subtlety mentioned above', and state that “all countable ®-cpos [are countably pre-

sentable].”

Example 5-6. We present an m-cpo with countably many elements that is not count-

ably presentable. Consider the infinitely branching binary tree with a single limit point.

oo

000 001 010 o011 100 101 110 111
\/ \/ \/ \/
00 01 10 11

NSNS
~.

More formally, the carrier set of this domain is given by [W| := {0,1}* + {0}, with the
order given by w < w' if and only if w' = oo, or w, w’ are finite binary words and w is a

prefix of w'.

Consider the following countably directed poset:

I:= {A c {0,1}%0

Alis countable}

For any A € I, consider the infinitely branching binary tree W4 where only the se-
quences in A are identified with the infinity point, and the rest of the sequences remain

separate:

John Power, private communication, 2012.
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000 001 o010 011 100 101 110 111
\/ \/ \/ \/
00 01 1

10 1
€
Wa|:={0,1}" +{oo} + AL, where AC := {0,1} ¥\ A. The order is given
by w < w’ if and only if w’ = o and w is a prefix of some w* € A, or w' € {0,1}" +AC

More formally,

and w is a prefix of w'. This Wy is an ®-cpo.

The function Wy 4/ is given by collapsing the points in A"\ A to o:

o weA
w  otherwise

It is Scott-continuous.

We define a compatible cocone into W:

w we{0,1}"
ca(w) =
oo otherwise
This cocone is collective epi. If ca(w) < ca/(w'), then case analysis shows that for

A= ({ww'}n{0,1}¥)UAUA D A,A

we have Wy, (w') = Wy, (w). By Lemma 5.4, (W, c_) is a colimiting cocone for the
countably directed diagram W_.

The identity id : W — W is Scott-continuous. Take any potential factorisation
d=w & w, S w
For every w in {0,1}", we have:
w=id(w) = ca(g(w))

Therefore, by ¢’s definition, g(w) = w. As A is countable and {0,1}*° is uncountable,
there are some w,w’ € AC. Set (w,), (W) to be the corresponding sequences of finite

prefixes. We have \/w,, = oo = \/w/, in W, whereas in W4 we have:

Vewn) =\ wa=w#w =\/g(W)
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Thus, no factorisation of the identity is continuous. Therefore, W is not countably

presentable. L

Thus, not every countable domain is countably presentable. We will later see that
the converse also holds: there are countably presentable domains with uncountably
many elements. We defer the characterisation of the countably presentable domains
to the end of the chapter, after we finish reviewing the relevant background on locally

presentable categories.

5.3 Locally presentable categories

The main rdle of presentable objects is in relation to the following two notions (see
Adamek and Rosicky [AR94]):

Definition 5.9. A category is called h-accessible if:

e it has all A-directed colimits; and

e it has a set A of A-presentable objects such that every object is a A-directed

colimit of objects in 4.
A A-accessible category is called locally A-presentable if it is cocomplete.

Example 5-7 (see Addmek and Rosicky [AR94, Example 1.10(1)]). The category Set
is locally finitely presentable. Indeed, every set is a directed colimit of its finite subsets
(see Example 5-3). Thus, by taking 4 = X, we deduce that Set is locally finitely
presentable. [

We can characterise locally presentable categories using completeness:

Theorem 5.10 (Addmek and Rosicky [AR94, Corollary 2.47]). A A-accessible cate-
gory is cocomplete if and only if it is complete. In this case, it is (by definition) locally
A-presentable.

We summarise the required properties of locally presentable categories.

Proposition 5.11 (Adamek and Rosicky [AR94, Remarks 1.9 and 1.19]). In a locally

A-presentable category, there is, up to isomorphism, a set of A-presentable objects.

Theorem 5.12 (Addmek and Rosicky [AR94, Theorem 1.46]). A category is locally
A-presentable if and only if it is equivalent to a full, reflective subcategory of Set™ for

some small category A.
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If 4 is small, then Set? is a locally small category, and so is every subcategory

thereof. As local smallness is preserved under equivalence, we deduce:
Corollary 5.13. Every locally presentable category is locally small.

Proposition 5.14 (Addmek and Rosicky [AR94, Remark 1.56(1)]). Every locally pre-
sentable category is well-powered, i.e., for every object A there is a set Sub(A) of

non-isomorphic representative subobjects B — A.

Definition 5.15. Let B, C be accessible categories. A functor F : ‘B — (C is of rank
A, or A-ary if it preserves A-directed colimits. A monad is of rank A if its underlying

functor is of rank A.

Example 5-8. All monads encountered so far, i.e., the monads for modelling 1/0O, ex-
ceptions, and global state have a rank [HPP06]. When A > X and |V| < A, then the
global state, environment, and overwrite monads Tgs(v), Tenv(v)> Tow(v), respectively,
are A-ranked. Similarly, when |Char| < A, the set theoretic monads for I/O and excep-

tions are A-ranked. ]

Example 5-9. The powerset monad ¢ (—) and the continuation monad XX, for every
set |X| > 1, have no rank.

Indeed, consider an arbitrary regular cardinal A. Recall that a strong limit cardinal
is a cardinal that cannot be reached via powersets of smaller cardinals. There exists a
strong limit cardinal A’ > A, for example, by using the J, |, construction. We therefore

have A’ = sup,, s, but for all u <X/, | P ()| < A'. Thus:

sup |2 (u)| <A < |2 (V)]
u<

Hence the powerset monad is not A-ranked. A similar argument shows the continuation

monad has no rank. ]

Theorem 5.16 ([AR94, Corollary 2.45]). Let ‘B, C be h-accessible categories. Every

A-ranked functor F : B — C satisfies the solution set condition.

Theorem 5.17 ([AR94, Proposition 2.23]). A left or right adjoint between A-accessible

categories is h-ranked.

Corollary 5.18. A A-ranked functor between Ah-accessible categories has a left adjoint

if and only if it is continuous.
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Theorem 5.19 ([AR94, Section 2.H, final remark]). Let T be a h-ranked monad over
a locally A-presentable category C. Then the Eilenberg-Moore category C! is locally
A-presentable.

Every A-ranked functor is determined, up to a natural isomorphism, by its be-
haviour over the A-presentable objects and the morphisms between them [AR94, Re-
mark 2.18(1)]). In what follows, we will require the construction more explicitly,
therefore we briefly spell it out. Recall the functor category S = C| C, where S is the
category of two objects and a single non-trivial arrow between them, i.e., the Sierpinski

space considered as a category.
Proposition 5.20. [AR94, Example 1.55(1) and Excercise 2.c(1)] Let C be a category.

e The A-presentable objects of CS are precisely the arrows K i> K’ between \-

presentable objects
e If C is A-accessible, then so is CS.
e If Cis locally h-presentable, then so is CS.

Recall that colimits (and limits) in CS are given pointwise (see, for example, Mac
Lane [ML98, Section V.3]). Explicitly, consider a diagram D : J — CS. For every
j€0b (J), denote Dj : D°j LNy j. A colimiting cocone for this diagram is de-
termined uniquely by two colimiting cocones (C% c%), (C!,c'). The arrow in this

colimiting cocone is the unique arrow f : C° — C! satisfying, for every j € Ob (D):

We can now describe how a A-ranked functor is determined by its behaviour over

the A-presentable objects and arrows:

Proposition 5.21. Let F : B — C be a A-ranked functor. For every B-arrow f :A — B
and \-directed diagram D : I — BS, if f = ColimD then F f = Colim FS o D.
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Recall that the functor FS : B5 — (S acts by functor post-composition, i.e., by

applying F componentwise: given a BS-object f : A — B, we have
FS(A,B,f) = (FA,FB,Ff)
and given a BS-morphism (g: A — B,g' : A’ = B'),
F°(s.8') = (F&.Fg)

Note that, as C is A-accessible, so is C°, hence there always exists a A-directed
diagram D, whose vertices are all A-presentable objects, satisfying f = ColimD. The
proposition states that any such diagram can be used to calculate F f.

Proof
Consider any colimiting cocone for D with f as vertex. Then, for all i € I, we have the

following diagram:

0 F c?

FD°j FA
Ff; = Ff
FD';j — FB
Fc;

Because F preserves the components DY, D!, the top and bottom arrows are the com-
ponents of the colimiting cocones for F o D and F o D'. Thus Ff is the colimit of
FSoD. ]

Similarly, natural transformations between A-ranked functors are uniquely deter-

mined by their behaviour over the A-presentable objects:

Proposition 5.22. Let F,G : B — C be A-ranked functors. Given a natural transfor-
mation m: F — G, and a diagram D : I — C, denote by D, : I — CS the diagram given
by

Dyi : FDi 225 GDi i€0b (I)
Dmf:<FDiﬂ>FDj,GDiG—W>GDj> fri—jinl

If D is a A-directed diagram such that ColimD = A, then my = Colim D,y,.

Proof

The naturality of m implies that D,, is indeed a well-defined functor into CS.
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Let (A, c) be a colimiting cocone for D. The components of D, are F oD and GoD.
As F and G are accessible, we have (FA,Fc), (GA,Gc) as their colimiting cocones,

respectively. Thus, they form a colimiting cocone in CS. For every i € I, we have

F .
FDj — L . A
mpi m nat;rality my
GDj 1
J Ge: FC
Thus my = ColimD,,. [ |

5.4 Countably presentable domains

We return to characterise the countably presentable domains and establish the local
presentability of ®CPO. The following syntactic characterisation of the countably
presentable domains is based on a technique from Bridge’s thesis [Bril2]. Bridge
uses this technique to present a direct proof for the equivalence between essentially
algebraic categories and locally presentable categories [AR94, Theorem 3.36]. We will

not present this technique, and refer interested readers to the thesis [Bril2, Section 2.2].
Definition 5.23. A domain presentation P consist of a triple (B,1,C) where:
e B s a poset, which we call the basis;

e [ is a countable set of ®-chains over B, whose elements we call constrained

chains; and
e [ is a relation over I, whose elements we call constraints.

We say that a domain presentation is countable when the basis B and the set of con-

strained chains I are countable.

Plotkin, in unpublished work, uses a different form of constraints that relate a single
element of the poset with an @-chain, w C (v,).
Let ? = (B,I,C) be a domain presentation, and W a domain. We say that a mono-

tone function f : B — W satisfies the constraint (b,) C (b},) when

V F(bn) <\ £(B))



102 Chapter 5. Locally presentable categories

Definition 5.24. Let P = (B,1,C) be a domain presentation. A P-model W is a pair
([W|,W[—]) consisting of an ®-cpo |W| and a monotone function W[—] : B — |W|
satisfying all the constraints in C.

A P-homomorphism 4 from W to W’ is a Scott-continuous function h : |W| — |W/|
factoring W' [—] as

W]

wil-]

We denote by Mod(P, ®CPO) the category of P-models and P-homomorphisms
between them.

Using this terminology, we present our central class of domains:

Definition 5.25. We say an ®-cpo K has a countable presentation if there exists a

countable domain presentation ‘P such that K is the carrier for an initial ‘P-model.

Example 5-10. Every finite domain W has a countable presentation, with B := W,
[:=0,and W[—] :=id. As W is finite, any monotone map is also continuous, hence
W is the initial model. [

More generally, every ®-continuous ®-cpo W has a countable presentation. Recall
that a domain W 1is called ®-continuous if there exists a countable set B, such that for
every win W there exists an ®-chain (b,) in B such that: \/ b, = w, and for any ®-chain
satisfying w < \/ wy,, for every n there exists an m for which b,, < wy,.

For example, any finite poset is an ®-continuous domain, as well as any closed
interval [a, b] with the arithmetic ordering on real numbers.

We can understand the ®-continuous domains categorically as follows. Consider
the forgetful functor |—| : ®CPO — Pos. This functor has a left adjoint F 4 |—| (for
example, by appeal to Freyd’s adjoint functor theorem). The ®-continuous domains are
precisely the free objects F'B for a countable poset B. The unit 1 : B — |FB| induces
the countable subset n[B] C FB. We sketch the proof as follows.

Consider any continuous poset B. Routine calculation shows that CIn[B] = FB.
An additional routine calculation using the Sierpinski space shows that if \/n(b,) <
\/nb,, then for every n there exists an m such that (b,) < 1 (b,;). This implies that
if we have an ®-chain (\/,,M (b)), We can construct an ®-chain 1(by ) such that

Vo Vi N(0nm) = ViM(bi,m, ). Therefore, the iterative construction of CIm[B] stabilises
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in the first step:

([B]), = {\/\/n(bm,n) b € B} = {\/ﬂ(ak)
n m k

Consequently, FB = CIn[B] = {\/; N (ax)|ar € B}. Therefore, for every element w in
FB there is a chain nb, in N[B] such that w = \/ by, and if w </ \V,, ;- then for

a GB} = (n[B)),

every n there exist k, m for which b, < by ,,. Thus FB is ®-continuous.

Conversely, consider any ®-continuous domain W, and let B be the countable sub-
set exhibiting it as an ®-continuous domain, considered as a poset. If V is any other
domain and f : B — |V| any monotone function, extend f to a continuous function
fT:W — V by setting

£\ b=\ £(ba)
The definition of w-continuous domains implies f7 is independent of the choice of o-
chain (b,), monotone, and continuous. By fiat, f factors as fTo C, and any other such
factorisation f = go C implies that g = f7. Therefore, W = FB. Another way to show
that W = F B is to use a rounded ideal completion argument? (see, e.g., Keimel [Keil0]
for the definition of rounded ideal completion).

In summary:

Example 5-11 (Hyland et. al [HPPO6, Section 2]). All ®-continuous domains have a
countable presentation. Given any F'B, the required presentation is (B,0,0), and the
initial model is (FB,m). O

Initiality implies that all domains with a countable presentation are seperable:

Lemma 5.26. If K has a countable presentation P = (B,I,C), then K [—] [B], the im-
age of B under the map K | —], is dense in |K|. Consequently, domains with a countable

presentation are separable.

Proof
Set B’ := K[—][B]. As B is countable, so is B". Consider the model K’ given by C1B’
with the restriction of K [—] to a function from B to C1B’, and obtain by initiality that

Consequently, C1B' = |K'| = |K]|. |

2Gordon Plotkin, private communication, 2012.
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We can always construct a couniversal pair for any domain presentation:

Lemma 5.27. Every (not necessarily countable) domain presentation has an initial

model.
Proof
Using the forgetful functor |—| : ®CPO — Pos, note that Mod(?, ®CPO) is the full
subcategory of the comma category B |—|, whose objects consist of all the P-models.

We use Freyd’s existence theorem [ML98, Theorem V.6.1] to establish that the cate-
gory Mod(?, ®CPO) has an initial object.

Having a left adjoint, |—| is continuous, hence B | |—| is complete, and the projec-
tion functor from B | |—| to ®CPO is continuous.

Let D : J — Mod(?,®CPO) be any small diagram and (W, f) its limit as a diagram
in B| |—/|, with a limiting cone c¢. The projection W is then a limit of the projected
diagram |D| : J — ®CPO with ¢ limiting cone again. For every constraint (b,) C (b)),

and for every j € J, we know that D] satisfies the constraint, hence:

¢i(\ f(bn)) =\ cjof(ba) =\/Djlba] <\/Dj[b,] = c;(\/ £(B)))

This inequation holds for every j € J, hence from basic properties of limits in ©®CPO
(see Section 4.1), \/ f(b,) <V f(b},) in W, thus f satisfies the constraint (b,) C (D).
Hence, f satisfies all the constraints, and (W, f) is a P-model. Therefore, the subcat-
egory Mod(?, wCPO) is closed under limits in B |—|, and thus complete. It is also
locally small.

For the solution set condition, let ? = (B,I,C), and take I to be the following set:
{W € Ob (Mod(?,®CPO))||W| is a cardinal less than or equal to min{2, |B|}NO}

For any P-model W in Mod(P, ®CPO), consider the P-model W' induced by the sub-
domain CI(W [—] [B]) and restricting W [ —]’s codomain. As we noted in Section 5.1,
CI(W [—][B]) can have at most min {2, |B|} *° elements, hence it is isomorphic to some

W' € I. Therefore, we have the following P-homomorphism:

w'o= wo < W

Thus, the solution set condition is satisfied, hence Mod(?, ®CPO) has an initial object,

B

as required. [
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All domains are countably directed colimits of domains with a countable presenta-

tion:
Lemma 5.28. Let W be any domain.

1. The following set is countably directed
I:= {<B,I'>‘ B C W a subposet, I' C ®Chains (B), and B, I countable}

where the order is given componentwise by inclusion. Moreover, if, for every
(B,I), we define (by) = (b)) if and only if \| by < \/ by, then Py = (B,I,C) is

a domain presentation.

2. There is a countably directed diagram W_ : I — @CPO where Wg 1y is the
initial Pip 1y-model, and the morphism map W g < p y is the unique Py -

homomorphism satisfying:

Wis.n)
Voo . Wen<wr)
W(BJ)[‘M = T
B C B W 1y

W)
SO C
W(&I)[[_N :\\<f7l>
B C W

Proof
Given a countable collection ((By,I,)) in I, the union ((JB,,U1,) is also in I. Thus /
is countably directed, and we proved 1.

Next, by Lemma 5.27 we can choose an initial ?;g ;y-model W ;) for each (B,I)in
1. Thus, the object map Wip 5 is well-defined. By our choice of the corresponding C,
Wip y satisfies all the constraints in . Therefore, by initiality, there exists a unique

P 1)-homomorphism Wip 1< (g ) satistying

Wis.1)
Tl Wn<m r
W(B,I)[{_}” — T S
B C P Wip 1y
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Routine arguments show that W_ : I — @CPO is a functor, and we proved 2.
Compatibility of the cocone (W, c) follows by routine initiality arguments. Given

any w € W, take ({w},0) € I, and calculate:

Therefore c is collectively epi.
Next, take any i1,ip in I, and wi € W;,, wo € W,,, such that

ciy(wi) < ciy(w2)

Denote i = (B],12>, and i, = (Bz,12>.
By Lemma 5.26, W;, [—][B1] is dense in W;,, hence there exists a sequence (b))
over Bj such that <W,-1 [{bﬂb is an -chain, and \/ W;, [[b,ll]] = wj. But then

(et Wiy [B2])) = (bn)

is an ®-chain in W, hence <b,ll> is an ®-chain in B;. Similarly, there exists an ®-chain
(b2) in B, such that \/ W, [b2] = w.
Choose

j=(BiUB,IULU{(b)) (bp)}) €1

We have that j > iy, i», and moreover, that (b)) C; (b2), as:

\/bi = e (VW [B1]) = i, (1) < ey (w2) = \/ 8

But W; satisfies the constraint <b,'1> C; <b,%>, hence:

wi) = \/Wi1 [blﬂ \/le [bzﬂ J>12(W2)

Therefore, by Lemma 5.4, (W, ¢) = ColimW_, and we proved 3. [

We next establish our characterisation of the countably presentable domains:

Proposition 5.29. Every countably presentable domain has a countable presentation.

Proof

Let K be any countably presentable domain. By Lemma 5.28, we present K as a colimit
(K,c) = ColimW_. As K is countably presentable, we can factorise the identity over
K:
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By definition, K with the inclusion B C K is a # jy-model. Given any other model

V satistying the constraints, initiality yields the following diagram:

K

W1 [[—M ;h
B

Given any other homomorphism 4" : K — W, pre-composition with ¢ yields the fol-

lowing commuting diagram

K

03} K

N
<

/s

B w

f

By initiality, we deduce that 4" o ¢ = h’. Pre-composing with g yields:

h//:hlog:h

Therefore, & is unique, and (K, C) is initial. [ |
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Proposition 5.30. A domain that has a countable presentation is countably presentable.

Proof
Let K be any domain that has a countable presentation P = (B,I,C). Let (C,c) be any
colimiting cocone of a countably directed diagram D : I — ®wCPO, and f : K — C any
continuous function.

Take B := fo K [—] [B] € C. By Lemma 5.4, c is collectively epi, hence for every
b' € B' there exists some iy € I and djy € Diy such that ¢;,(dy) = b'. By the same

Lemma, for all &’ < b" in B’ there exists some i, _,, > iy, ip such that:

Dliyysyy > i) (dr) = Dlipyy > i) (dy)

Note that, as B is countable, {ib/, By |D', D" € B } is also countable. As [ is count-
ably directed, there exists some upper bound i € 1.
Set f :|B| — |Di| by f(b) :=D(i > i) (dpokp])- Note that, for any b € B, if we

set b’ := f(K[D]), we have:

cio f(b) = cioD(i > iy)(dy) = ciy, (dy) = b = f(K[b])

Therefore, ¢; of =fokK [—]. Also note that, from i’s choice, f is monotone. Indeed,
for any by < by, set bl := f(K [b;]), and calculate:

f(b2) =D(i > iy, ) (dy,) = D(i

WV
So
=
\Y
=
SN—
o
>
-
>~ ~
=
\Y4
NN
WV
S
SN—
—
&
S
SN—

For any constraint <b,11> C <b£>, we have:

K satisfies all constraints

and f is monotone

ci(\/ F(on) = cio f (b)) =\ f(K[ba]) <\ (K [03]) = i\ F (7))

Therefore, again by Lemma 5.4, there exists some j (b1) T (b2) in / such that:

D(J<b1>g b2) \/f (b)) = D(j J(pt)c \/f

As C is countable, there is some j in / bounding {i} U {

S E ).

Define f as the post-composition
. f Di<j
f:BLDi4>( J) Dj
This function also satisfies c; of = foK|[—], is also monotone, and, moreover, sat-

isfies all constraints (b)) C (b7). Therefore, by initiality of K, there exists a unique

continuous function g : K — Dj such that
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K[-]]
B

Therefore,

By couniversality, cjo g = f, hence c; factors through f.

! Ci
Let K £5 Dj/ -5 C be any other factorisation. Then for any k € K [—][B] C K, we

have:

As K [—][B] is countable, there is some 7 in I bounding {j, j'} U{ix|k € 1[B]}. We then
have that D(7 > j)og and D(i > j') o g’ agree on K[—][B]. By Lemma 5.26, 1/B] is
dense in K, hence D(i > j)og=D(i> j)og'.

We have shown that Dj factorises essentially uniquely through f. Therefore, K is
countably presentable. |

Thus, we have characterised the countably presentable domains:

Theorem 5.31. A domain is countably presentable if and only if it has a countable
presentation.

More explicitly, an w-cpo K is countably presentable if and only if there exists a
countable subset B C K, and a countable binary relation T between pairs of ®-chains

from B, such that:
e for every pair (b,) C (b}), \| b, < \/.,; and

e for any o-cpo W and monotone function f : B— W, such that, for all {b,) C (D),
\V f(bn) <V f(b,), there exist a unique Scott-continuous function f : K — W

satisfying
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Proof
From Propositions 5.29,5.30 follows that the countably presentable domains are pre-
cisely the domains with a countable presentation. For the explicit formulation, note
that, for any presentation P, every initial P-model K is also initial for the presentation
(K[—-][B],K[-]],K[—] x K[—][Z]), but with the inclusion replacing K[—]. W

Note that this universal characterisation of countably presentable domains is still
unsatisfactory. A predicative characterisation that does not quantify over all other do-
mains would be more satisfying. Nevertheless, this characterisation does shed more
light on the nature of the countably presentable domains, and suffices for our purposes.

In particular, we corroborate Hyland et al.’s observation that all ®-continuous ®-
cpos are countably presentable [HPP06]. Thus, the closed interval [0, 1] with the arith-
metic ordering shows that there are countably presentable domains with uncountably
many elements, refuting Adamek and Rosicky’s claim that the countably presentable
domains are precisely the domains with countably many elements [AR94].

We summarise our findings in the Venn diagram in Figure 5.1. To complete the

picture, we add the following example:

Example 5-12. Consider the constraining data given as follows. The basis is the dis-
joint union of two copies of ®, i.e., {ap <a; <ay <...}U{bg<b; <by<...}. The
constrained chains are {(a,) , (b,) }. The two constraints are (a,) C (b,), (b,) C (a,).
The couniversal domain for this data is given pictorially as
(O]
az . . b

/ AN

ai by

/ AN
ao by

This domain is countable and countably presentable, yet not m-continuous. 0

The category ®CPO is locally countably presentable. We first establish the exis-

tence of a set A4 of isomorphism classes of countably presentable domains:

Theorem 5.32. Up to isomorphism, ®CPO has a set of countably presentable do-

mains.
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separable

o (Example 5-6)+0,1]

countably
presentable

©[0,1]

m-continuous

«({0,1}*,0,0)

countable

o finite domains

Figure 5.1: characterisation summary

Proof
Let A4 be the following set of countably presentable objects K whose carrier set is a
cardinal, that are couniversal for some (B,I,C), where B is a poset whose carrier is a
countable cardinal, and / is a countable set of ®-chains over B. As 1[B] is dense in K
and countable, A4 is indeed a set. Any countably presentable object is then isomorphic
to one of 4’s elements. [ |
Putting together Corollary 5.5, and Theorems 5.31 and 5.32, we corroborate the
following known fact [Mes81]:

Theorem 5.33. The category ®CPO is locally countably presentable.

And in particular, we obtain another proof for the following known fact (see, e.g.,
Meseguer [Mes81], or Barr and Wells [BW95, Exercise 14.5.7]):

Corollary 5.34. The category ®CPO is cocomplete.

Example 5-13. When A > X and |Char| < A, the domain theoretic monads for mod-

elling recursion, I/O and exceptions are A-ranked. 0

To summarise, we reviewed the basic properties of locally presentable categories.







Chapter 6

Lawvere theories

Better fish are in the sea

Is not the theory for me
—Ella Fitzgerald

In this chapter we present the main technical apparatus of Plotkin and Power’s
@ algebraic theory of effects: enriched Lawvere theories. Each enriched Lawvere
theory gives rise to a ranked strong monad, and these include many programming
language models [PP0O2]. We then define a subclass of our CBPV models with effects
that arise through Lawvere theories.

First, in Section 6.1, we recall some concepts from enriched category theory, in
particular powers and copowers. Then, in Section 6.2, following Power [Pow(0],
we define enriched Lawvere theories and recall the relevant results and constructions.
Next, in Section 6.3, we define algebraic operations for a Lawvere theory. Finally, in

Section 6.4, we present algebraic models of CBPV.

6.1 Enriched powers and copowers

We present the concepts enriched in a symmetric monoidal closed category V, given
by the data (|7

in monoidal categories arising from a cartesian closed structure, the extra generality

, |, ®, —o, unitjef;, unityjght, assoc, symrn>. As we are mainly interested

of the monoidal setting is not necessary for our purposes. However, the monoidal
notation is useful, as it highlights the use of the enriching structure, with no notational

overhead. We denote the bijection given in the closed structure by
AW—:VYWV,U)ZVW,V—-oU)

113
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its inverse by (A\V)'.—, and set

(W)~ "idy _ow
R LAY

eval : (V —-oW)QV w

Given a V-category C, we denote its objects by A, B, etc., its hom-objects by
C (A,B), its identities by id, : | — C(A,A), and its composition by

oapc:C(B,C)®C(A,B) = C(A,C)

Using the closed structure, ¥/ is then self-enriched. We also get a map:
AC(A,B).o4
C(4,-): C(B.C) ———"% V(C(A.B).C(A,C))
By varying B and C over all C-objects, the morphisms C (A, —) collate to the post-
composition, or representable, V-functor C(A,—) : C — V. Dually, using the sym-
metric structure of V/, we obtain the contravariant pre-composition, or co-representable,
V-functor C(—,C) : C°® — V. We denote by |C|, the ordinary category underlying

C, and similarly for enriched functors and natural transformations.

Definition 6.1. Let V be a symmetric monoidal closed category, C a ‘V-category, V
a V-object, and A a C-object. A power of A by V is a pair ([TyA,(—:— —A)y)

consisting of a C-object [y A and a V-natural isomorphism

(- )y VV,Ca) - O )

Given a power ([Iy A, (—)), we define the counit as the composite
~ L0 e A - as)
TV 3iev : [IvAIlvA [IvAA

) C(I;If_\,é)

Kelly’s notation for the power is V/hA, while Power’s notation for the poweris A" .
We chose the non-standard product notation because the universal arrow (—: — — A),,
is more similar to the universal arrow of products, i.e., tupling, than the universal arrow

of exponentials, i.e., evaluation.

Example 6-1 (Kelly [Kel82a, Section 3.7]). If we consider the self-enrichment of 7/,
then all powers exist. The power object [[y W is given by V — W, and the natural

isomorphism by

I

<—:U—>W>V:(V—O(U—OW))%(U—O(V—OW))

whose existence follows from symmetry. The counit is given by

AV —oW .(evalosymm
TV ( ymm)

P (VW) —W)
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Thus, when the monoidal structure is cartesian, the self-enriched power coincides with

the exponential. O

Example 6-2 (Kelly [Kel82a, Section 3.7]). Consider the case ¥ = Set with the carte-
sian closed structure. Thus we consider locally small categories C. Let X be a set and
A any C-object. The power []y A exists if and only if the small product [],cx A exists.

The required natural isomorphism is given by universality of the product:

(—:B—A)y: (C(B,A)* = C(B,[TiexA)
<_ :§—>A>X : }\*xfx = <fx>xeX

The counit is given by the projections:

X — C(HXGXA?A)

T_ X T,

This example explains our choice of notation. U

We now examine the case v = wCPO with the cartesian closed structure. The

following notion will make the characterisation more succinct:

Definition 6.2. Let C be an ®CPO-enriched category, and W an ®-cpo. A W-compatible
family from A to B in C is a family of C-arrows f,, : A — B indexed by w € W, such
that, for allw < w' in W, f,, < fis, and, for all w-chains (wyp) in W, \/ fu, = fiyw,-

Thus, the elements of the w-cpo (C (A, B))" are precisely the W-compatible fami-

lies from A to B.

Proposition 6.3. Let C be an ®CPO-enriched category, W an ®-cpo, and A any C-
object. An object [[w A in C is a power of A by W if and only if there is a W -compatible
family m,, : [TwA — A such that, for all W-compatible families f,, from every B to A

there exists a unique morphism (f,,),,cw satisfying, for allw € W:

S

5
5
.. =
2>
>

A

T
and the following evident map is Scott-continuous:

(—)w 1 (C(B,A)" = C(B,TTwA)
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Proof
First, note that given an ®CPO-enriched power ([T A, (—)), the counit is given by

~ W) Aok (i 4 )
T w— (x,w) ! ()

s (idpa) ' (w)

Next, note that (—)’s @CPO-naturality amounts to the following diagram chasing for

any h: B— Cin C, and W-compatible family f,, from B to A:

(—) . fo)
dwB L5 A B TT4A
T W

()

Inverting (—) then yields, for all g : B — [[w A:
(goh) ™" =hw.((g) " (w)oh) (6.1)

For necessity, assume that the power ([T A, (—)) exists. Choose m,, as the W-
compatible family, and for any W-compatible family, choose (fi,),.cy as (Aw. f,,). We
then have, for all w:

Equation (6.1)
1
o (Aw.fi,) = (id) "1 (W) o (w.fo,) = (ido Aw.f,)) " w = Aw. frow = f,y

As (—) is a Scott continuous bijection, we are done.
Conversely, assume the existence of the W-compatible family =, and of (—), as
in the Proposition’s statement. Scott-continuity of (—) ensures we have a candidate

morphism (—) for the natural isomorphism. Define:

(g>_1 =Mw.(m,0g)

Continuity of post-composition in the ®CPO-enriched category C, together with w,,

being W-compatible, ensures (g) ' is a Scott-continuous function, hence in (C (B,A))" .
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Continuity of pre-composition then ensures (—) ~!is a Scott-continuous function from
C(B,ITwA) to (C(B,A))". Direct calculation, using the assumed commutative tri-
angle, validates that (—) and (=)' are inverse to each other. Therefore, for each B,

(—:B— A) is an isomorphism. Post-composing with T,, yields:

o (Aw.fy) oh = f,oh =m0 (Aw.(f,0h))

Thus, universality implies (Aw. f,,) oh = (Aw.(f,, 0h)), and (—) is natural. Therefore,
[Tw A is the power of A by W. Moreover, direct calculation shows that the counit then
satisfies T_ (w) = T,,.. [

Note that when W is discrete, the power degenerates back to the Set-enriched case.

The discussion dualises in a straightforward manner:

Definition 6.4. Let V be a symmetric monoidal closed category, C a ‘V-category, V
a ‘V-object, and A a C-object. A copower of A by V is a pair (YyA,[—:A— —]y)

consisting of a C-object ¥y A and a V-natural isomorphism

i)

A=)y V(V,C(4,-) = C(;A,—)

Given a copower (Yy A, |—|), we define the counit as the composite

(W)*l.(lgc(z AY A)Mﬂucmz A))
Lo —=5 C(AY A)
1%

L_:ViI®V

Both Kelly and Power denote the copower by V ® A. As for powers, we prefer
to use the coproduct notation as the universal arrow [—: A — —|,, is more similar to
the coproduct universal arrow, i.e., cotupling, than to the product universal arrow, i.e.,

tupling.

Example 6-3 (Kelly [Kel82a, Section 3.7]). If we consider the self-enrichment of 7/,
then all copowers exist. The copower object ),y W is given by V ® W, and the natural

isomorphism by
[—:W = Uyt (V— (W—U)) > (V&W) - U)
whose existence follows from the closed structure. The counit is given by
AW .id

1_:V—=(W— (VeW))

Thus, when the monoidal structure is cartesian, the self-enriched copower coincides

with the binary product. 0
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Example 6-4 (Kelly [Kel82a, Section 3.7]). Consider the case /= Set with the carte-
sian closed structure. Thus we consider locally small categories C. Let X be a set and
A any (C-object. The copower ) x A exists if and only if the small coproduct } .y A

exists. The required natural isomorphism is given by universality of the product:

[—:B—Aly : (C(A,B))" = C(L.cxA.B)
[—:A— E]X DAL fy = [fx]xex

The counit is given by the injections::

X — C(A7ZX€XA)

_Xx =1y

This example explains our choice of notation. [
We now examine the case 7 = ®CPO with the cartesian closed structure.

Proposition 6.5. Let C be an ®CPO-enriched category, W an ®-cpo, and A any C-
object. An object [[wA in C is a copower of A by W if and only if there is a W-
compatible family 1,, : A — Y w A such that, for all W-compatible families f,, from A to

every B there exists a unique morphism [f,,],,cy satisfying, for allw € W:

B
?
Blwew! N\
Zl/_l . A
w Ly

and the following evident map is Scott-continuous:
[~lw : (C(4,B))" = C(EwA.B)

Proof
By duality, i.e., choose C := C°P and apply Proposition 6.3. [

Finally, we discuss preservation of powers and copowers:
Definition 6.6. Let F : B — C be a V-functor.

1. Let ([Ty B,(—)) be a power in B. We say that F preserves the power ([Ty B, (—))
if F([1y B) is the power [y (FB) in C, and the corresponding counit T_ is given
by:

Fon_:v ™ 8(]B,B) & c(F([]B),FB)
Vv 14
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2. Dually, let (Yy B,[—]) be a copower in B. We say that F preserves the copower
(YyB,[—]) if F(XyB) is the copower Yy (FB) in C, and the corresponding

counit 1_ is given by:

Foi:V 5 8BYB) % c(F(YB),FB)
v v

Example 6-5. In the case 7/ = Set with the cartesian closed structure, an ordinary

functor F : B — (C preserves the power [],cx B if and only if F(]],cx B) is the product

[Liex FB in C exhibited by FTt, as the projection to the x component, for every x € X.

In other words, F preserves the power [[x B if and only if it preserves the product

[Licx B in the usual sense. Similarly, a functor preserves the copower ) x B if and only

if it preserves the coproduct } ,-x A in the usual sense. 0

Example 6-6. In the case // = ®CPO with the cartesian closed structure, an ®CPO-
enriched functor F : B — (C preserves the power [[y A if and only if the W-compatible
family Fm,, : [Tw B — B exhibits F([TyyA) as the power [Ty (FB). Similarly, F pre-
serves the copower ) i A if and only if the W-compatible family F1,,: B — Y B ex-
hibits F (Y A) as the copower Yy (FB) O

Finally, we note that powers are a special case of indexed limits, also known as
enriched limits, and cylindrical limits, and copowers are a special case of indexed
colimits. Therefore, powers are preserved by enriched right-adjoint enriched functors,

and copowers are preserved by enriched left-adjoint enriched functors.

Example 6-7 (Enriched Kleisli category). Let 7 be a monad on C. Recall the Kleisli
category Cr, whose objects are the C-objects, and morphisms f from V to W are the
morphisms f : A — TA in C. When both C and T are V-enriched, this structure can
be enriched to form a V-category Cr, by setting:

Cr(4,B)=C(A,TB)

. Ny
id, : 1 =5 C(A,TA)
Twid 5 o€ 5 Claw)
045 c:C(BTC)®C(A,TB)—— C(TB,T*C)2C(A,TB)—>C(A,T*C) ——C(A,TC)
where C(A,u) is the application of the ordinary functor |C (A, —)|, underlying the
post-composition functor.

Linton [Lin69] showed that Cr is indeed a V-category, even when 7/ is neither
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closed nor symmetric. Moreover, he showed that by setting FA := A, UA :=TA, and

F:C(A,B) ﬂ C(A,TB)

C TA7
we obtain a V-adjunction F 4 U : Cr — C that resolves the 7/-monad T.
Therefore, if C has the copower Yy, A, then Cr also has the copower of A by V,

with both copower objects coinciding, and the counit given by:

FL:V = C(4,Y 4) O, o4, TY A)
14 Vv

Let T’ be any other ¥-monad over C, and m : T — T’ a //-monad morphism.

Define the following V-functor:

M . CT —_— CT’
M:A A

C(A’mﬁ) /
M:C(A,TB) —— C(4,T'B)

Then M maps the copower )y A in Cr to the copower } A in C7s. Furthermore, M

preserves the copower )y A, as we have:

C(A,TY A)
v

c (A,
copower

preservation

enriched

v 1_ C (A; ZA) mongd C (A, m)
\% morp__hlsm
copower
preservation
_ C(am)
CaTY.A)
Vv

By considering the self-enrichment on 7/, we have that, for every 7/-enriched

monad T, V7 has all copowers, given by V ® W, and counits:

i Won
v o (VeW) — B W e T(VRW)

That is, AW .My 4y as the counit. O

Finally, we state a few technical results about powers and copowers. The calcu-

lations below become clearer through string diagrams (see, for example, Baez and
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Stay [BS11]). However, we keep to commuting diagrams to avoid the overhead im-
posed by additional notation. In the calculations below, given a morphism f: W —V
in a symmetric monoidal closed category V/, we denote by Sil= vV (W,V) the cor-

responding V-arrow f := AW. f o unitjef;.

Lemma 6.7. Let F : B — C be a V-enriched functor preserving the power [y B. Then

(—)a

V—o@(—,E) @(—71_15)
\%
V—oF = F
V —o C(—,FB) C(—FI]B)
—)ec v

Proof

First, we prove that, for every power, the isomorphism (—)71 is uniquely determined

by the counit w_:

-1
c-Ip 2y, (C(~,B))

% o

eval

1

((V — C(Iv B, B)) -2
cI1Be! (V — C(~.B) @
(v — (C(Ily B.B)))
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Calculate:
caBet = caIl® = F=Ya 0N § 1)
14 14 14
e Cc@A,]]B) 1 = naturality
: w

V(V,C(—.B)e

idon_

(V. — C(Ilv B,B)) —
(V—C(4,B)@1

@ bifunct.

CATlyB)®(V —
C(Iy B,B))

1R

V(V.C(-,B))

id ®eval

id ca B etet
= naturality, v

® bifunctoriality

V(V,C(A,B))®
(:)71 ®id

((V— C(lv B,B)) — (V —o

id®<:}’l®g\‘

%@id@ﬂ
(CATIvB) — (V—
C(A,B)®
CATlyB)®l

(=) 'ec(-.Bel

(enriched

(=)7! naturality) ©id

(CAly B) — (V —o
C(4,B)))® (C(Ilv B,ITv B) —

where () follows from

1%

oV

1%

]

C(A.Tly B) @1
((V — C(ITlv B,B)) — (V —o
C(4,B)))® (C(Tlv B,I1v B) —
(V—C(A,B) @1
id®id ®id
B <:>71 ®@id
id® Vwid
(=)t id@(s)
oV ®id B
® bifunitorialily (CA Ty B) —o (V —o
C(A,B)))® (C(Tlv BTy B) —
(CMyB.IIvB) —  CAIlvB)®C(Ily B.Iv B)
C(AB)) @11 (V—C(A,B) @1
((V — C(Tly B,B)) — (V — oV i
cuB)e(CMyBIvE) —/ el
vV — C(Tlv B,8)) @ C(Tly B,Tly B 1¢®1d
9’V®i(\ id ® eval
(C(ITy B.Ily B) — (V —
E'V:def C(A,B)))® C([y B.Tlv B)
evall
& (C(A,TTy B) —o (V —o
eval V—(ca.B) eval C(A,B)))®C(ATlv B)
id ®id ®id
l@loV — lec]&]]B eV
\4 \%4
id ®id N 1
= = paturality = (=) ®ideid

(=) aer)
(C:(HV B,IlyB) —
(V- C(IlvB,B)) ®

C(IlvB.IlyB)®V)

C(IVIE,I;IB) QV

exponential universality

(—)7l®id eval ®id

V—oC(I;I

eval
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and (xx) follows from
C(A.B) @) = C(A,B)
enriched cat.
id®id -2 eval
o C(—,B) def.
id®id C(B,B) — C(A,B))® C(B,B
W (CBB) = CAB) o BB
Diagram 6.2 then follows by noting that (—) ' = evalo (=)' ®@ido .
We will also use the following identity:
C(A,A)&(V — C(A',B)) oV
V(V,C(—,B)) ®id ®id d @eval
enriched C(_7A) ®id®id
((V— C(A',B)) —o functor
(V—o C(A,B));@ (V —  composition C(A,A) ® C(4,B)
ca.g)ev ® bifunctoriality
v, ‘—)k B
id®id (CA',B) — C(—,B)®id
CA,B)®(V —
C(4',B)) eV
eval ®id Wﬁ eval swap (6 . 3)
(C(4',B) —o
C(A,B)® C(A',B)
C(—,B) def.

(V—C4,B)®V

eval

C(A',B)® C(A,A")

eval

o

C(A,B)
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Finally, we calculate:

= ®id

(=~

naturality) ® id

F®id®id

) @1eV ‘\ CFAF]]B @V
v

C(FA,@)1®V N @id

S
>
<
=

Diagrim 6.2 idon? ®id ® bltunclonaluy
power \ id @€ eNd

s reservatlon
d b@ Fo 7[ ®id

B4 [[B eV —~3(]88)eV B3A.]1» B)
|4 14 v

C(FA,FIIy B)®
V(V, B(

V — B([1y B.B)) @V
- B(—.B)® (V—B([ly B,B))®
. B(-.,B))®id ®id ideid QF
enriched
functor ® bifunctoriality f
. = swap id ®eval
composition
((Vﬂ’B(HvB B) —(V— = ]
BAB)) @V —o (v —s(]8.B) oV C(FA, FHB )@ C( FHB B)
14
3(* swdp

B([1y B.B)) ®V
v\/
nalurallty
eval @ id V(V,C(~,FB)) -1
B,B)®B(A,]]|B (=) &V
(V(v, )def)de IvI Ix_/I ) ®id ®id ¢
Vv B(A,B)) B
v —~5@4.B)e B(4,B))© BTy B.B)
(V def swap Diagr&m 6.2
eval X
eval = :

. (V. — C(FTlv B,FB)) —o (V —o

(V —o F)@id B(A,B) C(F]]B.FB)& C(FA,F]B) C(FA,FB)) @ (V —o
Y ! C(FTly B.FB) @V

enriched functor
composition axiom
eval naturality = Diagram 6.3 »
= oC = eval @id
(V —o C(FA,FB))®V C(FA,FB) V —o C(FA,FB)
eval eval
The desired equation follows by the universal property of the closed structure. |

In the following, we will prove commutativity by post-composing with an arrow
and showing the resulting diagram commutes, which misshapes the original diagram
whose commutativity we want to establish. Therefore, we introduce the following

notation. We say that a diagram of the shape

f

/\
A C h

\/

8

B

commutes when the following diagram commutes

A / B
8 h
B C
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We will use the following lemma to construct enriched categories with powers from

other categories.

Lemma 6.8. Let V be a symmetric monoidal category, and C a ‘V-category. Assume

as given a class Ob (‘B), and that, for every B-members A, B, C, assume as given:
e a choice ‘B(A,B) of objects in V;

e amap F assigning to each A in Ob (‘B) an object FA in C;

a choice Fy g : B(A,B) — C(FA,FB) of arrows in ‘V;

a choice @f 1 — B(A,A) of arrows in 'V, satisfying
id”? _ B(A,A)

' 4
id™ C(FA,FA)

and a choice o® : B(B,C) ® B(A,B) — B(A,C) of arrows in V satisfying

B(BC) 0 BAB) S BAC)

F®F| = |F
C(FB,FC)® C(FA,FB) C(FA,FC)

|o

1. The following diagrams commute:

I

(B(C,D)® B(B,C)) ® B(A,B)

B(C,D)®(B(B,C) ® B(A,B))

?wid id®o?
C(A,D)
B(B,D) ® B(A,B) B(C,D) ® B(A,C)
F
o® o®
| @ B(A,B)

idy ®id
B C(4,B)

B(B,B) ® B(A,B)
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Assume further that this data makes B a ‘V-category, and F : B — C a V-functor:

2. Assume that for some object V in V, and B in Ob (‘B), there is some [y B in
Ob (B) such that F [y B is the power [y FB in C exhibited by (—) ~. Given a

choice of maps

(~=:A—B)y :V —B(A,B) — B(AlyB)
(—:A—B);' :V — B(4,B) < B(A,IlyB)
satisfying
e (s’
— B(A,B) B(A,[]B) V — B(A,B) B(A,[B)
% %
V—oF = F V—oF = F

V —o C(FA,FB) o C(FA,FI;IB) V —o C(FA,FB) = C(FA,FI;[B)
—/c

then the following diagrams commute:

B(A, I_VIB)

(—)a
V —o C(FA,FB)

V — B(A,B)
((V — B(A,B)) — B(A,]ly B))®
(V — B(A",B)) — (V — B(A,B)))®
(=) g @V (V,B(—,B))®id (V — B(A,B))
12 B(A,A") @ \i@id
~@id, (V— B(4,B))
; ((V— B(A,B)) —
Qg(g’AA)@ C(FA,FT]B) —E— s(a,[]B) <2 B(A,Ily B)) ®
v —~24.2) v v (V — B(4,B))
>~ ®id

BAA)RI®
(V — B(4,B)) o’ @id

B TIB) )y (BA.IlvB) — BTl B)e
4 (Vv — B(A",B)) — B(A",]ly B))®
(V— B(A,B))
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B(] [B.B)
n? Y
% " F
.
-~ C(F|]B,FB)
\%4

where 8 is a formal counit as defined as for powers, i.e.,

(xvrl,(lgw(n ATl A)MC(H AA))
S == c([]4.4)

Vv

3. Assume a given V-functor G : A — C such that F factors through G’s object
map, i.e. there is a map H from Ob (A4) to Ob (‘B) such that G = F oH, and a
choice Hy g : A(A,B) — B(HA,HB) of arrows in V, satisfying:

B(HA,HB)
2
AA,B) = |F
o
C(FA,FB)
then the following diagrams commute:
Oﬂ
AA4)  A(B.C)®BA,B) —— A(A,C)
ﬁﬂ
| H®H C(FA,FC) H
x

B(HA,HA) B(HB,HC)® B(FA,FB) B(HA,HC)

o

Proof
With one notable exception in part 2, the proofs are straightforward calculations. These
calculations reduce each diagram to the corresponding property of the enriched con-

cept. For example, the proof of the first identity reduces the diagram to the associativity

axiom of the enriched category C.
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(B(C,D)® N B(C,D)®
B(B,C))® — (B(B,C)®

B(A,B) B(A,B))
(FOF)®F = naturality Fe(F®F)
(C(FC,FD)® C(FC,FD)®
qg C(FB,FC))® (C(FB,FC)® 3
o"®id (assumption) C(FA, FB) C(FA,FB)) 1d® id®o
®id assumption)
o“®@id id ® of
enriched cat.
C(FB,FD)® = C(FC,FD)®
FRF . (C(FA,FB) C(FA,FC) « F®F

B(B,D) ® B(A,B)

B(C,D) ® B(A,C)

9C

assumption

C(A,D) assumption

B(A,D)

The exception is the following diagram from part 2:

((V —B(4,B))

(Vv —B(A',B)) —

(V—B(4,B)))®

<_>'B®{V(V7$(_a£))®id (V—OQ;(A,B))
10 B(A,A)® Y@id
coig, (Vo BAD)
, ((V—B(A,B)) —o
w _f%‘ég% C(FA,FIVIE) F 93(471;13) Lval B(A,[ly B)) ®
o (V. — B(A,B))
B FWOrI
(V — B(A,B)) ?®id
Q?(—,Hﬁ) ®m‘ (B(A",Tly B) — B(A,]Iv B))®
14 (Vv — B(A',B)) — B(A',ITyB))®

(V—B(4,B))

In this case too we reduce to the naturality of the isomorphism (—) ~ in C. However,

this time the reduction requires some care. First, we note some properties involved in

this proof.
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Recall that the action of the contravariant functor (—) — W on morphisms f:V —
V' is defined as:

f—oW::kV.((V’—oW)@Vﬂ(V’—oW)®V’lal>W)

and satisfies the following naturality condition (see Mac Lane [ML98, Theorem I'V.7.3]):

AV .go(id@f)=(f —W)o(AV'.g) (6.4)

Using the bifunctor (—) —o (—) we can reformulate our assumption on (—) g as

follows:

T v supesal])
\%

(=) ¢ = id—o F
(6.5)
(V — C(FA,FB)@(C(FA,F[[B)) (V— B(A,B)®(C(FA,F[]B))
|4

\V—/

(V—oF)—id
The proof is a straightforward calculation:

(id o F)o(—=)z=(id — F)o (AV — B(A,B).({—) 5 o unityef;) )

A naturality

4
— AV — B(A,B).(F o (=) 4o unites)

assumption

{
=AV —o Q}(A,]_B).(( YooV —OF)Ounitleft)

unitjes naturality

4
— AV — B(A,B).((=) -ounitieno (id @ (V —o F)))

A naturality (6.4)

!
= (V — F)oAV — B(A,B).((—) ;o unities)
=V —oF)o <:>C
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The contravariant hom-object 4 functor B (—, B) satisfies

F

B(A,A) C(FA,FA)
C(—,FB)
B(—,B) =  C(FA',FB) — C(FA,FB) (6.6)
F —id
B(A',B) — B(A,B) — - B(4".B) — C(FA,FB)

Indeed,

C(—,FB) def.
!
(F —id)oC(—,FB)oF = (F —id)o (xc (FA',FB).(c€ oswap)) oF
A naturality (6.4)

ikC(FA’ FB).(c oswapo (id®F))oF

A naturality

iKC(FA’ FB).(cCoswapo (id® F) o (F ®id))

® bifunctoriality, swap naturality

i}
=AC (FA’,FE).(QCOF@)Foswap)

enriched functor composition axiom

4
=\C (FA',FB).(F 0o® oswap)
A naturality
=({id—F)o (KC (FA',FB).(o® oswap))

C(—,FB) def.

= (ld—OF)OC(—,FE)

Similar calculations establish the following three properties of the interaction be-

tween the composition o% in 9 and —o for any morphism f in V:

(id — f)oo” =o¥o((id — f)@ f) (6.72)
((f—01d)®1d) = o(id®(id—0f)) (6.7b)
o(id@(fw id)) = (f —id)oo” (6.7¢)
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Another such calculation using these identities shows that:

F

B(A,A") C(FAFA')
V — C(—,FB)
—oB(— _ (V— C(FA',FB)) —
V=88 - (V — C(FA,FB)) (6.8)
j(v — F) —oid
(V—-B(A',B)) — (V—B(A',B)) —

(V—=B(A,B) id—o(id—F) (V—C(FAFB))

The calculation on page 132 completes the proof. [

6.2 Enriched Lawvere theories

We recall the relevant notions regarding enriched Lawvere theories. Our account fol-
lows most closely Power’s account [Pow00]. A key difference is that we keep to a
symmetric closed enrichment, rather than the more general biclosed structure Power
considers. The symmetric account dates further back to Kelly [Kel82b].

First, we assume the enriching category has the following structure (see Power’s

account [Pow00, Section 2]).

Definition 6.9. Let A be a regular cardinal. A A-Power category ¥V is a symmetric

monoidal closed category {|V|,1,®,—o, unitief;, Unitsjgny, assoc, symm) such that:
° |‘V | is locally A-presentable; and
e | is A-presentable, and if V, W are A-presentable, then sois V QW.

We call an Xo-Power category a finitary Power category, and similarly we call
an X |-Power category a countably infinitary Power category, or simply a countable
Power category (although it is may not be a countable category, i.e., have countably

many morphisms). We restrict our attention to the following two cases:

Example 6-8. The category Set with the cartesian closed structure is a finite Power
category. Indeed, in Example 5-7 we saw that Set is locally finitely presentable. As
| = {x} is finite, and the product of finite sets is finite as well, Set is a finite Power

category. 0
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132
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(@)@ — N (@ Vg — (@ Vg — Ao mEd )G o— mE Ve
PIOEL) /ﬁ@ PL® (o o— p1) . . o1 5() & o9 wmsterq)
— (@ V)G o—A® mE V@) — (@ g — ) (@ 1700) — @l e

P,

(@ V)5 o— A)

P 40

(@ Vg o—A®
e 5

PI® (pro— (4 o= A))

A A
(@[ a*v4)2) o= (@ Vg o— A) @ (@] ad74)2) —

GE%EU — (@ V)% — A)

(@ P)Fo— )@ mE bl a Vg o— e (@[ la
PI&® ((d o= A) o= P @ Pt

A
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E®ﬁHob.ov (@ W& o— A @ ((§4VL)D o= A) o—
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/
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Example 6-9. The category ®CPO with the cartesian closed structure is a countable
Power category. Indeed, Theorem 5.33 shows that ®@CPO is locally countably pre-
sentable. As | = {x} is finite, it is countably presentable by Example 5-5. Let V, W
be two w-cpos with countable domain presentations Py = (A,1,Cy), By = (B,J,Cw),

respectively. Define:

C =AXxB
K = {({{an;b)),l{an) € 1,0 € By U{((a,bn)) |a € A, {bn) € J}
Cy = {({an.b)) T ({d}.b))|(an) Cv {a}) ,b € BYU

{({a,bn)) E ((a,by))|a € A, (bu) Ew (b)) }

then Py = (C,K,Cy) is a countable domain presentation, and U :=V x W is the
initial Py-model. Indeed, setting U [{(a,b)] = (V [a],W [b]) exhibits U as a Py-
model. For initiality, take any other model U’. For each a € A, due to the presence
of constraints of the form ({(a,b,)) C ({(a,b),)), the function g, := Ab.U’ [{(a,b)] ex-
hibits a Py-model (U’,g,), hence we have a unique Scott-continuous f, : W — U’
factoring W [—] through g,. Due to constraints of the form ({a,,b)) C ((a),,b)), the
map g’ := Aa.f, from A to U’ is monotone, hence we have a unique Scott-continuous
I :V — (U'")V factoring V [—] through g’. Uncurrying then yields the unique 7 :
Vxw M g factoring U [—] through U’ [—]. Thus V x W has a countable presen-

tation, and ®CPO is a countable Power category. [

When a category has all (co)powers of objects by A-presentable objects, we say it
has all A-(co)powers. Denote by Pres; 7 the full subcategory of ¥ consisting of the A-
presentable objects. When ¥/ is a A-Power category, Pres)‘V contains | and V @ W for
every A-presentable V and W. Thus, Pres; 1’ has all A-copowers, hence the opposite V-
category Pres;ip‘l/ has all A-powers. Note that, in light of Proposition 5.11, Pres;V is
essentially small, i.e., it is V/-equivalent to a small category. Note that Power [Pow00]
prefers to work with small categories, hence instead uses the skeleton of our Pres; 7 .
As we will see later, it will be useful to have all A-presentable objects rather than a set
of representatives, although it will complicate some proofs.

We say that a V-functor F : B — ( is identity-on-objects if Ob (B) = Ob () and
FB = B for all B-objects B. For example, the ¥-functor F from  to the Kleisli
V-category ‘Vr that we study in Example 6-7 is identity-on-objects.

Definition 6.10. Ler V be a A-Power category. An enriched A-Lawvere V-theory L is
a pair (| L|, L]—]) where:
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o |L|isaV category with A-powers; and

e L][-]: Pres;ip’V — |L] is a V-functor that is A-power preserving and identity-

on-objects.

Example 6-10 (see Power [Pow00, Construction 3.3]). Let 7 be a monad enriched
in a A-Power category 7/, and F the V-functor from ¥ to the Kleisli V-category
V7 we studied in Example 6-7. Denote by ‘V>TL the V/-category induced by the A-
presentable objects in /. Then F restricts to an identity-on-objects A-copower pre-
serving V-functor F* : Pres,?V — ’V)T“. By moving to the opposite categories, we ob-
tain an identity-on-objects A-power preserving V-functor from Pres,*? to <’V>T”>Op,
and consequently a A-Lawvere V/-theory which we denote by L.

Explicitly, L7 is given as follows. The objects of |L7|, as in any A-Lawvere V-
theory, are the A-presentable objects of 9. The hom-objects |Ly|(V,W) are given by
V (W, TV). Identities are given by the monadic unit 1, and the composition by:

ideT ngosymm 'V(A,H)
o4 pc:V(CTB)@V(B,TA)——V(C,TB)@¥(TB,T?°A) ————V(C,T?A) ———V(C,TA)

The powers []y U are given as ¥ copowers, i.e., the tensor product V@ U.
Finally, the object map of the V-functor L [—] is the identity map, and its action
on hom-objects is given by post-composing with the unit ):

Lr[=]:Pres®V (v, W) = ¥ (W, V) 2 ) (w V) = | £r| (V, W)

Thus, we have a A-Lawvere V/-theory. 0

In the sequel, we will present more syntactic and concrete ways to define Lawvere

theories.

Definition 6.11. Let L be a A-Lawvere V-Theory and C a ‘V-category with A-powers.
An L-model M in C is a V-functor M : |L| — C preserving all A-powers.

Given two models M, M’, an L-homomorphism & is a V-natural transformation from
M to M.

We denote by Mod( L, C) the full subcategory of the (ordinary) category of ‘V-functors

from | L] to C and V-natural transformations between them consisting of the L-models.

Let M be an L-model. Note that for any A-presentable V:

power preservation power preservation

! 4 I
M(V) =M(L[[V]])%M(LIIV®|]])2M(IVTL[U]])?M(]VTI) %I;IM(I)

identity-on-objects

identity-on-objects



6.2. Enriched Lawvere theories 135

Therefore, the object map of M is uniquely determined by its action on |. We call the

object M (1) the carrier of M. In fact, we have the following functor:

Ur:Mod(L,C) —|C|,
Up: M — M(1)
Lo (M B ary s (12 c (a1, a0 (1))

Note how we regarded Mod(L, C) as an ordinary category. In fact, Mod(L, () is a
V-category [Pow00, Definition 3.2]. To explicitly describe this structure, we need to
introduce enriched functor categories, which requires us to review additional notions
from enriched category theory. As we will not explicitly use this enriched structure in
what follows, we treat Mod( L, C) merely as an ordinary category.

Power [Pow(00] generalised the usual bijection between finitary monads and Law-

vere theories to the enriched case in the following manner:

Theorem 6.12 ([Pow00, Construction 3.3 and Theorems 3.4,4.1]). Let V be a A-Power
category. For every A-Lawvere V-theory L, the functor Uy : Mod(L, V) — V is
monadic, i.e., U, has a left adjoint Fr : V — Mod(L, V), and the Eilenberg-Moore
category for the resulting monad Ty = U F, over V is equivalent to Mod(L, V).
Furthermore, T, is ‘V-enriched and A-ranked. We call F the free model functor for
L, and T, the free model monad for L.

Using Theorem 5.19, we deduce the following:

Theorem 6.13 ((HPPO6]). For every A-Lawvere V-theory L, the category of L-models
Mod( L, V) is locally A-presentable.

Plotkin and Power, in unpublished work, use this theorem to show indirectly that
®CPO is locally countably presentable by exhibiting it as a category of L-models for
a suitable countable Lawvere Pos-enriched theory.

Next, we follow Power [Pow(00] and construct a category of enriched Lawvere

theories:

Definition 6.14. Let L, L' be two A-Lawvere V-theories. A morphism ¥ from L to
L' is a V functor X : |L| — |L/| that is identity-on-objects, A-power preserving, and
satisfies
Presk
£l y \

|£] L]
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Taking A-Lawvere V-theories as objects and their morphisms with the usual functor

composition and identities yields an ordinary category Law, V.

Example 6-11. Let m : T — T’ be a //-monad morphism over a A-Power category
V. We saw in Example 6-7 that m induces an identity-on-objects, copower preserving
V-functor M : Vr — V.. Therefore, by restricting to the A-presentable objects and
taking the opposite categories, this -functor restricts to a morphism of A-Lawvere
V-theories L,, from the theory Ly to the theory L7, presented in Example 6-10.
Denote by /-Monads the (ordinary) category of 4’-monads and 7-monad mor-
phisms. Then the construction £ _ is an ordinary functor from the category //-Monads

to the category Law, V. O

Denote by /-Monads;, the full subcategory of 7/-Monads consisting of the A-

ranked monads. The functor L _ restricts to a functor from 7-Monads, to Law, 7.

Theorem 6.15 ([Pow00, Theorem 4.3]). Let V be a A-Power category. The functor
L_ : V-Monads, — Law; V is an equivalence of categories. Its adjoint weak inverse
from Law, V to ‘V-Monads) maps every A-Lawvere V-theory L to the monad T, from

Theorem 6.12. In particular:
e for every A-Lawvere V-theory L, we have L1, = L; and
e for every A-ranked V-monad T over V, we have Ty, =T.

In the following we occasionally need the explicit description of 7_ on a theory L.
Therefore, we recount a known technique to reconstruct, up to isomorphism, the func-
tor 7_ from the definition of £_, using the previous theorem. Denote by 0 : L7 — id
the counit of the equivalence.

Given a V-category C and arrows

f:1— C(A,B)
g:1—C(C,D)

define the composition arrow (cf. Kelly [Kel82a, Section 1.6]) as follows:
C(f.8): C(B.C) 1@ C(B.C) @1 £ C(B,C) 2 C(B.C)® C(A,B)
id®o o
=2 C(B.0)®C(A,C) > CA,D)

For a Lawvere theory £, and any arrow f : A < B in Pres)V/, we define the arrow:

LIfT: 05 PresPy (4,8) L 1 £)(a,B)
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Straightforward calculations verify the following identities:

L[ids] = id/ (6.9a)
[LI(L[f].L[Rr])oL[g]=L[fogoh] (6.9b)

C(B,C)® C(4,B) —— C(A,C)

Clidg,8) ® C(f.idp) - C(f:8) (6.9¢)

C(Eag/) ®C (A/7E) 5 C (Alag/)

ide C(id,, f)
C(B,C)®C(A,B) = C(B,C)®C(A,B)

C(f,id) ®id - ° (6.9d)
C(B.C)®C(A.B) 5 C(4,C)
£(A.B) [LI(£[f], L[s]) £](4.B)
* - * (6.9¢)
Z|(a.B 2] (@)

Z|Z1r1.£18D)

Let L be any Lawvere theory.

First, we recover the action of T, on objects. Consider any 7/-object A, and a A-

directed diagram D : I — 7V, whose vertices are A-presentable, for which A = Colim D.
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‘We would like to calculate as follows:

A-ranked monad

1
T A = ColimT, oD = Colim(l — T;,D(—)) = ColimPres,V (1,T.D(—))
Theorem 6.15

i}
= Colim| L7, | (D(—),1) = Colim|L| (D(—), 1)
However, we need to take some care with the last two transitions, and clarify what we
mean by |L|(D(—),|) when the diagram is applied to morphisms in /.

Let L be any Lawvere theory. We define an ordinary functor
L] (L]-],1) : Pres;V — V

The object map maps every A-presentable object A to |L|(A,l). Given any mor-
phism f : A — A’ between A-presentable objects, we have a V-morphism L[f]:1—
|L|(A’;A). Thus, we define the morphism map by the enriched precomposition with
LIf]:

[LI(LLF10) : [£(A1) = |£] (A1)
In light of (6.9a) and (6.9b),
define an isomorphism ay : T A =N |L](A,]) by:

L|(L[-],1) is a functor. For any A-presentable object A,

0
Op: TLA 21— TLA =PresyV (I, TLA) = | L7, | (A1) = | L] (A1)

Because 6 is a morphism of Lawvere theories, it follows by Diagram 6.9¢ that 6 is
natural in A. Consequently, o is a natural isomorphism between the restriction of
T, to the A-presentable objects, i.e., as a functor from Pres, 7’ to v/, and the functor
[ZI(L[=]D).

Consider any diagram D : I — 1/, whose vertices are A-presentable, for which
A = ColimD. Let D, : I — V be the diagram |L| (L[—],1) o D. Then precomposing

o with D yields an isomorphism o : Ty oD =D ¢ Thus we have:
T/A=T;ColimD = Colim7,D = ColimD

Similarly, to recover the action of 7, on morphisms, we use Proposition 5.21.
Consider any A-directed diagram D : 1 — 2/° whose vertices are all A-presentable.
The naturality of o yields a natural isomorphism o : TS — |£| (L[—],1)°. Define
D as the composition | £| (£L[—],1)° o D. We then have:

Proposition 5.21

J
T, f = ColimT? o D = ColimD?
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Thus we recover the object map of £_. Let ¥ : L — L bea morphism of Lawvere
theories.

Consider any V-object A, and a A-directed diagram D : I — 1/, whose vertices are
A-presentable, for which A = Colim D. We will invoke Proposition 5.22 on T5. Thus

we construct Dy as in Proposition 5.22:

Tz ) pi . .
Dy i: T Di 2N T; Di i€ Ob (I
T-Df
DTTf:<TLDiTL—Df>TLDj,TZDiL—>TZDj> fri—jinl

The components of T form a natural transformation T4 : || (A,1) — ‘Z‘ (A,1). Thus

we construct the diagram Dg as in Proposition 5.22. Le., for i € Ob (I),

Dsi: |£|(Di,1) S ‘Z‘ (Di,) (6.10)
and for f:i— jin I
o |LIZ[DA R PN VA 727 ) R PN
Def - <|L| (it LAY, 1y o, |2 iy 2D, 2] <DJ,|>>

The two isomorphisms o, : T, = LI (L[-],1) and &7 : T = ‘Z) (Z[—]], I) then
induce an isomorphism & from Dz, to Ds. Therefore:

Proposition 5.22

1
(TT)A = COliI‘nDTT = ColimDT

Thus we reconstructed the functor 7-.
The category Law; ¥/ is locally presentable!, but the proof lies beyond the scope

of this thesis. From its local presentability we deduce the following.

Theorem 6.16 (for a special case, see Hyland et. al [HPP06, Theorem 6]). The cate-
gory Law; V is cocomplete.

Therefore, we also know that Law;  is complete. However, in the sequel we will

make use of the fact that the limits in Law, V/ are given componentwise:

Theorem 6.17. Let D : J — Law, V be a small diagram. Every limiting cone (L, F)
is uniquely determined by a collection of component limiting cones {|L|(A,B),Fsp)
for the component diagrams |D(—)| (A, B).

The remainder of the Lawvere theory structure is given as the unique maps satisfying,

forall A, B:

John Power, private communication, 2012.
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o]
id“ _1£](4,4) |LI(B,C)®|LI(A,B) ----=-----+ | L|(A,C)
|\r = |F FloF!| = |Fi
™V |Di|(F'A,F'A)  DIl(F'B,F'C) @ [Dil(F'A,F'B) —5 1Dl (F'4, FC)
O
LI(A,B)
cl-] .-
Pres;"V(A,B) = |F!
il b
|Di|(F'A,F'B)

< L <_L
V —o|L|(A,B) ----- ~L]A]]B)  V—ILI(A,B) ~----- 1LI(A,T]B)

\%4 \%4
V —o Fi — Fi V —o Fi — Fi
V — |Dil(A,B) Di|(A,]]B)  V —I|Dil(A,B) ~—— |Di|(A, ] B)
Proof

First, assume a choice of limiting cones <\L| (A,B),Fpp > for the component diagrams
|ID(—)| (A, B). Straightforward calculation shows that we indeed have, for every A, B,

cones for each of the diagrams above. For example, for every f :i — j, we have

(o
v — |Dil(4,B) — 21— il [18)

vor

V— |L|(47§) Vﬂ’ﬁone) V —o Df Lemia 6.7 Df
T
V —[Dj|(4,B) Dj|(A,]]B)
~/|Dj 14

Thus ()|, is uniquely defined. Using the fact that (—) p, are isomorphisms, (—>le‘
is uniquely defined. Similar arguments establish the unique existence of the other
structure maps.

Lemma 6.8 completes the construction. From Lemma 6.8(1) we have, for all i:



6.2. Enriched Lawvere theories

(ILI(C, D)@ |L](B,C)) ©|L](A,B)

9‘L|®id
|Di|(A,D)
|L](B,D)®|L|(A,B)
Fi
ol£l
1 |£I(A,B) LI(4,D)

2

gl L]

idp” ®id
- |Di|(A,B)
o

olt

141

[ZI(C,D) & (|L£](B,C) ®[L|(4,B))

id ® ol !

|LI(C.D)®|L|(A,C)

E|c)a.B)|2](4.4)

Therefore, as (| L| (A,B),Fa g) is a limiting cone, we deduce that:

(I£|(C,D)®|L|(B,C))®|L|(A,B)
ol ®id

|Z|(B,D) ®|L[(A,B)

ol £l

|| L|(4,B)

|£|(4,D)

idy @id

[LI(C,D)® (|L|(B,C)®|L|(A,B))

id @ ol £

[ZI(C,D) ®[L|(A,C)

1B, B)© | £I(4,B) — | LI(A,B) —— |£](4,B) %] £](4,4)

[©)

Thus | L] is a V-category, and F’ become ¥-functors from | L] to |Dil.

Therefore, we can invoke Lemma 6.8(2). From
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!LI(A,I;[B) !LI(A,I;[B)

(=g <—>|_L1|
_ (el

Vo |L|(4,B) v —o|£|(4,B)

we deduce that (—)| | is an isomorphism. From

((V—|LI(4,B)) — |L|(A,]Ty B))
(V. —[L[(A",B)) — (V — |L|(4,B)))®
(V —[L[(4,B))

<_>\L\ RV(V, |L|(—7B)%y'

1®]£](4,4") @ ol @id
(V —o |Z|(A,B))

14
\@.
o

/ ((V—|L|(A,B)) —
[L](A,A")® . eval
(V - |L|(A7§)) I‘_/I (V s |L|V(A,§))
= @
1L](A,A)®1®
(V—L|(A,B)) olwid

L ) B &®(—

HACLIBE (|LI(A",TTy B) — | £I(A,TTy B)) &

((V = [L|(&",B)) — [ L|(A", Ty B) @
(V — |Z|(4,B))

we deduce, by appeal to universality, that (—) | is V-natural, hence | £| has the power
[Iy B. From

|(]B.B)
1%

we deduce that F' preserves this power.

We now invoke Lemma 6.8(3) for H := L[—], and deduce that:
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Pres, 1/
Pres,"1(A,A) PrestW(Q,Q)®]L|(A,§)9 " Pres,"1(A,C)
idPres;ip’V
L]-]®L[-]
I L=
L[] =
idlel
1LI(A,4) |L](B,C) ®|L|(A,B) 1L|(A,C)

olDil

Thus L [—] is a V-functor from Pres;"¥ to | L|. This functor preserves all A-powers,

as the following calculation shows

Pres,"V ([ [ B, B)
%

Di[—]
power
preservation

Di|([]B.B) £[-]
4 L[—_]]def.

D
T

power
preservation

Fi

\L!(UE,B)

Thus we have a A-Lawvere V-theory £, and a Lawvere theory morphism F' : £ —
Di for every i. As this morphism is componentwise a cone, we deduce that (£, F) is a
cone.

Given any other cone <Z,G>, we get componentwise cones <’Z‘ (4,5),Gf3.§>,

hence a unique factorisation Hy p : ‘L’ (A,B) — |L|(A,B). Another invocation of
Lemma 6.8(3) shows these form the components of a //-functor H, and another calcu-
lation shows it preserves A-powers. The componentwise uniqueness shows the unique-
ness of this functor, hence (L, F) is the limiting cone for D.

Conversely, assume we have a limiting cone (L,F). As v is complete, for every
A, B, we have some cone £ (A,B) for |Di|(A,B). Hence, by the previous direction

of the proof, these form a limiting cone <Z, G>, and we have a unique isomorphism

(L,F) = <Z, G>. As isomorphisms of Lawvere theories are componentwise isomor-
phisms, each component (|L| (A, B),Fa ) is thus a limiting cone. The other commu-
tative diagrams follow from F being a cone of Lawvere theories, and their uniqueness

follows from universality. [
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6.3 Algebraic operations
We define algebraic operations for Lawvere theories:

Definition 6.18. Let L be a A-Lawvere V-theory, and A, P be A-presentable objects.
An operation op of type A (P) in L is a morphismop :A — Pin|L|, i.e., a V-morphism
op:1—|L|(A,P).

Let op, op’ be algebraic operations of type A (P) in L, z, respectively, and ¥ : L — z
a morphism of Lawvere theories. We say that T maps op to op’ if T(op) = op/, i.e.,

when
L[ (A,P)
op
1/= T
‘L)(A,P)

Just as in Section 3.1, we write op : A (P) when op is an operation of type A (P).

In fact, Plotkin and Power’s notion of algebraic operations (see Definition 2.1)
arose from the notion of algebraic operations in a Lawvere theory. Thus, the corre-
spondence between algebraic operations and generic effects extends to operations in a
Lawvere theory. It is precisely the well-known bijection between arrows in a Lawvere

theory and Kleisli arrows:

Theorem 6.19. Let V be a A-Power category with a cartesian closed structure. The
equivalence Law; 1V ~ V/-Monads, given in Theorem 6.15 induces a bijection be-
tween generic effects gen : A (P) for A-ranked V-enriched monads and algebraic op-
erations op : A (P) for A-Lawvere V-theories, given by:

T gen
AP. (le—)P——)TA)

op%" : | s (TA)Y = |L7|(A,P) =2 |L|(A,P)

P
geng, 1 P=1x P 2% | L] (A,P) x P (TA) x P 2% TA
Moreover, this bijection respects the mapping relation between operations: a strong

monad morphism m maps gen to gen’ if and only if L,, maps op&™" to opgen/.

Proof
The bijection amounts to internalising the Kleisli arrow gen and using the isomor-

phisms | L| (A, P) = (TA)". For establishing that gen, e = gen, we have
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I

exponenual -
umversahty
OP
eval

L] (A,P) x P——~ TA" x P TA

Similar calculations show that the commutativity of each of the following two dia-

grams implies the commutativity of the other:

TA |L|(A,P)
gen 0&'
o ™

T'A ‘L‘ (A,P)

Therefore, m maps gen to gen’ if and and only if £,, maps op&" to opge“,. [ |
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Example 6-12. Take 7 to be Set and A to be X(. Let V be any finite set with at least
two elements denoting storable values. Take Char to be V. Consider the global state
monad 7gg(v), and the monad Tj,o(v) for input/output of ‘characters’ in V. We define

inductively a monad morphism f : Tj/0v) — TGs(v):

Ix  Tyjown)X — Tgs(v)X

fx: <I, <tv>> = A'V'f{lookup} (tv) (V)
X — Av. (v, x)
(0,vo,t) = M.f()(vo)

Straightforward calculations show f is indeed a monad morphism, and that it maps
the input operation to the look-up operation and the output operation to the update

operation. Note also that f is surjective, as

vy, x,) = f(<la ({0, MVaxV>>veV>>

Thus, by Theorem 6.19 we have input and output operations for the finitary Law-
vere theory Lj,0(char) corresponding to 7j/o(char). lookup and update operations for
the finitary Lawvere theory Lgg(y), and the monad morphism f maps the input and

output operations to the look-up and update operations, respectively. 0

6.4 Algebraic cBrPvV models

We define a subclass of CBPV models arising from a Lawvere theory.

Definition 6.20. Let A be a regular cardinal, and ‘V a locally h-presentable category,
and X a set. A A-presentable type assignment for X in V is a type assignment for X in
Pres; V.

Note that every locally A-presentable type assignment in 7/ induces an ordinary

type assignment in 7/, as Pres) 7V is a subcategory of V.

Example 6-13. If V is a finite set denoting storable values, the type assignment from
Example 2-9:
lookup:V  update: 1(V)

is a finitely-presentable type assignment for {lookup,update} in Set. [

We can now define algebraic models of CBPV:
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Definition 2.13". Let I be a set. An algebraic CBPV I1-model is a quintuple
(A, type, L, L[-])
where:

e A is a regular cardinal;

V is a A-Power category with respect to the cartesian closed structure, called the

value category,

type is a A-presentable type assignment for Il in V;

L is a A-Lawvere V-theory.

L[—] assigns to every op : A(P) in I1 an algebraic operation L]op] : A (P) for
L.

To aid the presentation, we use the plus suffix to reflect an algebraic reformulation
of a previously visited concepted. Thus, Definition 2.137 is an algebraic reformulation

of Definition 2.13.

Example 6-14. The global state CBPV model in Example 2-10 can be viewed as an
algebraic CBPV model. Take A to be X, 7V to be Set, type to be the finitely-presentable
type assignment for global state from Example 6-13, L to be the global state theory
Lgs(v)-and L [—] as the interpretation of look-up and update, as in Example 6-12. [

More generally, let (A, V,type, £, L[—]) be an algebraic IT-model. Note that we
can apply the categorical equivalence Law, 7 ~ 7/-Monads; to £ and obtain a A-

ranked strong monad over V. In light of Theorem 6.19, we have a IT-model

<‘V,type,TL,opL[_]>

Conversely, given a II-model

(V,type,T,0[-])

such that there is a regular cardinal A which makes V a A-Power category with respect
to the cartesian structure, type a A-presentable type assignment, and 7 be A-ranked, we
obtain an algebraic X-model. These constructions are not inverse to each other. How-
ever, by composing the two constructions we get a model in which the monad/theory is

isomorphic to the monad/theory of the starting model, and this isomorphism preserves
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the operations. The proper setting for this fact requires us to introduce morphisms of
IT-models. Then, this fact can be phrased as a categorical equivalence between cate-
gories of models. However, we have no other interest in morphisms of models and in
categorical constructions on models apart from the equivalence we just described here.
Therefore, we do not study morphisms of models in this thesis.

To summarise, we presented enriched Lawvere theories and their properties, and
specialised our CBPV models to models arising out of some Lawvere theory and its

operations.



Chapter 7
Algebraic models

Now the teacher would say to learn your algebra

—Johnny Cash

The semantic structures we considered so far, namely for global state, excep-
@ tions, I/0O, and recursion, arise from algebraic descriptions using Plotkin and
Power’s algebraic theory of effects. We now restrict our attention to such algebraic
models. We present a construction that builds an entire hierarchical model from a
single CBPV model at the top of the hierarchy. Thus, a refined semantics that takes
type-and-effect information into account can be derived from an unrefined semantics.
Our construction uses factorisation systems of categories.
First, in Section 7.1, we present our notion of algebraic models for effect analysis.
Next, in Section 7.2, we recall some notions about factorisation systems, and apply
them to enriched Lawvere theories. With this machinery at hand, in Section 7.3, we

present the categorical conservative restriction construction.

7.1 Categorical algebraic models

Before we present our models, we introduce the following auxiliary definition:

Definition 7.1. Let X be hierarchy (see Definition 3.1). A A-presentable X-type assign-

ment in V is a h-presentable type assignment for Iy in V.
Without further ado, we define algebraic X-models:
Definition 3.2". Let ¥ be a hierarchy. An algebraic X-model is a quintuple
(N, V,type, L_,L_[-])

149
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where:
e A is a regular cardinal;

V' is a A-Power category with respect to a cartesian closed structure, called the

value category,

type is a A-presentable ¥-type assignment in V;

L_ is a functor E — Law) V called the theory hierarchy;

L_[—] assigns to each € € ‘E and op € €, op : A(P) an algebraic operation
Le[op] of type A (P) for Le;

and, for all € C €, and op € €, Lgcg maps Le[op] to Le [op]. Thus, Lece preserves

the operations.

Example 7-1. Let X be the hierarchy for global state, and V a finite set denoting
storable values. The global state X-model can be viewed as an algebraic ¥-model.
We take A to be X, and ¥ to be Set. For every € C {lookup, update }, we take L to
be the (finitary) Lawvere theory corresponding to the monad P¢ from Example 3-2, for
every € C €, Lece corresponds to the monad morphism P(e C €') from said example,
and for every op € €, L¢ [op] is the algebraic operation corresponding to O, [op] from

that model. By Theorem 6.19, these data constitute an algebraic X-model. [l

More generally, as in Section 6.4, every algebraic X-model induces a categorical
¥Y-model where the value category is a A-Power category with respect to the cartesian
structure, the type assignment is A-presentable, and all monads are A-ranked, and vice
versa. As before, these constructions are only inverse to each other up to isomorphism,
hence best studied as equivalences, via a suitable notion of morphisms of X-models.

As before, we leave such an investigation to further work.

Example 7-2 (benchmark model). Let X be an effect hierarchy, and
M = <7u, V,type, L, L [[—ﬂ>
an algebraic CBPV II-model. The benchmark model M, is given by
M, = (N, V,type, L_,L_[-])

where:
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e foralle, L¢:=L;
e foralle C¢/, Lece :=id; and
e foralleand op € €, L¢[op] := L[op].

Trivial calculations show that M, is indeed an algebraic X-model. [

7.2 Factorisation systems

We recall the notion of a factorisation system in a category C. These are two classes
of C-morphisms, £ and M conceptually thought of as classes of epi and monic mor-
phisms, respectively, although formally they need not be be neither epi nor monic.
Given such a pair of classes, we will denote the arrows in E by e : A — B, and the

arrows in M by m : A — B. The precise definition is as follows:

Definition 7.2. Let C be a category. A factorisation system <£, M > in C consists of
two classes ‘E and M of morphisms such that:

e both ‘E and M contain all identity arrows, and are closed under composition

with isomorphisms on both sides;

e for every arrow f : A — B in C there exists an ‘E-morphism e : A — L and an

M -morphism m : L — B such that

and

e for every E-morphism e : A — L, M -morphism m : M ~— B, and every C arrows
f:A— M, g:L— B, such that
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there exists a unique C-morphism h: L — M filling in the diagonal:

Sets and functions have the following well-known factorisation system:

Example 7-3. In Set, taking £ to be the surjective functions (i.e., the epis) and M to
be the injective functions (i.e., the monos), yields a factorisation system.

Every function f : X — Y can be factored as a surjection onto the image f[X]:

fIX] 0

Example 7-4 (see Meseguer1 [Mes81]). In ®CPO, let ‘E be the class of dense func-
tions, these are the Scott-continuous functions e : V. — W such that Cl (¢[V]) = W, and
let M be the class of full monos, these are the Scott-continuous functions m : V — W
such that if f(v) < f(V') in W, then v <V in V. Meseguer [Mes81] showed that
<ZZ, M > is a factorisation system in ®CPO. Indeed, both classes contain all identities
and are closed under precomposition with Scott-continuous bijections. Every Scott-

continuous function can be factored as the inclusion of the closure of its image:

Mr———W

'Meseguer’s *78 manuscript is rare, but Meseguer describes the results in a later paper [Mes80].
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Define U to be the following subset of L:
U = {x € Lithere is some y € M such that m(y) = g(x)}

Consider an arbitrary ®-chain (x,) in U. Then, by U’s definition, we have a (unique)
sequence (y,) in M satisfying, for all n, m(y,) = g(x,). Because f is monotone and m

is full, this sequence is an W-chain in M. Thus we calculate:

m(\/yn) = \/m(yn) = \/g(xn) = g(\/xn)

Therefore, \/ x, € U, hence U is a subdomain of L. We have ¢[V]| C U, as every v € V
satisfies m(f(v)) = g(e(v)). Thus, by the closure’s definition:

L=Cl(e[V]) CUCL

hence L=U.
Define a function & : L — M, taking each x € L to a y € M satisfying m(y) = g(x).
Because m is injective, there is a unique such x. Thus, by definition, we have that /4 is

the unique fill-in morphism:

Thus we have a dense epi-full mono factorisation of ®CPO. [
We recall a few concepts and results regarding factorisation systems.

Definition 7.3. Let e : A — L, m: M — B be two morphisms. We say that e is left
orthogonal to m, and write e L. m, if, for every two morphisms f :A—Mand g:L — B

satisfying
A—F—rL
f = 8
M i B

there exists a unique morphism h : L — M filling-in the diagonal:
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Given any class of morphisms M, its left orthogonality class ~M is the class of all
morphisms e satisfying e 1 m, for everym e M.

Thus, in a factorisation system <£, M > E C L. In fact, the converse inclusion
also holds, and E is completely determined by M, provided that (M, M) is in fact a
factorisation system (see, for example, Adamek et al. [AHS90, Proposition 14.6(3)]).

Factorisation systems can be constructed using an appropriate solution set condi-

tion:

Theorem 7.4 (Bousfield’s factorisation theorem? [Bou77, Theorem 3.1]). Let C be a
complete category, and M a class of maps in C. Then (M ,M) is a factorization

system in C if and only if M satisfies the following five closure conditions:
1. every isomorphism is in M ;
2. M is closed under composition;
3. ifmofeMandme M, then f € M;

4. M is stable under pullbacks: for every pullback square

p LM
]

f

A C

withm € M, we also have f*(m) € M, and

5. M is closed under limits: for every small diagram D :J — CS in the arrow
category CS := C C, for which, forall j € J, Dj € M, the limit arrow is also in
M,

and the following solution set condition:

ZBoudfield states the dual theorem, dealing with right orthogonality classes.
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m
e for everymap f:A — B in C there is a set Sy of factorisations f : A 4 L— B,
m
with m € M such that for every factorisation f : A Sy L — B there exists some

factorisation f : A 5 1% Bin S¢ and an arrow h : L — L such that

A category may have multiple factorisation systems. We chose our two factorisa-
tion systems of interest, i.e., injections for Set and full monos for @CPO, seemingly
arbitrarily. We would very much like to axiomatise categorically the required proper-
ties of our factorisations to make this choice canonical. Category theory has several
well-studied notions of monomorphisms, with the following inclusion properties (see,
for example, Addmek, Herrlich and Strecker [AHS90, Remark 7.76(2)]):

section
N
regular monomorphism
N
strict monomorphism
N
strong monomorphism
N
extremal monomorphism
N

monomorphism

In particular, restricting our attention to extremal monos seems appealing, as every
locally presentable category has an (epi, extremal mono) factorisation [AR94, Propo-
sition 1.61]. Unfortunately, the full monomorphisms in @CPO do not coincide with
neither the extremal monos nor with the monomorphisms. Rather, they lie between
the latter two notions in the above hierarchy. Indeed, recall that an extremal monomor-

phism is a monomorphism m : A — B such that the only epimorphisms it can be factored
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through are isomorphisms. More explicitly: every epi e for which m : A L% Bis

an isomorphism.3 Lehmann [Leh80, Theorem 3] showed that in @CPO:
extremal monomorphism C full monomorphism C monomorphism

These inclusions are in fact proper. Lehmann and Pasztor [LP82] exhibit a proper full
mono inclusion m : V »— W that is also an epimorphism of ®CPO. Therefore, this full
mono is not an extremal monomorphism. The inclusion of the discrete domain with

two elements in the Sierpinski space 2 C S is a mono that is not full. Therefore,
extremal mono C full mono C mono

Lehmann and Pasztor [LP82] give a categorical characterisation of the full monos
as extremal monos of a larger category. However, we cannot justify switching from
oCPO to this category for no other reason. Therefore, we do not commit to a particular
choice of factorisation system. The following folklore result* is a central construction

in our account.

Theorem 7.5. Let V be a h-Power category, and (*M ,M ) a factorisation system in
V. If M is a subclass of the monomorphisms in V, then Law, V' has a factorisation
system <L<M laW) M law>, where M'™ consists of all the Lawvere theory morphisms
9N for which, for every A-presentable A, the component My | is in M.

Proof
We invoke Bousfield’s factorisation theorem (Theorem 7.4). The closure conditions

follow from their counterparts in each component:

1. If T is a Lawvere theory isomorphism, then its components ¥4 are isomor-

phisms. Thus, T’s A,l components lie in M, hence ¥ is in M law

2. Similarly, as composition of Lawvere theory morphisms is defined component-

) law . ..
wise, we deduce that MY is closed under composition.

3.IfMoT e M law, and M e M 1aw, then for each A,l component we have that
Mg 10%a, and My | are in M. Thus, My is in M, and we deduce that T is in
Mlaw.

4. Consider a pullback square

3In a locally presentable category, the inclusion strong mono C extremal mono becomes an equal-
ity [AR94, Proposition 1.61].
4John Power, private communication, 2012.
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L T
r

]

Ly

T

Li—— L

m

with 90 in M. As limits of Lawvere theories are taken componentwise (The-

orem 6.17), we have a pullback square

2y T
\ LAl
[ L1](A,1) M, L] (A,1)

with 0 g in M. Thus, T(9N) is in M.
5. A similar appeal to Theorem 6.17 shows that M 2% is closed under limits.

Some care is required to establish the solution set condition. The crux of the argu-
ment lies in the fact that a locally A-presentable category is locally small (see Corol-
lary 5.13), well-powered (see Proposition 5.14), has a set P of non-isomorphic rep-
resentative objects of the A-presentable objects (see Proposition 5.11), and that the
hom-objects are determined up to isomorphism by the hom-objects |L| (A,I) (due to
preservation of powers). A slight complication arises from our choice to define Law-
vere theories as consisting of a large class of objects, rather than as a small skeleton
P. We deal with this difficulty by noting that, as there is only a set P of A-presentable
objects up to isomorphism, the full inclusion P C Pres, %’ forms an equivalence of cat-
egories [ML98, Proposition IV.3.2], and has an adjoint 9 : Pres;’ — P and a specified
isomorphismm?° : id =0,

Let T : L1 — L, be any morphism of Lawvere theories. Let Iz be the following set

of sextuples
qL L g
(Temidfof ) LT-T ) T )
where:

e T,— assigns to each object A in P a subobject 7/ A from the set Sub(| L, | (A,1));

Using 7, for each pair of objects A, B in P, denote by | L| (A, B) the object B — T/A;
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° gf assigns to each object A in P a morphism

A% 1 L] (A,4)

) gé _) assigns to each triple of objects A, B, and C in P a morphism
L
offhe LI (B.C)®|L|(A,B) — |L| (A.C)
o L[] (—,— assigns to each pair of objects A and B in P a morphism

L][=]4p: Pres,"V (A,B) — |L[(A,B)

° Tf_ . assigns to each pair of objects A and B in P a morphism

T 5 1L1](A,B) > |£](4,B)

e 9 _, assigns to each pair of objects A and B in P an M -morphism

Map:|L|(A,B) = |L2] (A,B)

Because our assignments only range over the set P and assign elements from sets, It
is indeed a set.
.. T8 R . . law
Denote by S the set of all factorisations ¥ : £; — L — L, with 9t in M,
together with a specified family (T A),_p, satisfying, for all A-presentable objects A,
B,C,and V:

o T;0A € Sub(|L;|(9A,1));

L] (A,B) = 9B —o T, 94;

o idf:l—|L[(A,A)=id], : 1 - |L;|(0A,04);

JEL
CA,B,C — 204,0B,9C°

o L]-[sp=L["Toass
o Tf‘,B = I%A,BB; and

o Map=NMya08
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Thus we have an injection from Sz into the set Iz, and Sg is indeed a set.
k m
LetT: Li —s L L5 be any factorisation of T. AsMyy i : | L] (A, 1) — [ L2 (0A,1)
is an M -morphism, it is also a monomorphism. Therefore, there exists a unique sub-

object T;0A € Sub(| L[ (dA, 1)) and a unique isomorphism

Fy:T;0A = | L] (9A,1)

satisfying:
TZaA
Fy 7
déf
|£](dA1) | £2](04,1)
Maa.

Note that /14, and F4 depend only on dA.

For every A-presentable objects A, B, we have isomorphisms:
ng AS 0A, n% ‘B> 0B, UNitright : 0B ® | =, 9B

We therefore have 7/-isomorphisms:

-1 a -1
Lﬂ(ng) ﬂ |L>Pres;’f’q/(A a4) 2L 1 £1(4,94)
J
L[ng] :|i—3> Pres;pV(aB,B)ﬂ|L|(aB,B)
L[] 05 Pres™V(0B,0B®1) = |£|(9B,0B2 1)

= [£[(9B,]Ta51)

Define, for every A, B, (A,B) := 0B — TZBA. We have an isomorphism

id—oF,
A9

B —o [L](dA,1)

L)
’L‘ (94 HI 1962, o am)

Gagp: ’Z‘ (A,B) = 0B — T0A

Note that G4 g only depends on dA, dB. Thus, we obtain an isomorphism:

2] (n3) ] 23D

Th s ‘L’ (4,B) 242, | £] (34, 9B) » L] (A,B)
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Define:
. ~ ~ ol | .

G |Elaa  |Z|soe|z)as — 2.0
() e (=)
id!”] |L[(A,A) |L[(B,C)®|L|(A,B) Iz |L[(A,C)

R <—>|z| R R <—>|_zl| R
Vo ‘L)(A,B) ’L‘(A,I:/IB) Vo ‘L)(A,B) ’L‘(A,I:/IB)
Vo df (Eh)_l V—o(‘i’h>_1 def h
V —|L|(A,B) = ZIATIB)  V —|LI(A,B) ~—— |L|(A,]]B)

] v )izl 4

2] Z|(,B)
—
|Pres,"V|(A, B) def (Sh)_l

LT

|£I(A;B)

Just as in the proof of Theorem 6.17, we use Lemma 6.8 to show that these data de-
fine a Lawvere theory £ and a Lawvere theory isomorphism T" : Z =5 L. We therefore

. o $2 ~ 9 .
obtain a factorisation T : £ RiNyIEN L, by setting

As T" is an isomorphism, 9t is in M law
It remains to show that this factorisation belongs to the solution set Sg. The speci-
fied family is <TZA> By fiat, Z‘ (A,B) = dB —o T;A is independent of our choice

AeP’
. . . . 4L
of representatives A, B. Straightforward, yet tedious, calculations show that QL |,

° AB’C‘L . Z [—1ap> %4 5> and My p are independent of their representatives. For ex-
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ample, to show that &LL| only depends on dA, note that, by definition:

id ! = Guyolrl(£n’] £ »(na>‘1">oi_dAL
(6.9a) _ _ (6.9b)
iGA;xO |LI(£ [[T]aﬂi -(T]a>1— Yo L[id4] i GA,LOL[[T]aOidAO (na>1ﬂ

= Gg}4 o L[idys]

As G;k is independent of the representative A, we deduce that QLL’ is independent of
the representative. Similar arguments using Diagrams 6.9¢ and 6.9d show o4 B7C|2 s
independent of the choice of representatives, and finally Diagram 6.9¢ is used thrice
(separately) to show that z -] AB ‘Zi 5> and 952,473 are independent of their represen-
tatives.

Therefore, the solution set condition is satisfied. From Bousfield’s factorisation
theorem we deduce that <L(.‘M law> M law> is a factorisation system in Law; 7. W

This theorem explicitly describes the M -class of the factorisation system, but
leaves the ‘E-class unspecified. We do not know a general characterisation for this

class. The following partial description will suffice for our purposes:

Proposition 7.6. Let V be a A-Power category, and <Z, M > a factorisation system
on V. Denote by M Y the class of all Lawvere theory morphisms M whose compo-
nents Ma | are in M, as in Theorem 7.5. Denote by ES the class of all Lawvere
theory morphisms € whose components €, | are in ‘E. If every morphism in M is a

. . : 1
monomorphism in V, then every morphism in E® is left-orthogonal to M " :

1
flkaw C 1 ( M aw)
Proof
Let € be an wa—morphism. Consider an arbitrary commuting square:
L ¢ Lo
T = <
L3 Ly




162 Chapter 7. Algebraic models

For every A-presentable A, we have a commuting square:

L] (A1) — & | o] (4, 1)

T = <

|L3| (Av I)T |L4| (Av I)

As (‘E,M ) is a factorisation system, we have a unique fill-in morphism:

L] (A1) — & | o] (4, 1)

Fy .- A
T L g
|L3|(A7I)>T | La| (A1)
Define, for all A-presentable A, B:
| Lo] (id, L2 [=]) (=)
|£3] (A, B) |La] (A, BR1) - B —o | Ly (A,1)
3 def B—F

Lo (id, £3[=]) (=)
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We have:
|L1](A,B) £ . |La] (A, B)
%ﬂ (E’Ll [[g]]) Diagram 6.9¢ |L2| (Q’Lz [g]D/
£1](A,BR1) ¢ |Lo] (A, B2 )
1
<_>1 Lemma 6.7
Diagram 6.9¢ B—O‘Lll(A,l)—>B—O‘L2’(A,|)
- Lemma 6.7 . ‘Lz, <A,B>
= . B%(F def.) |L2| (E7L2 [[g]])/
T T B-o% B
B—F 1L,|(A,B®))
—1
<—>y
B —[L3|(A,1)
B —o ‘LZ, (A> I) Diagram 6.9¢
<_>;1 Lemma 6.7 -
|L3|(A,B®1) . -
/ Bl B—o% |& &
. B —o (F def.)
L] (id, £3[=]) =
laB) B —o | L3] (4,1 La] (A,
71—0\ 31 (A ) g8 — L4l (A1)
<_>V Lemma 6.7 \
- ()1
|L3](A,B®1) o |L4](A,B®1)
/ Diagram 6.9¢ \
|Lo] (id, £5[=]) - |Lo] (id, £1 [=])
|L3|(A,B) on | La| (A, B)

Therefore, for all A, B:

|L1| (A7B)

|L2| (A7B)

T

IR

(*)

1£3](4,B) 55— | L4l (4,B)

The commutativity of the lower right triangle in (x) implies that § : L, — L3 is an
identity-on-objects ¥/-functor, using Lemma 6.8(3) and the fact that the components
of 91 are monomorphisms, . From the commutativity of the upper left triangle in (x),
we deduce that this functor is A-power preserving and forms a morphism of Lawvere

theories.



164 Chapter 7. Algebraic models

Thus, § is a diagonal fill-in:

Ly Ly
T <
L3 Ly

Ly

For every A-presentable A, we have

L] (A1) — & | o] (4,1)

W

| L3] (A, I)T | L4] (A1)

thus, as <£ M > is a factorisation system, necessarily 5 A1 = Fy. For every A-presentable

A we also have:

Lo (id, Lo [ ;!
s 2L ey )
@ Diagra_m6.9e @ Lem2a6.7 B—O§ =|B—-oF
L3|(A,B L3|(A,B®I B —o |L3](A,]
3l 48) e ey Sl ABe ) [Ls](4.1)

hence § = §, and the diagonal fill-in morphism is unique.

Thus, € is left-orthogonal to M law [
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Next, we deal with factorisations of ranked monads.

Definition 7.7. Let F be a class of morphisms in a locally A-presentable category.
We say that F is closed under A-directed colimits if for every A-directed diagram
D :1— (S in the arrow category CS = C | C for which Di € F, for all i € I, the
colimit arrow is also in F.

We say that a factorisation system <Z, M > is closed under A-directed colimits if M is.

Note that, in light of the dual to Bousfield’s factorisation theorem, in every factori-
sation system <£, M >, the class ‘£ is closed under all colimits, and in particular the

A-directed ones.

Example 7-5. The surjection-injection factorisation system in Set is closed under
finitely directed colimits. Indeed, take any finitely-directed diagram D : [ — SetS.

For every i € I, denote Di : D'i 2, D?i, and for every i < j in I denote by D(i < j)
the pair (D'(i < j),D?(i < j)). Because colimits in functor categories are taken com-
ponentwise, we have two colimiting cocones <C ],c]> and <C2,c2> for D! and D?,
respectively, and the colimit of D is given by a function C? i> C! such that <c1,c2> is
the colimiting cocone for D.

We need to show that f is injective. Take any x,y in C' such that f(x) = f(y). By
Lemma 5.3(1), there exist some iy, iy, dx € D'i,, and d, € Dliy such that c}x(dx) =X
and cl-ly (dy) = y. We thus have m; (d,) € D%, and m;, (dy) € D?i, satisfying

ci.(mi,(dy) = fley(dy) = () = f(3) = ¢ (mi (dy)) (%)

From Lemma 5.3(2), there exists some j > iy, iy such that:
D*(j > ix)(mi,(dx)) = D*(j > iy) (m;,(dy)) (*)
We thus have:
m;(D'(j > iv)(dx)) = D*(
iy) (mi, (dy)) = m;(D' (j > iy)(dy)) (%)

Dl(j 2 ix)(dy) = Dl(j 2 iy)(dy) (*)
By applying c}, we deduce that:
x=cj (di) = ¢j(D'(j > ix)(dx)) = ¢j(D'(j = iy)(dy)) =y ()

Thus f is injective. Therefore, the class of injective functions is closed under finitely

directed colimits. O]
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Example 7-6. The dense-full mono factorisation of ®CPO is closed under countably
directed colimits. The proof is identical to the previous example, replacing the as-
sumption f(x) = f(y) by f(x) < f(y), the use of Lemma 5.3 by that of Lemma 5.4,

and modifying the equalities marked with () with appropriate inequalities. [

Proposition 7.8. Let V be a A-Power category, F be a class of morphisms in V
closed under \-directed colimits, and T : L — L' a morphism of Lawvere theories. If,
for every A-presentable object A, the component Tu 1 : |L|(A,1) = |L'|(A,]) is an F -
morphism, then all components of the corresponding monad morphism Tz : Ty — Ty

are in F.

Proof
In Section 6.2 (see Equation (6.10)), we showed that, for any A, the A component of
T% is the colimit of a A-directed diagram D« : [ — ¥V S whose object map is given by:

Dsi: | L] (Di,1) S | £'| (Di,) (6.10)

Thus, Dz is a A-directed diagram whose objects are F-morphisms. As ¥ is closed
under A-directed colimits, we deduce that the A component of T is in ¥ . |

We transport our factorisation to ranked monads:

Theorem 7.9. Let V be a A-Power category, and <£ M > a factorisation system in ‘V.
If M is a subclass of the monomorphisms closed under A-directed colimits, then the
category of A-ranked monads V-Monads,, has a factorisation system (E™", M™")

where:

o M™" consists of all monad morphisms between A-ranked monads whose com-

ponents are M -morphisms; and

e E£M" includes all monad morphisms between A-ranked monads whose compo-

nents are ‘E-morphisms, but may a-priori include other morphisms.

Proof
Transport the factorisation system <£law, M 1aw> in Law) V' from Theorem 7.5 to a
factorisation system (£™°", M™*") in 7-Monads, using the equivalence from The-
orem 6.15. Thus, ™" consists of all monad morphisms e such that £, € E%  and
M™™ consists of all monad morphisms m such that £,, € M™.

As M is closed under A-directed colimits, we deduce by Proposition 7.8 that 9t

is in M™ if and only if all components of Tyy are in M. As M is closed under
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composition with isomorphisms, we deduce that m € M™" if and only if £,, € M
if and only if all components of 7, = m are in M.

Similarly, assume e is a monad morphism whose components are all in E. Then
all the A,lI components of £, are in ‘£, hence, by Proposition 7.6, L, is in Zlaw, and e

is in ™", |

Example 7-7. The category of finitary monads over Set has a factorisation system
whose M -class consists of the componentwise injective monad morphisms, and whose
‘E-class includes the componentwise surjective monad morphisms. Similarly, the cat-
egory of countably ranked locally continuous monads over ®CPO has a factorisation
system whose M -class consists of the componentwise full mono monad morphisms,

and whose E-class includes the componentwise dense monad morphisms. [

Example 7-8. Let V be any finite set with at least two elements denoting storable
values. Take Char to be V. Consider the global state, environment, and overwrite
monads for a single memory V-cell i.e., Tgs(v), Tenv(v)> and Tow(v), respectively (see
Examples 2-1 and 2-3). Let Tyy), To(v) be the monads for modelling input and output
interactions (see Example 3-5). As we mentioned in Example 5-8, all these monads
have finite rank.

Straightforward calculation shows that the components of the monad morphisms
M{lookup} * TEnv(v) = TGs(v) and myypdaee} * Tow(v) — Tgs(v) from Example 2-3 are
injective. Thus, m{iookup}s M {update} are injective™"-morphisms.

We define inductively the following four monad morphisms:

€fookup} : T1(v) = TEnv(v) €fupdate} * To(V) — Tow(v)

€{lookup} : X — Av.x €{update} : X = (L%, x)

€flookup} * (L {tv)) = Av.efiookup} (tv) (V) €fupdate) : (O5v0,) > (12v,x)
where e (upguey (f) = (3,)

v d=1x%
and v =
Vo d=1u/
Srookupt * Tyvy = Tas(v) frupdate} * Tov) — TGs(v)
f{lookup} - X = Av.(v,x) f{update} - X = A, x)

f{lookup} : <I» <tv>> = kv'f{lookup} (tv) (V) f{update} : <07 Vo, t> = A'V'f{lookup} (t)(VO)

Straightforward calculations show that these indeed are monad morphisms. To see
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that the components of e j,oxup} and eypgare} are surjective functions, note that:

kv.xv = e{lookup}(<17 <xv>vev>)
(Lx,x) = €{update} (x) (v, x) = e{update}(<07 VX))

Finally, direct calculation shows that:

€{lookup} M{iookup}
Soookupt * Tiy)y —— Tenwv) — Tas(v)
€{update} M{ypdate}

Srupdate) * Tov) — > Towv) — Tgs(v)

Thus, these are the surjective™"-injective™®" factorisations of the monad mor-
phisms f{iookupt @nd fiupdae}- Consequently, we have the surjective'®-injective!®"

factorisations:
e{lookup} m{lookup}
Tlookup) * L1v) — > Leavv) ™ Las(v)

e{update} 9ﬁ{ update}
ow(v)— Las(v)

fs{update} : LO(V)

Note that if [V| < 1, then M{ypdate} 18 NOt componentwise injective. In this case,

these are not surjective'®-injective'®" factorisations. [

7.3 Conservative restriction

For any effect hierarchy X, let <‘V , T> be a CBPV model, let type be a type assignment
for |X| in ¥/, and, for all op € |X|, an assignment of an algebraic operation of type
A (P) for T. These data constitute a semantic model that ignores the effect hierarchy,
and specifies meaning to all the effects together. Our goal is to construct a X-model that
takes the effect hierarchy into account, when the CBPV model is given algebraically,
as in Definition 2.13%. Recall that in this case, a A-Power category replaces v/, the
type assignment is A-presentable, a A-Lawvere V-theory L replaces T, and algebraic
operations in this Lawvere theory replace the effect operations.

Our construction proceeds in two steps. First, we note that for every € € ‘E there is

an initial Lawvere theory L, amongst all Lawvere theories that have an operation

e,type)
of type P(A) for every op : P(A) in €. Because L has operations of type P(A) for

every op : P (A), initiality implies the existence of a unique Lawvere theory morphism
Te 1 Ligype) — L- The second step is to factorise this morphism using a factorisation

system of Law, V:
GS mg

et Ligype) — > Le— L
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This factorisation yields a X-model, which we call the conservative restriction model.

We need a few auxiliary definitions.

Definition 7.10. Let V be a A-Power category with respect to the cartesian closed
structure. A A-presentable signature G is a pair (|G|, type) consisting of a set |6| and a
A-presentable type assignment type for |o| in V.

Let G be a h-presentable signature. A o-theory is a pair (L, L[—]), where:

e L is a A-Lawvere V-theory, and
o L[—] assigns to each op : A(P) in |G| an operation L]op] : A(P) in L.

Let L, r be two G-theories. A morphism ¥ of o-theories from L to r is a morphism

of Lawvere theories T : L — L such that, for every op € |o|, T maps L [op] to z [op]-

Example 7-9. Take 7 to be Set, and let V' be any finite set denoting storable values.
Take © to be the signature with |c| a two element set {lookup, update} and the finitely-
presentable type assignment to be lookup : V, update : 1 (V). Thus o is a finitely-
presentable type assignment.

The (finitary) Lawvere theory Lggy) is the Lawvere theory corresponding to the
finitary global state monad Tgg(y). As we saw in Example 6-12, this is a o-theory.
Moreover, the theory Ly/o(y) Is also a o-theory, where lookup is interpreted as the
input operation and update as the output operation.

Finally, in Example 6-12 we saw a Lawvere theory morphism ¥ : L1,0v) = Lgs(v)
mapping input and output to look-up and update, respectively. Thus, ¥ is a morphism

of o-theories. [
The first ingredient in our construction is the following theorem:

Theorem 7.11. For every A-presentable signature G in ‘V there exists an initial ©-

theory L.

Proof

Our proof consists of two parts. First, we establish the existence of the initial 6-theory
when |o| is a singleton {op} using standard techniques for free monads. Once the
existence of the Ly,,.4(p)) is established, we use the cocompleteness of Law; 7/, and

show that the required G-theory is the coproduct of these Lawvere theories, namely

Lo= Y, Liopa(p)

op<|o|
op:A(P)



170 Chapter 7. Algebraic models

Our use of free monads is not essential, but merely a convenience, for we can thus refer
to published work on free monads. Other techniques, e.g., enriched sketches [Kel82a]
can be used too, but we will not elaborate on them further. In order to not tie the proof
to free monads, we isolated their use to a small part of the proof, and the rest of the
proof does not depend on the use of free monads.

Let X be the evident V-endofunctor over ¥ given by

L=[LXe(—)=Ex ()"

Note that the underlying ordinary functor |X|  preserves A-directed colimits, as it is
the composition of two adjoint functors between locally A-presentable categories (see
Theorem 5.17). Hyland et al. [HPP0O6, Section 2, prior to Example 6], employing
techniques described by Kelly [Kel80], describe several sufficient conditions for the
existence of the free monad for X. For our purposes, it suffices that |X|  is A-ranked,
V-enriched, and 7V is locally A-presentable, and then the free V-monad Ty for L exists.

Its crucial three properties are:
e Ty is a A-ranked V/-monad;
e Ty has a generic effect gen : A (P); and

e if 7’ is any other V/-monad and gen’ : A (P) is a generic effect for 7', then there

exists a unique ¥-monad morphism from Ty to T’ mapping gen to gen’.

By invoking Theorem 6.19, deduce that Ly,.4(p)} := L1z, 1s the required Lawvere the-
ory.

Next, for an arbitrary A-presentable signature G, choose:

Lo= Y, Liopap))

op€|o|
op:A(P)

And interpret each op € |6] as Ls [op] = 1op (L{Op:A<P>} [op]). ie.:

Liopapyy[op]
B

1 |Lioppar)| (AP) 2 Y Liopae))

opelo|
op:A(P)

If £ is any other 6-theory, then, for each op € |G|, L is a {op : A (P) }-theory, and there

is a unique morphism Tqp, : Lyop.4(p)y — L preserving the interpretation of op. Choose

as ¥ : L — L the coproduct morphism ¥ := [i&'op] Then we have:

op€lo|’
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Z L{op:A(P}} (A,P)

opelo|
1op/. op:A(P)
L{op:A(P>} (A,P)
LOP:A<P> [Op] coproducts
1 {op : A (P)}-theory morphism
<
L(A,P)

Conversely, if T Lo — Lis any other o-theory morphism, then fop =% Olgp is a

)

{op : A (P) }-theory morphism from Lqp.4(p)} to L, hence Top = Top- Forallop € |o

we have T o1y, = Tolgp, hence T = T, and we have uniqueness. [ |

Example 7-10. Let V be a finite set denoting storable values. Consider the signature
6 from Example 7-9, {lookup : V,update : 1 (V)}. Consider the input/output theory
Lyo(v) from Example 7-9. We will show Ly,qy) is the initial 6-theory.

We already saw that L;/o(v) is a o-theory. Let (£, L[—]) be any other o-theory.
We therefore have a corresponding monad 7 over Set with algebraic operations lookup :
V and update : 1 (V).

For every set X, define inductively:

fx :TiyyowX —TX

Jx i x = n(x)
(I,{tv)yey) + lookup(Av. fx (1)) (x)
(O,v,t) > update(A*.fx(1))(v)

To establish that f is a monad morphism from Ty/o(y) to T, we use the following
special case of a result by Plotkin and Power [PP03, Proposition 1], adapted to include
parameter types:
Let T be a monad over Set, and op : A (P) an algebraic operation for 7.
Then:
1. the transformation op : (T—)4 — (T—)P is natural; and

2. this transformation respects the monadic multiplication u in the sense
that, for all Aa.?, in (T?X)4 and p € P:

op(Aa.u(ia))(p) = Ap.u(op(Aa.ia)(p))
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Straightforward calculations show that the naturality of 1, lookup, and update implies
that of f, and that, by definition, f preserves the monadic unit. A straightforward
inductive argument using the monad laws and property 2 above shows that f preserves
the monadic multiplication.

Straightforward calculation shows that f preserves the operations. Indeed, for ev-

ery Av.t, in (TI/O(V)X)V, we have:

Vv
kv.tv f xv-f@v)
lookup
input
lookup(Av.f(1,))

/

(L, (1)) Ax.(lookup(Av.£ (1)) (x))

1t
Thus, f maps input to lookup. A similar calculation shows that f maps output to
update. Therefore, using the equivalence between Lawvere theories and ranked mon-
ads, we deduce there exists a o-theory morphism ¥ : Lj,0(y) — L, corresponding to
f-

To conclude, assume ¥ : Lj/ony) — L is any o-theory morphism. We therefore
have a monad morphism f : T so(v) — T, mapping input and output to lookup and
update, respectively. A straightforward inductive argument using the preservation of
the unit and the mapping of the operations shows that f and f coincide. We will only
demonstrate how f and f agree on (I, (1,)), if they agree over all components 7,. As f

maps input to lookup, we have:

Y
Av.t, / Av. f (1))
lookup
input
lookup(Av.£(t,))
/
{1, (1)) 7 M f (L, (1))
Thus,
induction hypothesis f def.

R 5 + X3
S (1)) = lookup(Av. £ (1)) (x) = lookup(Av.f (1)) (x) = f({L, (1v)))
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and f and f agree on (I, (1,)).

As f, f coincide, € and € coincide. Thus, Lyo(v) 1s the initial 6-theory Lg. Simi-
lar arguments show that the theories Ly(y) and Loy corresponding to the monads 7y
and T v), respectively, are the initial {lookup : V}-, and {update : 1 (V) }-theories, re-
spectively. [

The following theorem is our central construction:
Theorem 7.12 (conservative restriction model). Let I1 be a set, and
M = <7\,, V,type, L, L [[—ﬂ>

an algebraic CBPV I1-model. For every effect hierarchy ¥. whose set of operation is 11,
and for every factorisation system <£law, M law> in Lawy 7V, the following data define

an algebraic X-model
My = <7u, V,type, L_, L_ [—]]>
together with the auxiliary data (6_,%_,&_ M_, &_), where:

e G_ assigns to every € € ‘E the A-presentable signature given by restricting type
to the subset € C 11, ©¢ := (g, type|,);

o T_ assigns to every € € ‘E the unique morphism T¢ : Ls, — L mapping, for
every op € €, the operation Le,[op] to L]op], where L, is the initial G¢ theory
from Theorem 7.11;

o foreverye € ‘E, (Lg, e, Me) is a specified <Zlaw, M law> factorisation:

o L_[—] assigns to each € € ‘E and op € € the unique operation L¢[op] in L
such that € maps L, [op] to L [op], and then, M maps Le [op] to L [op].

o G_ assigns to each € C € in E the unique morphism Sgcy : L, — Le that, for

every op € € maps L, [op] to L¢ [op];

e L_ assigns to every € C € in ‘E the unique fill-in morphism:

¢
LGs /LLS
Loocwr 7
eCe! .
Sece 7 M,
g -
LS, L
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. . .. law
and, moreover, this morphism is in M "

We call M the conservative restriction X-model for the given I1-model, relative to the

given factorisation system.

Proof

First, we show these data are well-defined. Consider any € € ‘E. As type is a A-
presentable type assignment, G is a well-defined A-presentable type assignment in V.
If we restrict £ [—] to €, we obtain a Ge-theory (L, L[—]|.). By initiality, there exists
a unique morphism T : L5, — L preserving the interpretations of all the operations in
€. Thus T¢ is well-defined, and consequently, so are Lg, ¢, and .

Consider any op € €. By Corollary 2.9 and Theorem 6.19, there exists a unique
algebraic operation L¢ [op] for Le such that & maps L, [op] to L¢ [op], and Le [op]
is well-defined. Since both ¥ and € preserve the interpretation of op, Te = Mg o E¢, we
deduce by Corollary 2.9 and Theorem 6.19 that M, also preserves the interpretation of
op.

Consider any € C € in E. By restricting Lg [—] to €, we obtain a Gg-theory
(Ler, L [—]lg)- Therefore, there exists a unique morphism Gecer @ Lo, — Lgr pre-
serving the interpretations of the effects in €, and &_ is well-defined.

Thus, both M o ¢ and M 0 Secer are Og-theory homomorphisms. Initiality of

L, means that

LGS 63 LS
68@8’ = Ne
Lal m L
8/

By the orthogonality property of factorisation systems, we deduce the existence of

a unique fill-in morphism:

Lg, G Le
Lece - g
Sece e (7.1)
LS/ L
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The commutativity of these two triangles implies, again by Corollary 2.9 and Theo-
rem 6.19, that L¢e preserves the operations in €. Also, note that Bousfield’s factori-
sation theorem (Theorem 7.4(3)) implies that Lece is an M lawv-morphism.

These data do yield an algebraic X-model. Indeed, by their choice, A is a regular
cardinal, and ¥ a A-Power category. Our choice of £_ indeed yields a functor from
£ to Law, V. First, note that & is a Gg-morphism from L, to Le, hence initiality

implies €z = G¢ce. Consequently,

Lo,

GSQS

Le

By orthogonality we deduce that Lgce = id. Consider any € C € C €” in Z, then

Leicer 0 Secer 18 a Og-theory morphism from L, to Lgr. By initiality,

S eCe/
LE”

Lg,
- (7.2)
GEQS/\A L 7/'£/EIC£N
8/

Thus, on the one hand, we have:

Ls Ce

€

Diagram 7.1
nge’

SEQSH

Diagram 7.1

L 7
€ M £

Thus, by definition, Lecgr = Lgcer 0 Lece. Thus, we have a functor L.E — Law) V.
By fiat, L¢[—] assigns operations as required, and we have seen that £_ preserves
them. [



176 Chapter 7. Algebraic models

Example 7-11. Let X be the effect hierarchy for global state, and V a finite set such
that [V| > 2 denoting storable values. Consider the algebraic CBPV IT-model for global
state from Example 6-14, and the surjective®¥-injective'™ factorisation system arising
from the surjective-injective factorisation system of Set by Theorem 7.5. We work out
the explicit description of the conservative restriction model.

Comparing the construction of the initial morphism f : 7j,0(y) — Tgs(v) in Exam-
ple 7-10 to the definition of the morphisms T : Ly,ov) = Lgs(v) in Example 6-12,
and Tyiookup) ¢ L1v) = Lenv(v) and Trpdae} * Lov) — Low(v) from Example 7-8,
shows these are indeed the initial IT-, {lookup}-, and {update }-theory morphisms, re-
spectively. The initial O-theory morphism Ty : Pres(;zpo(Set) — Lgg(v) 1s the functor
Lasw) [—]-

In Example 6-12 we noted that the monad morphism corresponding to €yy is surjec-
tive, From Proposition 7.6 we conclude that Ty is in the class surjective'®¥. Therefore,

we have the factorisation:

%n id
o LI/O(V) — Lgsv) — Las(v)

In Example 7-8 we presented a factorisation of % j,okupy and Tyypgace):

e{lookup} iIn{lookup}
Tltookup) * L1v) — > Lenvv) ——  Las(v)

€ upde m

{update} {update}
Tupdate} * Lov) — > Lowv) —  Las(v)

The X,1 components of this functor act on morphisms by post-composing with the
monadic unit Ngs(y) (see Example 6-10). As V is non-empty, this monadic unit is
injective, hence post-composing with it yields a monomorphism between the homsets.

Thus, Ty is a injective!*¥-morphism, and we have the factorisation:
Ty : Pres(? (Set) —— Pres(? (Set) —'—
o : Presy (Set) —— Presy (Set) Lgsv)

Therefore, the object part of the functor £_ for the conservative restriction model
agrees with the model in Example 6-14. We know that the injective'®-part of the
factorisation preserves the operations, hence uniquely determines them. As these ar-
rows are precisely the morphisms Lecp in the model from Example 6-14, we know
they preserve the operations. Therefore, the operations in the conservative restriction
model coincide with the operations in the model from Example 6-14. The fact that
the injective™-part of the factorisation coincides with Lecy in the model from Exam-

ple 6-14 also means the lower-right triangle in the orthogonality square defining Leces



7.3. Conservative restriction 177

commutes. Because they preserve the operations, initiality of L, means the upper-left
triangle also commutes. Therefore, the morphism parts of the functors £_ of the two
models coincide.

In conclusion, the model in Example 6-14 is the conservative restriction model. [

This example illustrates that the conservative restriction model construction uni-
formly gives rise to a natural, intuitive X-model that seemed previously non-uniform.
It also demonstrates that the conservative restriction models allow us to avoid explic-
itly specifying an exponentially large structure. Instead, we only need to define the
desired algebraic CBPV model, and then derive the data we require as properties of this
structure. As we will see, the conservative restriction model is tightly related to the
underlying CBPV model that gives rise to it. However, specifying a Lawvere theory is
still an elaborate process: even when the theory is given as a monad, we need to enrich
it, and verify it has a rank.

In summary, we defined the hierarchical algebraic models, presented the categori-
cal conservative restriction construction, and showed that when we apply it to global

state we obtain the global state hierarchical model.






Chapter 8

Presentation models

We don’t use dollars to represent,

We just use our inner sense and talent
—Black Eyed Peas

In this chapter we present a concrete and syntactic account of our conservative
® restriction construction by using standard concepts from universal algebra and
equational logic. This concrete description, which uses presentations consisting of
terms and equations, allows us to state concretely and strengthen the results of the
previous chapter.

First, in Section 8.1, we recount the relevant results and terminology from univer-
sal algebra and equational logic. Next, in Section 8.2, we describe their connection
to strong monads and Lawvere theories. Then, in Section 8.3, we complement the
account of the previous chapter by studying translations of presentations. Finally, in

Section 8.4, we describe the conservative restriction construction.

8.1 Universal algebra and equational logic

This section briefly recounts standard notions and results from universal algebra. For
a thorough introduction, see, e.g., Burris and Sankappanavar [BS81, Chapter II, Sec-
tions 1 and 8].

A signature G is a pair (T, ar) where
e T is a set whose elements f, g, h we call operation symbols; and

e ar assigns to each f in T a natural number ar(f) called its arity.

179
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When ar(f) = n, we say that f : nin 6. Operation symbols with arity n are called n-ary

operations, and nullary operations, f : 0, are called constants.

Example 8-1. The signature for semilattices consists of a single binary operation V : 2

called join. [

Example 8-2. The signature for monoids consists of a binary operation - : 2 called

multiplication, and a constant 1 : O called unit. O]

Example 8-3. Let V = {vy,...,v,} be a finite set, n > 2 denoting storable values.
The signature for mnemoids' consists of an n-ary operation symbol lookup : n and
n different unary operation symbols update, : 1, for all i = 1,...,n. Note that this

signature depends on the enumeration order of V. [

Let o be a signature, and X be any set. We consider the elements of X as variables,

and define the set of G-terms over X, Termsg (X) by induction:
e For every variable x € X, we have x € Termsg (X).
e Forevery f:n,ifty,...,1, € Termss (X), then f(11,...,1,) € Termss (X).

Given a o-term ¢ over X, we define the set var () C X of variables appearing in ¢ by

induction:
e var(x) = {x}; and
o var(f(t1,...,ty)) == UL var (t;).

A G-equation e over X is a pair (t,s) of two o-terms over X, written as r = s. This
notation may cause confusion between an equation such as 1-x = x and syntactic
equality which differentiates 1 -x from x. In the following, we explicitly note when
we refer to syntactic equality between terms. We extend the variable-set function to
equations by setting var (r = s) := var (¢) U var (s).

We will henceforth fix a countably infinite set of variables Var, whose elements are
denoted by x, y, z and their subscripts and superscripts Xi, yz, z%, etc. Thus, Termsg

refers to Termsg (Var).

Definition 8.1. A presentation Ax is a pair (G,E) consisting of a signature G and a set

E of 6-equations (over the distinguished set of variables Var).

'Paul-André Melliés coined the term ‘mnemoid’ in unpublished work from 2010.
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We will usually define presentations by specifying their equations only, when their

signature can be inferred.

Example 8-4. The presentation of semilattices consists of the associativity, commuta-

tivity and idempotency equations:
xV(yvz)=(xVy)Vz XxVy=yVx XVX=x O

Example 8-5. The presentation of monoids consists of the associativity equation and

neutrality of the unit:
x-(y-z)=(xy)z l-x=x x-1=x N
The following presentation of mnemoids is due to Melliés [Mel10]:

Example 8-6. Let V= {v},...,v,} be a finite non-empty set denoting storable values
and Ogg(v) be the signature for V-mnemoids given in Example 8-3. The presentation

for mnemoids consists of the following three equation schemas:

lookup(update,, (x),...,update, (x)) =x
update,, (lookup(xi,...,X,)) = update, (x;)
update, (update,(x)) = update, (X)

These three equations have an operational reading in terms of interactions with a single
global memory V-cell. The first equation states that a computation that first reads the
state, and, depending on the stored value v, updates the cell to contain v, and then
carries on executing x is identical to the computation that immediately executes x. The
second equation states that a look-up proceeding an update yields the updated value.

The last equation states that more recent updates erase previous updates. [
Let o be a signature. We call the presentation (G, 0) the free presentation over G.

Example 8-7. Let Char = {cy,...,c, } be a finite set denoting I/O terminal characters.
The presentation of terminal I/O is the free presentation over the signature consisting

of the an n-ary operation input : n and n unary operations output, , ..., output, . This

c1?*

presentation has the same signature as the mnemoid presentation, but no equations. [

Example 8-8. Let E be any non-empty set, possibly infinite, denoting possible ex-
ceptions. The presentation of E-exceptions is the free presentation over the signature

consisting of a constant raise, for every e € E. [
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Let G be a signature. A G-algebra B is a pair (|B|,B[—]) consisting of a set |B|,
and an assignment mapping each f : n in G to a function B[ f] : |B|" — |B|. The set
|| is called the carrier of the algebra. The set Termsg (X) has an evident G-algebra
structure, which we call the term algebra.

Let B be a 6-algebra and X a set. A valuation over X in B is a function p : X — |B|.
Given a term ¢, we say that a valuation over X suffices for t provided var (1) C X. We
define valuations sufficing for equations similarly. We can extend any valuation p over

X in B to a function B[—] p : Termss (X) — |B| inductively as follows:
* B[x]p:=p(x)

i E[f(tla"'7tn)]p ZB[U] (B[[tlﬂmaﬁ[[tn]]p)

Let t = s be a 6-equation, B a 6-algebra, and p a valuation in B sufficient for e. We
say that t = s is true under the valuation p if [t]p = [s] p. We say that a G-equation is

true in a G-algebra if it is true under all valuations sufficient for it.

Definition 8.2. Ler Ax = (0,E) be a presentation. An Ax-model is a G-algebra in

which all the equations in E are true.

The models for the semilattice presentation are precisely the semilattices, and sim-
ilarly for monoids. We call models of the mnemoid presentation mnemoids.

Let Ax be a presentation. We say that Ax entails an equation e, and write Ax = e,
if the equation e is valid in all Ax-models.

The following observation is due to Melliés [Mel10]:
Example 8-9. The presentation for mnemoids entails the following equation:
lookup(lookup(x},...,x}),... lookup(lookup(x?,...,x")) = lookup(x},...,x")

The operational reading of this equation is that the memory cell does not change its

contents between consecutive look-ups. [

Let B, C be two G-algebras. A homomorphism h: B — C is a function i : |B| — |C]
such that, for every f :nin B and by,...,b, € |B|:

h(BLfI (b1, .. bn)) = CLf1(A(b1), ..., h(Dn))

Let Ax = (G,E) be a presentation. A homomorphism between two Ax-models is a

homomorphism between them as G-algebras.
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Let Ax be a presentation and X a set. A free Ax-model over X is a pair (B,n)
consisting of an Ax-model B and a function 1 : X — |B| such that for every other such
pair (C, f) there exists a unique homomorphism % : B — C satisfying hom = f. The
free Ax-model over any set always exists, and it is unique up to a unique isomorphism

preserving 1.

Example 8-10. The carrier of the free semilattice over a set X is given by the non-

empty finite powerset fPfO (X). The join operation is given by union. O

Example 8-11. The carrier of the free monoid over a set X is given by the set X*
of finite sequences of X-elements. The monoid unit is the empty sequence, (). The

monoid multiplication is concatenation, +-. L]
The following three examples are due to Plotkin and Power [PP02]:

Example 8-12. LetV = {v},...,v,} be a finite set with at least two elements denoting
storable values. The carrier of the free mnemoid TX over a set X is given by (V x X)V.

The lookup operation is given by:

lookup : (TX)" —TX
lookup : Ai.(Av.(uj y, Xiv)) — Avi (Ui v, Xiv;)

For every vo € V, the update, operation is given by:

update, : (TX) = TX
update, 1k — Av.k(vo)

Compare these operations with the algebraic operations for the global state monad

given in Example 2-2. O

Let Ax be a presentation. Denote by Mod(Ax, Set) the category consisting
@ of Ax-models as objects and homomorphisms between them. Consider the
forgetful functor Upx : Mod(Ax, Set) — Set forgetting the algebra structure. The free
model over X is a universal arrow from X to U. The existence of the free Ax-model
implies that Uax always has a left adjoint Fax 4 Uax given on objects by the free
algebra.

The entailment relation forms a semantic notion of validity. We now discuss
® syntactic validity via provability. Given a signature G, a substitution 0 from a
set X to a set Y assigns to each element in X a 6-term over Y. Thus, substitutions from

X to Y are valuations over X in the term algebra Termss (Y). Therefore, we may say



184 Chapter 8. Presentation models

AXIOM:

ecE — Axle

SYMM: TRANS:
REFL:
AxFt=s AxFt=s AxFs=u
AxFt=t E—
AxFs=t AxFt=u
SUBST:
AxlFe
——— (0 suffices for e)
Ax €0
CONG:
for all x € var (7): AxF 0;(x) = 62(x)

(01, 6, suffice for 7)
AxF1t0; =16,

Figure 8.1: equational logic

that a substitution suffices for a term or an equation. When 0 suffices for #, we write 10
for the term resulting from performing the substitution, and similarly for an equation
e. A renaming is a substitution to Y assigning only variables in Y.

Given a presentation Ax = (o, E), Figure 8.1 inductively defines the provability
relation Ax |- ¢t = s over G-equations. The provability relation is thus the least congru-
ence relation, with respect to the operations in G, that contains E, and that is closed
under substitution. When the presentation is free, i.e., E = 0, the provability relation
coincides with syntactic equality.

We extend the provability relation from Termsg to terms over any set X by defining
Ax -t = s if and only if there exist provably equal o-terms #’, s’ (over Var) and a
renaming 0 to X sufficient for ¥/ = s’ such that /6 and 5’0 are syntactically equivalent
to ¢ and s, respectively. The extended provability relation is then the least congruence
over the term algebra Termsg (X ), with respect to its operations, contains all instances
of equations in E, and closed under substitution. We can therefore quotient each term
algebra Termsg (X) by the provability relation, with the operations factoring through
the congruence relation. The resulting algebra FX is then an Ax-model called the term

model over X.

Theorem 8.3. Let Ax = (G, E) be a presentation, and X is a set. The term model over

X, with the function mapping each variable in X to its equivalence class, is the free
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Ax-model over X. Moreover, every G-equation over X is provable if and only if it is

valid in the term model FX.
In particular, entailment and provability coincide:
Theorem 8.4 (soundness and completeness). For every presentation Ax:

Ax=e = Axte

Example 8-13. The free semilattice ?fo (X) can be viewed as the term model where

each set {xi,...,x,} corresponds to the equivalence class of x| V...V x;,. O

Example 8-14. The free monoid X* can be viewed as the term model where each finite

sequence (xy,...,X,), n > 0, corresponds to the equivalence class of xj - - - x;,. O

Example 8-15. Let V = {v,...,v,}, n > 2 be a finite set denoting storable values.
The free mnemoid (V x X )V can be viewed as the term model where each function

Av.{u,,x,) corresponds to the equivalence class of the following term:

lookup(update,, (xy,),...,update, (x,,)) O

We say that a presentation AX is equationally inconsistent if Ax-x=y. A pre-
sentation that is not inconsistent is consistent. Theorem 8.4 implies that if Ax is incon-
sistent, every Ax-model has at most one element. In this case, if Ax has no constant
symbols, the free model over the empty set is the empty set. If Ax does contain at least
one constant symbol, the free model over the empty set is also a singleton.

Finally, we discuss morphisms between presentations. The following notions are
not standard. Let 6, ¢’ be signatures. A translation of signatures T : 6 — o' is an as-
signment assigning to every f :nin ¢ a ¢’-term T(f) over {x1,...,x,}. Note that every
translation T extends uniquely to a homomorphism ¥ : Termss — Termsy between the
term algebras of the corresponding signatures (without any equations).

Let Ax = (0,E), Ax' = (6',E’) be presentations. A franslation of presentations

T : Ax — Ax/ is a translation ¥ : 6 — ¢’ such that, for every t = s in E,
AX'FZ(t) = Z(s)

The category of presentations Presentation is given by presentations and transla-

tions between them. The identities are the translations mapping each f : n to

(S(f) = f(Xl,...,Xn)

Composition ¥, 0% is given by composing the homomorphic extension of ¥, with
<.
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Example 8-16. Let Axay, be the presentation of Abelian groups whose signature Gay,
consists of a binary operation + : 2, a constant 0 : 0, a unary operation — : 1, and whose
equations are
X+y=y+x x+(—x)=0
(x+y)+z=x+(y+2) x+0=x

Let Axneg be the presentation whose signature Oneg consists of a binary operation

—:2,aconstant 0 : 0, and whose equations are
Xx—(y—(z—(x-y)) =z X—x=0
Define the following translation ¥ : Oneg — Oab:
T(0):=0 T(—)=x1+(—x2)

Then T is also a translation T : AXNeg — AXAp.

Define the following translation SO GAb —> ONeg:
T10):=0 T 4)i=x; — (0—xp) T ) =0—x

Tarski [Tar38] showed that the Abelian group axioms follow from the two axioms of
ONeg, and therefore Tl Ax Ab — AXNeg 18 a translation.
The two compositions are given by:
T 1o%(0)=0 T o) =31 (x; + (—x))
=X] — (0— (O—Xz))

ToT1(0)=0 ToT ' (4) =F(x; — (0—x2))
=x1+ (= (04 (04 (—x2))))
ToT H ) =F(0—x;)=0+(0—x;)

Note that T~! 0T (0) and id(0) are syntactically equivalent, but T~! o T(—) and id (—)

are not, and therefore ! o ¥ is not the identity translation. However, the following
does hold:

Axeg F T 10T (—) =id(—) =

The previous example suggests an alternative for translations. Given two presenta-

tions Ax, Ax’, we define the relation ~ over translations T1,%, : Ax — Ax' by T1 ~ T,

if and only if for every f : n in Ax:

AX'F T (f) = Ta(f)
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For example, the translations from Example 8-16 satisfy T 'oT ~id and To T~ ! ~ id.
Therefore, it is natural to consider the category Theory consisting of presentations to-
gether with equivalence classes of translations as morphisms between them. We will
do so in the next section using Lawvere theories and monads. The advantage of our
chosen notion of translations is that their equality can be decided syntactically.

We will be mainly concerned with a particular kind of translation. An extension is
a translation T : Ax — Ax’ such that for every f : n in Ax there is a unique f” : n in Ax’

such that T(f) = f'(x1,...,X,) syntactically, and, moreover, if f{ = f} then f| = f>.

Example 8-17. Let V = {v,...,v,} be a finite set with at lest two elements denoting

storable values. The environment presentation is given by the two equations:

lookup(x,...,X) =X

lookup(lookup(x},...,x!),... lookup(x},...,x")) = lookup(x],...,x")

EEEIPR: Y71 EEIPP: V71

Then, by Example 8-15, we have an extension from the environment presentation

to the mnemoid presentation mapping lookup to lookup. 0

As in the previous example, the extension will usually be obvious. In this case we

simply say that Ax’ is an extension of Ax.

8.2 Universal algebra and monads

We review the well-known connections between presentations, monads and Lawvere
theories. Let Ax be a presentation. Let F : Set — Mod(Ax, Set) be the free Ax-model
functor, and U : Mod(Ax, Set) — Set be the forgetful functor assigning to each model
its carrier set. Then T := UF is a monad. Its unitm : X — 7'X is the function assigning
to each variable x € X its equivalence class [x] € TX. The monadic multiplication

u:T?X — TX is defined inductively as follows:
e Forevery [t] € FX, ut] := [1]

e Forevery op:n,1y,...,T, € FTX such that u(ty) = [t1], ..., u(t,) = [t], define:
ulop(Ti,...,Tn)] = [op(t1,...,1)]-

Each op : n in Ax yields an algebraic operation op : n (cf. Definition 2.1) given by

op: (TX)" — (TX)*
Mix.[t;] — [op(t1,. ... 1,)]
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The corresponding generic effect gen : n is given by:

gen:1—1Tn

* = [op(Lik, ..., 1x%)]

More generally, each P-indexed family of terms <sp>p p Over n variables yields an

algebraic operation of type n (P):

op: (TX)A — (TX)F
7\,1,'*.[[,'] — kp.[Sp(tl, R ;tn)]

The corresponding generic effect gen : n (P) is given by:
P [sp(Uik, .. k)]

Example 8-18. The monads corresponding to the two inconsistent theories are the
constantly 1 monad, when the theory contains a constant, and the monad mapping
the empty set to itself and every non-empty set to 1, when the theory contains no

constants. O]

Example 8-19. LetV = {v},...,v,} be a finite set with at least two elements denoting
storable values. The global state monad 7gg(y) is the free mnemoid monad, the look-
up operation for this monad is the operation corresponding to the look-up mnemoid
operation. For the update operation, note that for each v € V, applying the generic
effect for update at v, i.e. set!(v) yields the same result as applying the generic effect
for update,, to *.

Similarly, the environment monad Tgyy(v) is the free model monad for the envi-
ronment presentation from Example 8-17. Every function f € XV corresponds to the

equivalence class of the term

lookup(f(v1),...,f(va))

The look-up operation of the environment monad is the operation corresponding to
lookup.

Finally, the overwrite monad Tow(y) is the free model monad for the following
overwrite presentation: the signature is given by {update,, : 1|v € V}, and the equations
are given by

update (update,, (x)) = update,, (X)

for every v,/ € V. In this case, for every v € V, applying the generic effect for update

at v, i.e. set!(v) for update,, to . O
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Example 8-20. Recall the model for exceptions and terminal I/O from Example 3-
5. Let Char = {cy,...,c,} be a set denoting terminal characters. The monad from

Example 3-5 is the free model for the free presentation over the signature
{input : n,output, : 1,raise; : O|c € Char,s € Str}

As a free presentation, the term model coincides with the term algebra. Thus the
different constructors used in Example 3-5 correspond to the abstract sysntax tree con-

structors of the term model. O]

More generally, the free model monad for any free presentation coincides with the
term algebra for that signature.
Let ¥ : Ax — Ax’ be a translation. Let T, T’ be the monads corresponding to Ax,

AX/, respectively. We then have a family of functions:

my : TX — T'X
1] — [Z()]

Then m is a monad morphism from T to T’. Moreover, for every P-indexed family of

. p» this monad morphism m maps the generic effect corresponding to

(tp) to the generic effect corresponding to (T(z,)).

n-ary terms <tp>p

The monad corresponding to a presentation is finitary. The assignments
@ AX = Tax and T > T,, form a functor 7_ : Presentation — Set-Monadsy,,.
We recall the well-known connection between presentations and finitary monads in the

following theorem:

Theorem 8.5. The functor T_ : Presentation — Set-Monadsy,, is essentially surjec-

tive and full. Moreover, T_ factorises as
. 0
T_ : Presentation —— Theory ~ Set-Monadsy,,

where Q is the evident identity-on-objects full functor mapping each translation to its
~-equivalence class. Therefore, for all ,T' : Ax — Ax/, we have Ts = Trs if and only
fT~%.

Crucially, T- is not faithful. For example, the two presentations of Abelian groups
from Example 8-16 yield the free Abelian group monad, and all translations in that
example are mapped to the identity monad morphism. However, the action of 7

on translations is injective on representatives of distinct equivalence classes of the
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relation ~ over translations. This result captures the notion that finitary monads are
presentation invariants of universal algebra.

We now turn to Lawvere theories. We can post-compose the functor 7 with the
isomorphism Set-Monadsy, = Lawy Set between finitary monads and Lawvere the-
ories. Therefore, every Lawvere theory can be understood in terms of presentations.
Lawvere’s thesis [Law63] introduced Lawvere theories to give a presentation invariant
account of universal algebra. The following constructions and observations are due to
him.

Let Ax be a presentation, then the Lawvere theory L corresponding to Ax is given
as follows. Recall that our notion of a (finitary) Lawvere (set-enriched) theory in-
cludes all finite sets as objects, and not only the natural numbers. Given two finite sets
X, Y, the hom-set | L| (X,Y) is the set of Y -indexed tuples of Ax-equivalence classes of
terms over X. These can be viewed as substitutions whose domain is Y, but the terms
are quotiented modulo Ax. The identity morphism in |£|(X,X) maps each x € X to
the equivalence class of the variable [x]. Composition g o f corresponds to substituting
in g according to f. The category Pres(;poSet, 1.e., the opposite category to finite sets,
is then considered as renamings. A function f : X < Y assigns to each variable in Y
its renamed variable. The functor £ [—] : Pres;’Set — | £| maps each renaming to its
counterpart in | £|. Given a translation T : Ax — Ax/, the corresponding morphism of
Lawvere theories T : £ — L' applies the homomorphic extension of ¥ to each equiv-
alence class component of the substitution it acts on. Theorem 8.5 implies that all
Lawvere theories and their morphisms arise from presentations and their translations.

The correspondence extends to models:

Theorem 8.6. Let Ax be a presentation, L the corresponding Lawvere theory, and T
the corresponding finitary monad. Then Mod(Ax, Set) = Mod( L, Set) = Set” .

This fact explains our choice of notation for 7-algebras: if B is a T-algebra, then
the elements of 7 |B| are represented by Ax-terms over |B|. The algebra B[—] then

homomorphically interprets this term in |B|.

8.3 Conservative and surjective translations

We focus on the following important class of translations:

Definition 8.7. A translation T : Ax — Ax' is conservative when, for every
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pair of Ax-terms, t, s, we have:
AX'FZ(t) = %(s) = AxtFt=s

We denote conservative translations by T : Ax — Ax’. In particular, a conservative

extension is an extension of Ax to Ax’ that satisfies, for all Ax-terms ¢, s:
AX' Ft=s — AxkFt=s

Thus, a presentation is consistent if and only if the unique translation from the empty

presentation is conservative.

Theorem 8.8. A translation T : Ax — AX' is conservative if and only if the corre-

sponding monad morphism is component-wise injective.

Proof

Let m: T — T’ be the corresponding monad morphism. In light of Proposi-
@ tion 7.8, it suffices to show that ¥ is conservative if and only if my is injective
for all finite sets X. As every element in TX is of the form [f] for some Ax-term 7, and
as m([t]) = [%(7)], we have:

= AX'FZ(t) = %(s)
[t] = [s] = AxbFt=s

and we are done. [ |

We turn to the dual notion:

Definition 8.9. A rranslation ¥ : Ax — AX' is surjective when, for every Ax'-term s,

there exists an Ax-term t such that Ax' - <(t) = s.

We denote surjective translations by ¥ : Ax — Ax’. Surjective translations relate
to component-wise surjective monad morphisms as conservative translations relate to

component-wise injective morphisms:

Theorem 8.10. A translation T : Ax — AX' is surjective if and only if the correspond-

ing monad morphism is component-wise surjective.
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Proof
Because the class of surjections is closed under colimits, by Proposition 7.8, it
@ suffices to show that ¥ is surjective if and only if my is surjective for all finite
sets X. The remainder of the proof follows as in Theorem 8.8. [
The classes of surjective and conservative translations are fundamental building

blocks in the category of presentations:

Theorem 8.11. Every translation admits a surjective-conservative factorisation.
Explicitly, let S : Ax; — Axy be any translation. Let AX be the presentation con-
sisting of AX1’s signature and all the equations t = s where t, s are AX|-terms such that

Axy FE(1) = %(s). Let € : AX; — AX be the evident extension, and M : Ax — AX; be
¢
given by M(op) = ¥(op). Then ¥ : Ax; — Ax 2 Axs s a factorisation of X.

Proof
We need to show €& and 90t are well-defined surjective and conservative translations,
respectively. The fact that they factorise ¥ is immediate.

Given any equation Ax| -7 = s, then
Axo FT(€(1)) =%(r) = Z(s) = T(E(s))

Therefore, Ax - &(r) = &(s). Thus, € : Ax; — Ax is a well-defined translation. Be-
cause the term algebras for Ax; and Ax’ coincide, this translation is surjective.

Given any equation Ax It = s, then, by definition:
Axy EIN() = F(r) = T(s) = M(s)

Therefore 9t : Ax — Axj is a well-defined translation. If Ax, = 9t(¢) = M(s), then,
by definition, Ax I~ ¢ = s, hence 91 is conservative. [ |

Note that this factorisation may not be unique, as different translations may be
@ equivalent under the ~ relation. However, when we move to Lawvere theories

and finitary monads, this factorisation gives rise to a factorisation system.

Corollary 8.12. The ‘E-class of the factorisation system of finitary monads over Set
from Theorem 7.9 arising from the surjective-injective factorisation of Set consists of
all component-wise surjective monad morphisms.

Equivalently, the E-class of the factorisation system of Lawvere theories from Theo-
rem 7.5 arising from the surjective-injective factorisation of Set consists of all mor-

phisms € whose components €x 1 are surjective.
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Proof
In light of Proposition 7.8, both parts of the theorem are equivalent. Let e : 71 — T
be any monad morphism in the E-class for the factorisation system of finitary monads
over Set.

By Theorem 8.5, there exists a translation of presentations € : Ax; — Ax; such
that the corresponding monad morphism is isomorphic to e. By Theorem 8.11, & has
a surjective-conservative factorisation € : Ax; L» Ax —T, Axj. Therefore, by

Theorems 8.8 and 8.10, e has a component-wise surjective-injective factorisation

e /
e:T) —» T —"—T,
But, by Theorem 7.9, this factorisation is a factorisation in the factorisation system
from Theorem 7.9. Ase: T £, T>» = T> is another such factorisation, we deduce that
e = ¢, and e is component-wise surjective. |
A direct consequence of the previous corollary and Theorem 8.5 is that the
® surjective-conservative factorisation of Theorem 8.11 is essentially unique in

the following sense:

¢ [ /
Corollary 8.13. If T: Ax; — Ax —2— Ax, and T : Ax; — AX —2— Ax,
are two surjective-conservative factorisations such that T ~ ', then there exist two

. 3 51 ~ e el o~
translations Ax = Ax' ~—s AX such that JoJ 1 ~ id, J Lo~ id, and

Moreover, if ' : Ax — AX' is any other such translation, then J' ~ 7.

8.4 Presentation models

We now utilise the algebraic descriptions to account for our hierarchical models.

Definition 7.1 (revisited). Let I1 be a set. A presentation type assignment for IT is
a set-theoretic type assignment (see Definition 2.10 (revisited)) such that, for all op :
A (P), the arity type A is a finite set.

For example, if V is a finite set denoting storable values, then the global state type

assignment from Example 2-9 (revisited) is a presentation type assignment.
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Definition 3.2* (revisited) ™. Let X be a hierarchy. A presentation X-model is a quadru-

ple
<typev AX—; 2—7 T [[_ﬂ>

where:
e type is a presentation type assignment for X;
o AX_ assigns to each € in ‘E a presentation AXg;
o £ assigns to each e C € in ‘E a translation Lece  AXe = AXg;

o T_[—] assigns to each € € E, and op : A (P) in € a P-indexed family T [op] of

terms over A;
o foralle Ce' Ce'inE:
Lece ~1id, Lercer © Lecer ~ Lecer
i.e., £_ is functorial;

and, foralle C €' in‘E, op: A(P) in€ and p € P:

Axe = Lece(Te[op] (p)) = T [op] (p)

Thus, £_ preserves the effect terms.

Let (type,Ax_,£_,7_[—]) be a presentation X-model. We construct a set-theoretic
X-model (type,7_,m_, G_[—]) as follows. For every € in E, T is the free Axe-model
monad. For every € C €, mgc¢ is the monad morphism corresponding to the translation

Lece . Finally, for every € in £ and op : A (P) in €, we set

Gelop] : P = T:A
p — [ZTe[op] (p)]

Note that each of the monads 7; in this construction is finitary. The con-
@ verse statement also holds, in light of the essential surjectivity of the func-
tor 7_ : Presentation — Set-Monadsy, (Theorem 8.5). Thus, every set-theoretic X-
model with a presentation type assignment arises from a presentation X-model in this

way.
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Our goal is to generate hierarchical models from given algebraic descriptions
® of the non-hierarchical models. We therefore first need a notion of such mod-

els.

Definition 2.13" (revisited). Let I1 be a set. A presentation IT-model is a triple
(type, Ax, T[—])

where:

e type is a presentation type assignment for I1;
e AX is a presentation, and
e T[—] assigns to each op : A (P) in Il a P-indexed family I[op] of terms over A.

Example 8-21. Take IT := {lookup,update}. Let V = {vy,...,v,}, n > 2 be any fi-
nite set denoting storable values. Let type be the presentation type assignment from

Example 6-13. Let Ax be the presentation of V-mnemoids from Example 8-6. Define:
T[lookup] : x — lookup(vy,...,v,) T[update] : vo — update, (x)
Then (type, Ax,Z[—]) is a presentation IT-model for global V-state. O

Example 8-22. Take IT := {choose}. Let type be the presentation type assignment

given by choose : 2, Ax be the semilattice presentation from Example 8-4, and set
T[choose] : x > (11%) V (12%)
Then (type, Ax,Z[—]) is a presentation IT-model for non-deterministic choice. N

Example 8-23. Take IT := {input, output,raise}. Let Char = {ci,...,c,} be a finite
set denoting terminal characters. Let type be the presentation type assignment given
by

input : Char output : 1 (Char) raise : 0 (Str)

Let Ax be the free presentation over the signature:
{input : n,output, : 1,raise : O|c € Char,s € Str}
Set
T[input] : x> input(cy,...,cp)
T[output] : ¢ — output,(x)
T[raise] :s > raisey

Then (type, Ax,Z]—]) is a presentation IT-model for terminal I/O and exceptions. [
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Note that these examples illustrate that our notion of presentation II-models is
lightweight: the only proof obligations it incurs are the finiteness of the arity types,
and the well-formedness of the equations and effect terms.

The IT-model in Example 8-23 does not arise from an algebraic IT-model with
@ a finitary Lawvere theory, as the type assignment is not finitely presentable. We
can capture this model by switching to countable Lawvere theories, but these capture
monads that cannot be presented using our finitary notion of presentations. Therefore,
there is a mismatch between our notion of a presentation II-model and our notion of a
finitary algebraic II-model. As we do not wish to diverge from the standard notions of
universal algebra and of enriched Lawvere theories, we do not resolve this mismatch
in this thesis.
® We now present the main construction of this chapter, the conservative restric-

tion model:

Theorem 7.12 (revisited). Let IT be a set, and let M = (type, Ax,T[—]) be a presen-
tation I1-model. For every effect hierarchy ¥ whose set of operations is I1, we have a
Y-model defined by

My = (type,Ax_,L_,T_[—])

together with the auxiliary data (enum_,6_,%_ E_ M_ &_), where:
e enum_ assigns to eachop : A (P), |A| =n, inI1 a bijection enumgp : A= {1,...,n};
e G_ assigns to every € € ‘E a signature Gg given by

O = {opp:n|op:A<P),|A| =n,p € P}

o T_ assigns to every € € E the translation T : (Gg,0) — Ax given by the substi-

tution
Te(op) = T[op]®

where 0 is the substitution given by 8(a) ‘= Xenum,a for every a € A;

o forevery € € ‘E, (Axe, &, Me) is the factorisation from Theorem 8.11,

ng e
‘zg . <Gg,®> —_— AXg L Ax

i.e., Axe has ©¢ as signature, € is the evident surjective extension, and Mg is

the evident conservative translation;
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o T_|[—] assigns to every € € ‘E and op : A(P),

A| = n in € the family

-1

7 [op] := (op,(enum,'1,... enum,, n)>p€P

op "
o G_ assigns to every € C € in ‘E the evident extension Ggcy @ (Gg,0) — Axer;

and

o £_ assigns to every € C € the evident extension Lece : AXe — AXg, and, more-

over, this extension is conservative.
We call My the set-theoretic conservative restriction X-model for the given IT1-model.

Note that this theorem gives us an explicit and uniform definition of M. However,
working out the exact syntactic description of each presentation Axg is impractical,
as these presentations always have infinitely many axioms. In every concrete case,
we will find alternative and simpler ways to present the monad corresponding to Axe.
Our technique is to rely on Corollary 8.13: we will factorise the translation T to a
surjective-conservative factorisation. The factorising presentation is then, up to the

equivalence ~, canonically isomorphic to Axeg.

Example 7-11 (revisited). Let IT := {lookup,update}. Let V= {vy,...,v,},n > 2, be
a finite set denoting storable values. Let M := (type,Ax,Z[—]) be the global state
IT-model from Example 8-21. Let X be the full powerset hierarchy. We analyse the
conservative restriction model M.

The presentation Axg can be alternatively described by the empty presentation. In-
deed, because the theory of mnemoids is consistent, we have a factorisation consisting

of extensions:
(Gp,0) = (0,0) — (0,0) — Ax

Therefore, by Corollary 8.13, Axg and the empty presentation both present the same
monad.

The presentation AX(jookup} can be alternatively described by the environment pre-
sentation AXgyy(v) from Example 8-17, as the two evident extensions form a factorisa-
tion

Tfookup} : ({lookup, : n},0) — Axgpy(v) — AX
Indeed, as Axgyy(v)’s signature is {lookup : n}, the first translation is surjective. The

monad morphism corresponding to the second translation is the monad morphism

M {lookup}C {lookup,update} from Example 3-2* (revisited). Direct calculation shows this
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monad morphism is componentwise injective, hence the second translation is conser-
vative.

Similarly, the presentation AX(ypdae} can be alternatively described by the over-
write presentation Axgw(y) from Example 8-19.

Finally, the presentation AX {jookup,update} €an be alternatively described by the pre-
sentation Ax itself.

In summary, the set-theoretic X-model corresponding to M} is the X-model for

global state from Example 3-2* (revisited). ]

Example 8-24. Let IT := {input,output,raise} and M = (type, Ax,Z[]) be the ter-
minal I/O and exception presentation II-model from Example 8-23. Let X be the full
powerset hierarchy. We analyse conservative restriction model M ;.

For every € C I1, we have the following factorisation of extensions:
(z{g . <Gg,®> - <Gg,®> — AX

Indeed, the first extension is evidently surjective. As Ax is free, the second extension
is conservative. Therefore, Axe may be alternatively presented by (Gg,0). Therefore,
the set-theoretic model corresponding to My is the X-model for terminal I/O and ex-

ceptions given in Example 3-5. [

The last two examples show that the conservative restriction model yields the natu-
ral X-models from Section 3.3. Note how we transitioned from specifying structure to
specifying properties: there is very little overhead in proof obligations while describ-
ing the structure of the starting II-model. A more elaborate analysis of the properties
of the resulting conservative restriction models recovers the rest of the elaborate model
structure. Thus, we avoid the need to specify the exponentially large structure required
by set-theoretic X-models.

In summary, we reviewed the relevant background in universal algebra, equational
logic, and its relationship to finitary monads and Lawvere theories, and reformulated

our conservative restriction construction in terms of presentations.



Chapter 9
Relational models

We search our lives forever for perfection in relations

—Simply Red

In this chapter we study a useful subclass of our categorical models in which
@ the objects are suitable relations, subsets in the set-theoretic case and ®-chain-
closed subsets in the domain-theoretic case. Relational models organise the data re-
quired to present logical relations proofs [Fil07, Mit90, Rey74] for relating different
semantic models.

We leave a general account of relational models to future work. Here, we only
consider predicates over sets. However, we structure our account in a form we believe
holds in greater generality.

First, in Section 9.1, we introduce set-theoretic logical relations as a category.
Next, in Section 9.2, we present our monadic lifting construction, which we use in
Corollary 9.12 to relate the conservative restriction model of Theorem 7.12 and the

benchmark model of Example 7-2.

9.1 Set-theoretic logical relations

We define predicates over sets:
Definition 9.1. The category Predse of set-theoretic predicates is given as follows:
e the objects consist of pairs (X, P) where X is a set and P is a subset of X; and

e the morphisms from (X ,P) to (Y, Q) consist of pairs (f,f) where f : X —Y is
a function and f : P — Q such that

199
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P / 0
N = IN
X 7 Y

We will denote objects of Pred as P C X, and say that P is a predicate over X.
Note that if f exists, then it is uniquely determined by f, and we say that f lifts to a
morphism from P C X to Q C Y. Also note that Pred is categorically equivalent to the
full subcategory of the arrow category Set® induced by the morphisms in the M -class
of the surjection-injection factorisation system of Set.

As is well-known:

Proposition 9.2. The category Pred is cartesian closed and has all products and co-

products. As a consequence, it is distributive. This structure is given as follows:

e products: We have, [1;c; (Pi C X;i) = ([Lic1 Pi) € (I1ic1 Xi), and the set-theoretic
projections lift to the product of predicates. Given, for all i € I, a morphism

(i, ) : QCY — P CX;, then ({fi. f)) = ({2}, {f:))-

e coproducts: Similarly, ¥ ;c; (Pi C X;) = (Yicr P;) € (Yic1 Xi), and the set-theoretic
injections lift to the coproduct of predicates. Given, for all i € I, a morphism

(f.f) P, CXi— QCY, then [(fi, fi)] = ([fi]. [fi])-

PCX

e exponentials: (Q CY) =R CYX, where R is the subset of all functions from

X to'Y that lift. Explicitly,

R={f:X—=Y|forallpinP, f(p) € Q}

The evaluation map lifts to the evaluation map in Pred, and for every predicate

morphism

(f,f):(SCZ)x(PCX)—»QCY

the curried function AX . f lifts to AP C X<f,f>

Proof
Jacobs [JacO1, Section 9.2 and Exercise 9.2.1] includes this structure as an exercise.

Katsumata [Kat13] spells it out in detail. [ |
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The following category is the central concept of this chapter:
Definition 9.3. The category LogRel of set-theoretic logical relations is given by:

e the objects X consist of triples <X 1,X,X >, where X, and X are sets and X is a

predicate over X1 X X»; and

e the morphisms f : X — Y consist of triples (fi, f>,f), where {fi x f»,f) is a
predicate morphism from X CX; xXp toY CY| x V5.

We have the following forgetful functors:

UsetxSet : LOgRel — Set xSet Cod : Pred — Set
(X1,X2,X) — (X1,X2) PCX —X
(fi.f2.f) = (fi,f) (ff)m f

Uprea :LogRel — Pred
(X1,X,X) —» X CX; XX,

(fi:fo. /) = {fixfa])

In fact, LogRel arises as the pullback square in the (large) category of categories and

functors:

UPred

LogRel Pred
USethet Cod
Set x Set > Set

This known characterisation is part of the logical relations folklore, see, for example,
Katsumata [Kat13]. We expect this characterisation to be useful when generalising
from sets and subsets to objects in a category and their predicates. As in Pred, note
that the morphism f, if it exists, is uniquely determined by the components fi, f>.
When f exists, we say that (f1, f>) lifts to LogRel.

The following result is well-known:

Proposition 9.4. The category LogRel is cartesian closed and has all products and
coproducts. As a consequence, it is distributive. The functor Usetxset preserves the
products, coproducts and this closed structure. Explictly, these structures are given as

follows:
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o products: [1ie; X' = (Iies X, Tics X3, Tlic/X") where
Hl.eIXi = {((), (H))|Vie L (x},xh) € X'}

The pair of set-theoretic projections lifts to the product of predicates. Given, for
alli € I, amorphism f':Y — X', then the pair <<fli>,'e[7 <f2i>i€,> lifts to ('),

e coproducts: ¥;.; X' = <Zi€1Xf,Zi€1X£,Zi€1Xi>. Note that indeed we have

Y XS Y (X xX5) € (Y x]) x (). x5)

The pair of set-theoretic injections lifts to the coproduct of predicates. Given, for
alli € I, alogical relations morphism f': X' — Y, then the pair < [ff] iel’ [le} iel>
lifts to [f']._,-

e exponentials: Y* = <Y1XI,Y2XZ,R>, where

R= {<f1,f2> €Y' < Y,2| for all (x1,x2) in X, (f1(x1), f2(x2)) € Y}

The pair {(eval,eval) lifts to the evaluation map in Pred, and for every logical
relation morphism f : Z x X — Y the pair of functions (AX;.f1,AX>.f>) lifts to
AX.f.

Proof
A vast generalisation of this result using bifibrations is discussed by Jacobs [JacOl,
Section 9.2]. Katsumata [Kat13] spells out this structure for a more specialised situa-

tion, using faithful bifibrations, that includes our notion of logical relations. [

9.2 Monadic lifting

Our goal is to construct relational CBPV models, i.e., models in LogRel, relating two
models in Set. Such models are given by a pair of monads. Straightforward calculation
shows that if 77, 75 are two (strong) monads over (cartesian) categories V1, V>, then
setting T (x,y) to (Tix, T»y) yields a monad over ¥ x /5, with the monadic structure
given componentwise, i.e. the unit by (1;,m2) and the multiplication by (uj,u>). The

following definition captures the data we will need in our logical relations models.

Definition 9.5. Let (T1,T») be a pair of (strong) monads over Set. A lifting of Ty, T, to
LogRel is a strong monad T, such that:
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e for every logical relation X, TX is a lifting of T1X, and ToX,, and we write
TX = (11X, X, TX);

e for every logical relation morphism f, (T\ f1,T>f>2) lifts to T f;

e the monadic unit (N1,My) lifts to the unit of T

e the monadic multiplication (uy,u) lifts to the multiplication of T; and
e the monadic strength (stry,strp) lifts to the strength of T.

Note that, in order to lift a given pair of monads 77, 73, the only additional struc-
ture required is the relation part T <X1 X2, X > of the monad 7. The remainder of the
monadic structure of the lifting is uniquely determined by the monadic structure of 7
and T3, i.e., we only need to validate that the existing structure satisfies these proper-

ties.

Example 9-1. Every pair of monads 77, 7> admits a lifting via the total relation, i.e.,
by setting T (X1,X2,X ) := T1X) x TrX,. O

The models, i.e. monads, Benton et al. [BK99, BKHB06, BBO7, BKBH07, BKBH09]
use to validate effect-dependent transformations are lifted models. Due to time and

space constraints, we do not describe these models here explicitly.

Lemma 9.6. Let T be a lifting of T1,T,. Let B,, B, be algebras for Ty, T, respectively,
and B a lifting of the algebra structure, i.e., a predicate B C |B,| X |B,| such that the
pair of algebra maps (B [—],B, [—]) lifts. Thus, such a B is an algebra for T.

Further, for all logical relations morphisms f : X XY — |B|, the pair of monadic liftings

<f1T,f2T> lifts to the monadic lifting f*: X x TY — |B|.

Proof
As T is expressed using A—.—, T, and the tupling morphism, the monadic lifting also
lifts to LogRel. |

We define the lifting of other concepts, such as generic effects, monad morphisms,
and algebraic operations similarly. Let A, P be logical relations. Let gen, : A (P}),
gen, : Ay (P>) be generic effects for the monads Ty, T», respectively. We say the pair
(gen;,gen,) lifts to a generic operation of type A (P) for T when the pair lifts as a
function P — TA.

Similarly, let op; be two algebraic operations of types A; (P;) for T;, i = 1,2. The
pair (op;,op,) lifts when, for every T-algebra B, the components <0pllil,opgz> lift.
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Let T, T' be liftings of 71, T», and T/, T,, respectively. A pair of monad morphism
m; : T; — T/, i = 1,2 lifts when each component (m,my) lifts to a morphism of logical
relations my : TX — T'X.

Let IT be a set of operations. Let type,, type, be set-theoretic type assignments for
IT. A lifting of type,type, is a type assignment type for IT in LogRel, such that, for
every op € I, if type assigns op : A (P), then type; assigns op : A; (P;), fori = 1,2. In the
following, we are only concerned with such type assignment liftings which assign the

pair of diagonal relations for every operation. Given two set-theoretic CBPV II-models
(Set, T, type, O [—]) (Set, T, type;, O, [—])
a lifting of these models is a CBPV II-model
(LogRel, T, type, O[—])

such that T is a lifting of the given monads, type is a lifting of the type assignments,
and, for every op in I1, O [op] is a lifting of O, [op], O, [op]. Our goal is to lift a given
pair of set-theoretic CBPV II-models to such a relational model. In order to present our

construction we require the following auxiliary notion.

Definition 9.7. Let Ty, T, be monads over Set, let X be a logical relation, and let
R C 11Xy x TrbX5 be a relation.

e We say that the monadic unit respects R at X if n; x N2[X] C R.

e Let A, P be logical relations and op; : A1 (Py), op, : Ao P3 be algebraic operations
for Ty, T,. We say that the operations (op;,0p,) respect R at X under (A, P) when

<0pf X , opg X2> lifts to a logical relation morphism:

op™ : (T1X1, hXa, R)* — (1 X1, 12Xz, R)”

Explicitly, this condition holds when, for every (k1,%2) € (Ti X)) x (ThX2)™2,
for which {(ai,a2) € A implies (K|(a),K2(a2)) € R, we have, for every pair
(p1,p2) €P

(op; () (p1),0p2(k2) (p2)) € R

We present the central construction of this chapter:

Theorem 9.8. Let I1 be a set of operations. Consider any two set-theoretic CBPV
I1-models

(Set, Ty, typey, Oy [—]) , (Set, T, type,, O, [—1])
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Let type be a lifting of type,, type,.
For every logical relation X, set TX := (T1 X1, T2X>, R X), where RX is the set of
all relations R C T1 X1 X Th X, such that:

e the monadic unit respects R; and

e for every op € I, op : A(P) via type, the operations (op;,0p,) respect R at X
under (A, P).

Then:

o T isa lifting of T1, T,

e forevery op € I1, (O, [op, ], O, [op,]) lift to an operation O [op] : A(P) for T;
Thus, (LogRel, T, type, O[—]) is a lifting of the two given models to type. In addition,

e for every other lifting
(LogRel, T’ type, O'[—])

of the two given models with the same type assignment lifting, there is a (neces-

sarily unique) monad morphism between the corresponding free liftings:
(id,id,m) : T — T’
preserving the operations in I1.

We call T the free lifting of T and 75 via type, and the resulting CBPV II-model
the free lifting model.

Proof
We proceed as follows. First, we show that for every logical relation X, (R X € RX.
Next, we show that the action of 7 on morphisms lifts. Thus 7 is indeed an endofunctor
over LogRel. We then show the monadic unit, multiplication and strength lift to 7.
Thus, T is a strong monad. Next, we show the operations lift, and obtain a lifting of
the CBPV models. Finally, we show that this model is free.

Consider any logical relation X, and set R := [ R X.

Consider any R’ € R X. As the unit respects R’, 1; x N2[X] C R'. Therefore

N1 an[X] - ﬂRX:R

i.e., the unit respects R.
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Consider any op € IT, op : A(P). Consider any (k1,%) € (T1X1)4 x (TrX,)*2
satisfying, for every (aj,az) € A, (k(ay1),%2(az)) € R. Consider any (py, p2) € P.
Consider any R’ € R X. For every (aj,a;) € A, we have:
(ki(a1),k2(a2)) ERC R

As op respects R, we deduce that

(01 [op] (1) (p1), Oy [op] (k2)(p2)) € R

As we considered an arbitrary R’ € R X, we deduce that:

(O [op] (x1)(p1), Oy [op] (%2)(p2)) € [ RX =R

and op respects R. We showed thus that both the unit and operations respect R, i.e., R
isin RX.

Next, consider any predicate morphism f = < fi, . f > :X —Y.Denote R:=NRX,
S:=NRY.SetR = (Tifi x Tof>) '[S]. Then R’ € RX.

The the unit respects relation R'. Indeed,

Tifi x Dol x M2 [X]] = (Ti from) x (Tafoomp) [X]
M naturality [ X—=Y SENRY

I 4 o
=Miofi)x (Mo fR)[X] S xm[Y]CS

Therefore
M xM[X] C (T1fi x Tafa) " [S] = R
and the unit respects R’'.

Consider any op € IT, op : A (P). Then op respects the relation R'. Indeed, consider
any (K1,K2) € (T1X1)4" x (T2 X, )42 satisfying, for every (ay,a;) € A, (k(ay),x2(a2)) €
R ie.,

(Tifi(ki(a1)), Tafa(x2(a2))) €S

Consider any (p1,p2) € P. As S respects op, we have

(01 [op] (Aa1.Tifi(x1(a1))) (p1), Oy [0p] (Aaz. T2 f2(k2(az))) (p2)) €S

Therefore

T1fi x Ta f2({Oy [op] (k1) (p1), Oy [op] (k1) (p1)))
= (./1(0; [op] (1)(P1)), T2/2( 05 [op] (12) (p2)))

O; [op] naturality (see Example 7-10)

!
= (0, [op] (Aar.T1 fi(x1(a1))) (p1), Os [op] (Aaz. Tafa(k2(a2))) (p2)) €S



9.2. Monadic lifting 207

Hence,

(0y [op] (k1) (1), Oy [op] (k1) (p1)) € (Ti fi x Tofo) "' [S] =R’

and thus op respects R'.

We showed that the unit and the operations respect R’, hence R’ € R X, and thus

R C R. Therefore
Tifix AR CTifixRARTCS
Thus, (T} f1, T».f>) lifts. We therefore have an endofunctor 7' over LogRel.

The monadic unit lifts, as the unit respects () R X. The monadic multiplication also
lifts. Indeed, consider any logical relation X. Denote R := (RX, S = RTX. Set
"= (u; X ) '[R]. Then §' € RTX.

Indeed,

monad law
oo
m X [Ny x M2[R]] = id x id[R] = R
Therefore, Ny X M2[R] C §’, and the unit respects S’. Consider any op € I1, op : A (P).
Then op respects the relation S'. Indeed, consider any (kj,Kz) € (T1X1)*1 x (Tr X, )42
)

satisfying, for every (a,ay) € A, (k(aj),%2(az)) € ', i.e., (u1(x1(a1)),m2(K2(az))) is
in R. Consider any (py, p2) € P. As op respects R, we have

(O [op] (11 0ok1)(P1), O [op] (2 0%2)(p2)) € R

Therefore,

w1 x ({0 [op] (1) (p1), 0> [op] (k2) (p2)))
= (u1(0; [op] (1) (p1)),12(0; [op] (2)(p2)))

see Example 7-10

i (01 [op] (1 o%1)(p1), Oy [op] (u20%2)(p2)) € R
and thus op respects S’. We showed the unit and the operations respect S’, hence
S" € RTX. Consequently, u lifts.

Consider any logical relations X, Y. From Kock [Koc72] follows that, for all
(xi ki) € Xi X TiY;, stri(x;, ki) = T;(Ay;.(xi, i) ) (ki). As the strengths are expressed using
the cartesian closed structure and the action of 7; on morphisms, the strengths also lift.

Explicitly, consider any ((x1,k;), {x2,k2)) € X x TY. Consider any (y;,y2) € Y.
Then, ((x1,y1), (x2,y2)) € X x Y. Therefore, (Ayj.(x1,y1),Ay2.(x2,y2)) lifts, hence by
applying the lifted monad 7" we deduce that

(T (Ay1-(x1,01)), T (Ay2-(x2,¥2)))
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lifts. As (k1,k2) € N RY, we deduce that (stry(x1,k),stra(x2,k2)) € N R(X xY), and
the monadic strengths lift.

Every operation in IT lifts. Indeed, consider any op € I1, op : A(P). For every
logical relation X, as O[op] respects (R X, we deduce that O [op] lifts at the com-
ponent FX. Recall that all components of an algebraic operation op : A; (P;) can be
expressed in terms of the component opgy,, the cartesian closed structure, and the
strong monadic structure (see the proof of Corollary 2.5 and Theorem 2.4). We have
just shown all these structures lift to logical relations, therefore all components of the
interpretation of op lift. Thus, all operations in IT lift.

Finally, let (LogRel, T’ type, O'[—]) be any other lifting. Then (id,id) lifts to a
monad morphism from 7 to 7’. Indeed, consider any logical relation X, and denote
T'X = (T1X,,T>»X>,R). Because T’ is a lifting, the monadic unit lifts, hence the unit
respects R. Similarly, because O'[—] is a lifting, all the operations in IT respect R.
Therefore, R € R X, hence (R X C R. Therefore the pair of identities lift to a mor-
phism 7X — T'X. Thus (LogRel, T, type, O[—]) is the free lifting. |

Our construction also extends to monad morphisms:

Theorem 9.9. Let I1 be a set of operations. Consider any four set-theoretic CBPV
II-models:

<Set7 Tlutype] ) Ol [[_]]> ) <Set7 Tzutyp627 02 |I_]]> )
<Set7 T1/7typel7 Oi [[_ﬂ> ) <Seta T2/7typ627 Oé H_ﬂ>

Let type be a lifting of type,,type,. Every pair of monad morphisms my : Ty — T},

my : T» — T, that preserve the operations in I1 lifts to a monad morphism
(my,my,m) : T — T’
As a consequence, this monad morphism preserves the lifted operations.

Proof

The proof amounts to showing that each component of the pair of monad morphisms
lifts. We proceed along the same lines of the previous proof. Consider any logical
relation X, and denote R := (m; X my) -1 [NR'X], where R'X is the relation component
of T’X. The preservation of units under monad morphisms implies the monadic unit
respects R. The assumption that the monad morphisms preserves the operations implies

the operations in IT respect R. Thus, R € R X, and (m,m;) lifts. [ |
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Before we conclude our discussion of set-theoretic lifting, we investigate its action

on diagonal relations, i.e., logical relations of the form (X, X,=).

Lemma 9.10. Let I1 be a set of operations. Consider any two CBPV I1-models with

the same type assignment:
(Set, Ty, type, O; [—]) , (Set, >, type, O, [—])

Let m: Ty — T, be a monad morphism preserving the operations in I1.

Denote by type the lifting of type,type, assigning to each operation the pair of
diagonal relations of its type assignment via type, i.e., if type(op) = (A,P), then
type(op) = ((A,A,=),(P,P,=)). Denote by Ty the free monad for the signature
(I1,type). Denote by e : Ty — Ty the (unique) monad morphism preserving I1.

For every set X, there exists a (unique) function f : ThX — N R.(X,X,=) satisfying

TnX

T\ X
f = (id,m)
TX C TXxDX

Proof

We use the inductive description of 717 as the term algebra for the signature induced by

(IT, type). We construct f by induction, essentially as (id,m) o g. Because the monadic

unit respects 7X that preserves the operations in I1, f is well-defined. We then prove

by induction on 7r1X that the square commutes for all k € TipX. Uniqueness of f

follows as inclusions are monic. |
We can now calculate the explicit description of the action of a class of free lifting

on diagonal relations:

Theorem 9.11. Let I1 be a set of operations, T, be a finitary monad, and

<Set7 T27type7 02 [[_]]>

be a CBPV I1-model. Let Try be the free monad for the signature (I1,type), and denote
e
by Tn — Ty —— T» the conservative restriction factorisation corresponding to the

surjection-injection factorisation of Set, giving rise to the CBPV I1-model

<Set7 T17typev Ol [_ﬂ>
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Let type be the diagonal lifting of type, and T be the free lifting arising from type.
For every set X,

T <X7X=:> = <1d7m> [TIX] = {<k=m(k)>|k € TIX}

Proof
Consider any set X. Denote R :=T (X, X,=), S := (id,m) [T1X]. We show that R = S.
First, note that the unit respects S C 71X x T,X by the definition of monad morphisms,
and the operations respect S by the definition of preservation of operations by monad
morphisms. Therefore, by definition, R C S.

For the converse inclusion, recall that the £-morphisms in the factorisation system
of finitary monads arising from the injection-surjection factorisation of Set are com-
ponentwise surjective, Corollary 8.12. Therefore, by the previous lemma, we have a

function f: TpX — R, satisfying

TnX ¢ T\ X
f = (id,m)
Rr——=—— X x X

Therefore, there exists a unique fill-in diagonal

TnX ¢ T\ X
f (id, m)
R ———— TIX x X

Chasing the lower-right triangle shows that, for all k € T1 X, (k,m(k)) = h(k) € R. Thus,
S CR. [ |
We employ Theorems 9.8, 9.9, and 9.11 to relate the conservative restriction mod-

els and the benchmark models. Consider any two X-models
M = (Set,type,,P1, 0L [-]), M, = (Set, type,,P2, 0% [-]),
for some effect hierarchy X. A lifting of M|, M is a X-model
M = (LogRel, type,P, O_[—])

where:
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e type is a lifting of type,, type,;

e for every € € E, Pe is a lifting of P ¢, Ps¢;

e foreverye C € in E,P(e C¢€)is alifting of Py (e C€'), Po(e C€'); and
e forevery € € £ and op € g, O, [op] is a lifting of O} [—],0?[—].

Note that in order to lift two X-models, the only additional structure we require is
the lifting of the type assignments and the lifting of each monad in the hierarchy. The
other conditions are properties that need to be verified.

Using this terminology, we obtain the following corollary:

Corollary 9.12. Let X be an effect hierarchy, and M an algebraic CBPV I1-model. De-
note by type the diagonal lifting of the type assignment of ‘M. Consider the benchmark
model (see Example 7-2)

M, = <Set,type, P,,0" [[—ﬂ>

and the conservative restriction model (see Theorem 7.12)

My = <Set,type7Pﬁ, o* [[—ﬂ>

The conservative comparison relational model M is given by
M = (LogRel, type,P, 0_[—])

where for every € € ‘E, (LogRel,Pe type, O, [—]) is the free lifting of the two CBPV
I1-models <Set, Pye, type, 03 [[—]]> and <Set, P,e, type, 02 [—]> Moreover, for every
set X, we have

Pe (X, X,=) = (PseX,P,eX, (id,my ) [PseX])

where my : PyeX — TX = P,eX is the injection given in the definition of the conser-

vative restriction model.

We defined the category of set-theoretic logical relations models and presented the

free lifting construction, culminating in our central result, Corollary 9.12.
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Chapter 10
Generic intermediate language

Speak my language!
—The Cure

In this chapter we give a general definition of a Gifford-style type-and-effect
® system. We begin with a given source-level language with algebraic effects and
its semantics. We then define the type-and-effect system for this language. We think
of the annotated language as an intermediate language for code optimisation. Using
the semantic constructs of Part I we define semantics to the intermediate language, and
relate it to the source language semantics.

First, in Section 10.1, we define the source language, its type system, and its cat-
egorical and set-theoretic semantic structures. Next, in Section 10.2, we define the
intermediate language corresponding to this source language, together with its type-
and-effect system and categorical, relational, and set-theoretic semantic structures. Fi-
nally, in Section 10.3, we generate semantics for the intermediate language from a
given algebraic semantics to the source language, and relate this generated semantics

to the original, unannotated, semantics.

10.1 cBPV with algebraic operations

We need to develop our effect analysis over a concrete concise language. In order to
remain general, we need a fundamental lambda calculus that is well-designed to deal
with effects. Levy’s Call-by-Push-Value [Lev04] fits this description exactly. The ad-
ditional benefits of CBPV are: it subsumes both the call-by-value and call-by-name

paradigms, opening application areas in both ML and HASKELL; Pretnar and Plotkin’s
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account of effect handlers [PP09a, Pre(09] is formulated in terms of CBPV, hence our
account requires less modifications to accommodate handlers; and, as we will see in
Section 11.2, the CBPV paradigm decomposes complicated optimisations into orthog-

onal ones.

10.1.1 Syntax and type system

We present a family of CBPV languages parametrised by signatures, at both the syntax

and the type system levels. We begin with the syntax level:

Definition 10.1. A CBPV syntax signature [T js a triple (Bsc,I1,S), where:
e Bsc is a set of basic types, ranged over by Q;
e 1 is a set of effect operation symbols, ranged over by op; and
e S is a set of built-in constants, ranged over by c.

For example, Bsc may include the types:

e Word for 64-bit words; e Str for strings; and
e Loc for memory locations; e Exc for exceptions.

e Char for characters;

The set Il may include the operation symbols:

e lookup, update for accessing state.

e input, output for reading input and printing output.
e raise for raising an exception.

The set S typically includes primitives to manipulate basic values, such as:

e number literals 0, 1, 2, OXFEED; e string manipulation primitives, e.g.

) string concatenation +-; and
e boolean operations =, >=, <;

o . . e predefined exception constants
e string literals ”cabab”;
such as ArithmeticOverflow and

DivideByZero.
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Given a syntax signature [T%"* | the syntax of CBPV is given by Figure 10.1. It
follows the CBPV dichotomy between values and computations. We make this distinc-
tion explicit using a kind system in preparation for the more sophisticated kind system
we will need for the intermediate language in the next section. Using a kind system

for both highlights the differences between and similarities of the two languages.

Our types are the standard CBPV types. Note that basic types are always value
types. The unit, product, zero, and sum value types are standard. The type UB is
the type of thunks, i.e., suspended computations, of type B. The returner type FA is
the type of computations that return a value of type A. It plays a similar role to that
of the monadic type TA (where T is a monad) in Haskell. We also have products of
computations, and functions that are computations that depend on a value. The ground
value types G € Gnd are those value types which do not include thunks. We call types

of the form FG ground returner types.

All of the built-in constants of CBPV are value terms. The variables, unit value, and
pairing construct are standard. Injections are annotated with their sum type. Computa-

tions M are thunked into values thunk M.

In CBPV, we can turn any value into a computation by returning it. The con-
struct M to x : A. N sequences computations; it is analogous to the HASKELL construct
x <= M;N or the ‘let’ construct in ML. Note the intrinsic typing (a.k.a. Church-style
typing).

We briefly describe an operational intuition behind the CBPV syntax. The stan-
dard operational semantics of CBPV uses a stack machine, similar to other stack ma-
chines for call-by-value and call-by-name semantics of the lambda calculus, such as
Felleisen and Friedman’s CK-machine [FF86] and the Krivine machine!. The two
A terms pop from the stack while the application terms V ‘M and i‘M push the onto
it. Thus, A{1— M;,2+— M,} pops a tag off the stack and executes M| or M, ac-
cordingly. In turn, 1‘M pushes the tag 1 onto the stack and continues to execute M.

Similarly, Ax : A. M pops a value of type A and binds x to it, while V ‘M pushes V onto
the stack.

The pattern-matching terms eliminating products, zero and sum values are stan-
dard. Thunked computations are eliminated by forcing.
Importantly, computational effects are caused by the opr terms. As an exam-

ple, the following computation consists of a memory lookup operation, dereferencing

Jean-Louis Krivine, Un interpréteur du A-calcul, unpublished, 1986.
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Kinds: K ::= Val | Comp
Value
Types: A,B,...:= Q|1|A; xA2|0|A;+A,|UB
Computation
Types: A,B,...::= FA|B;xB,|A—B

Ground Value

Types: G::

Value

Terms: Vo

Computation

Terms: M,N,...::

Q‘I‘G1XG2|0|G1+G2

blx| x| (Vi,Va) |injlit42y
| injg‘MzV | thunk M

returnV | M tox:A.N

| A{1— M, 2— M} |1°'M | 2°M | Ax: A.M
| VM | matchV as (x; :Aj,x;: A2).M | matchV : 0 as {}2
| match Vas {inj;x;:A;.M|,inj,x2:A2. Mo} | forceV | op‘B,M

Figure 10.1: CBPV syntax
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l—k A1 : Val l—k A2 : Val
|—kA1 ><A2 : Val

l—kQ:VaI I—kI:VaI

FxAp:Val FcApy:Val F¢B:Comp
Fr A +A;: Val ¢ UB : Val

Fx 0 : Val

FrA:Val Fk By : Comp k¢ B, : Comp
Fx FA : Comp Fx By X B, : Comp

FkA:Val k¢ B:Comp
Fx A — B: Comp

Figure 10.2: cBPV kind system

memory location ¢, followed by returning the memory word w stored there:
deref! (¢) := lookup}, """ (Aw : Word. return w)

The effect operation symbol lookup takes as a parameter the location ¢ to be derefer-
enced. It then dereferences the memory word at location ¢, binds the result to w, and
proceeds to execute return w.

As another example, consider a non-deterministic choice operator choose, and a

computation for non-deterministic coin tossing:

F(1+1) (

toss = choose, Av:1+1.returnv)

In this case the parameter is the unit value *.
In general, opr is an effect operation term with parameter V and argument M.
Terms of the form

gen,, (A) = opEA (Ax : A. returnx)

are called generic effects. Thus deref! and toss are the generic effects corresponding
to lookup and choose respectively.

The kind system for CBPV, given a syntax signature IT"®* is displayed in Fig-
ure 10.2; it consists of a kind judgement relation ¢ between types and kinds. We
denote by Val the set of well-kinded value types {A |y A : Val}. Similarly, we write

Comp for the set of well-kinded computation types. Normally, CBPV is not presented
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with a kind system, as the kind system can be enforced by the BNF grammar for types.
Thus, Val contains all value types, and Comp includes all computation types. A well-
kinded context T : Dom (I') — Val is a function from a finite set of variables to Val.
We write I', x : A for the extension I'[x — A].

Given a term signature IT" an arity assignment type:I1 — Gnd x Gnd sends
elements of IT to pairs of ground types. When type(op) = (A, P) we write instead
op : A (P). The first component A is called the arity type and the second component P
is called the parameter type. When the parameter type is P = 1 we simply write op : A.
When op : 0 we call op an (effect) constant symbol.

For example, lookup : Word (Loc) as memory look-up takes a location as param-
eter and its argument expects the corresponding memory word. Similarly, choose : 2
where, 2 = 141, as choose has a trivial parameter. We say that choose is a binary
operation symbol.

A constant type assignment is any function A_ : § — Val. Example constant type

assignments are:

"a’ : Char
+-: U((Str x Str) — FStr)
+ : U(Word x Word — F Word)
call/ccy:U(U(V —B) —B) =B

We define type level CBPV signatures, and complete the parametrisation of our

CBPV language:

Definition 10.2. A CBPV signature is a friple [I°B?Y = (TTY"¥X type, A ) where:
o I[ISYMX jg g CBPV term signature;
e type is an arity assignment for ITY"®*;: and
e A_:S— Valis a constant type assignment for [TSYM@X,

The type system of CBPV, given a signature IT“®*V, is displayed in Figure 10.3; it
is given by type judgement relations 'y A: Aand ', M : B, where I, A, B are well-
kinded contexts, value types and computation kinds, respectively, and where A, M are
value and computation terms, respectively. Signatures IT°®*V determine the language
of CBPV, meaning its syntax and kind and typing relations. We call closed ground

returners . P : FG programs.
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F(x):A F"VV1:A1 Fl—VV2:A2
I'tyc:Ay, ———— T'Hy*:1
FI—VXZA FI—V(VI,Vz)IAIXAQ
I'H V:A; I'c.M:B
. A 1A (i=1,2)
[y inj, 2V AL+ A 'ty thunk M : UB
' V:A

' returnV : FA

I'FeM:FA T',x:AF.N:B
I'FcMtox:A.N:B

I'kcMy:By T'bcM>:B, Fl—cM:QIXEZ(. 1.2)
i=1,
e A{l1—M,2—M}:B; xXB, I'H.i'M : B;
I'x:AFcM:B I'-\V:A T'"mHe-M:A—B
'FeAx:AM:A—B ' VM:B

F"VV:A1 XAZ F,x1 :A1,y:A2|—CM:§

(x1 # x2)
', matchV as (x; : Aj,xy:A2) .M : B

I'H,V:0
I'+. matchV :0as{}2:B

'y V:iAI+Ay Toxi:AFcMi:B T,xp:AycMy: B
't matchV as {inj;x; : A;. M},inj,x; : Ap.M>} : B

I'+,V:UB
I'+. forceV :B

I'-v:Pp I':cM:A—B
[k opoM : B

(op:A(P),op € II)

Figure 10.3: CBPV type system
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The type system is straightforward, apart from the rules for effect operation sym-
bols. The effect operation rules formalise the informal explanation given earlier. An-
other way to view this rule is via continuation passing — we pass a continuation M
that, depending on the effect’s result, proceeds after the effect has been caused. For

example, the rules for the I/0 effects input : Char and output : 1 (Char) are:

'-M:Char =B TI'+yA:Char T'HF.M:1—B

[+ input?M : B ' outputh :B

The latter is analogous to Levy’s print statement [Lev04]. For the corresponding

generic effects we derive the familiar get, put:

'y A:Char

'+ get: FChar
I't¢ put: F1

Theorem 10.3. Every well-kinded type has a unique kind, and every well-typed term

has a unique type.

Proof
Standard induction. |
We define capture avoiding substitution in the usual manner. We will only substi-

tute value terms for variables. The variable binders are the following constructs:
e Mtox:A.N binds xin N;
e Ax:A.M binds x in M,
e matchV as (x; : Aj,xp : Ay) .M binds x; and x, in M; and
e match V as {inj x| : A;. M,inj,xs : A». M} binds x| in M; and x, in M».
As usual, we identify terms up to o-equivalence.

Lemma 10.4 (substitution). For every well-typed phrase (value term or computation
term) T' = P : X, for all well-kinded contexts A and Dom (I')-indexed family of values
V_, satisfying, for all x € Dom ('), AV, : T'(x), we have At P[Vx/X],cpom(r)-

Proof

Standard induction. [ ]



10.1. CBPV with algebraic operations 223

Vel =3[0] cTX ] =[] [r()]
V[] =1 xeDom(T)
‘V[[Al XAQ] = [{Aﬂ] X [Azﬂ
Y[0]:=0 C[FA]:=F[A]
V[A +As] = [A1] +[42] C[BixB:]=[B,]x[B]
V[UB] = [B]| ClA— 5] =[£]"

Figure 10.4: cBPV type interpretation

10.1.2 Categorical semantics

We now turn to the denotational semantics of CBPV. Let ¥ be a distributive
@ category, and ITY"@X a CBPV syntax signature. A base-type interpretation is an
assignment of a V-object B [Q] to every basic type Q € Bsc. This assignment extends
to a ground-type interpretation G [— ], which assigns, to every G € Gnd a V-object:

Glo]=38[0]
G1]=1 G[GIxG:]=[Gi]x[G:]
G[0]=0 G[Gi+G:]=[Gi]+[G]

We will henceforth omit the name of the semantic function if it can be inferred from
the context. For example, we may choose B [Word] and B [Loc] to be 2%* in a 64-bit
setting, and B [Char] to be 27 for ASCII characters. As these interpretations are finite
sets, every ground type involving them denotes a finite set.

Let (7, T) be a cBPV model. Denote by F - || : 9" — 4/ the Eilenberg-Moore
resolution for the monad 7. Given a term signature ITY"@* and a base-type inter-
pretation G [—], we define a type interpretation for kind judgements of types (see
Figure 10.4):

e values are interpreted as 7/-objects via V' [—];
e computations are interpreted as 1/ -objects, i.e., algebras, via C [—]; and
e contexts as finite products in ¥ via CT X [—].

This interpretation is straightforward. Note that if B, B, are two algebras for 7', then

the product of their underlying objects, |B;| X |B,| carries an algebra structure, given
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by:

(Tmy,TT, B [-]xB,y[-]

)
By x By [=]:T(|By| x |By|) ———= T |By| X T |By| ———— [B,| x |B,]

The fact that this is indeed an algebra for 7" follows from the solution of an exercise in
Mac Lane’s book [ML98, Exercise VI.2.2]. Similarly, the algebra structure on |§\A 1S
well-defined (see Lemma 4.3(2)).

Let (V,T) be a cBPV model, TI°**Y a CBPV signature, and B [—] a base-type in-
terpretation. We define a type assignment &_[type] for ITin 9 by assigning op : [A] ([P])
to every op € I, op : A (P).

With these notions in place, we are ready to define the semantic data required for

modelling CBPV with effects:
Definition 10.5. Ler II°®*Y be a CBPV signature. A TI°®*Y-model M is a quintuple
(V. 8[-].1,0[-].K[-])
where:
e 1V is a distributive category;
e B[—] is a basic-type assignment;
o (V.,T,[type],0[—]) is a CBPV Il-model (cf. Definition 2.13);
e K [—] assigns to every constant ¢ € S an arrow

Klc]:1—[A]

Let M =(V,B[-],T,0[-], K [-]) be a I1°**¥-model. We interpret the CBPV

terms as follows (see Figure 10.5):
e value terms I' -, V : A are interpreted as ‘V/-morphisms

VT [V]: CTX[T] — V[A]

e computation terms I . M : B are interpreted as 7/-morphisms

CT[M]:CcTX[I']—|C[B]|
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[: 51 8L a] =TIl B e b

xeDom(T)

[(A1,42)] : [1] 2D, 1g 7 o]

[imit v ] ) Y5 (a0 % (A +[A2] [ thunk s 1) 2 8
[returnV] : [T] 5 [A] 2 |F[A]
Mtox: AN : [1] Y40, 10y 7 1a] 2L i8],

{1 My, 2 Mo} ][] 22D, 0 ) 18, ])

lim] : [0 220 18,1 < 1B 2 (8] [h:Acm] s [r] 225, g el

(vem]: [r] 2D, gy T a] 22 (18]

[ match V as (x1 : Ay, : A2).M] : [T] 2% [T % [A1] % [4.] 225 (]

[ match v : 0as {}7] : [I'] M>O—>|[[B]]|

id, [V
[ match V as {inj,x; : A;.M,inj,x; : Ay. Mo }] - [T] {d v,

[T] > ([A1]+[A2])

(] )+ (T < 42 D L )

dlstrlbutlvny [[Vﬂ
[ force V] : [I'] — [[B]]

(id [[Vﬂ

[op2n] - (1 00, e 1py 259y 717 5, gy,

Figure 10.5: term interpretation
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The type system and the definition of models ensure these denotations are well-defined.
Using a-equivalence, we may assume that all differently bound variable names in

terms are distinct. Thus, whenever we extend the context, we indeed have:
CTX[Ix:A] =[] x[A]

In addition, we use the generic model structure to simplify the denotations of effect
operation symbols.

The definition of an algebraic cBPV I1°®*Y-model is straightforward:
Definition 10.5". Ler II°*Y be a CBPV signature. An algebraic I1°®"Y-model M is a
AV, B[-].L, L[], K[-])
where:

e A is a regular cardinal;

V is a A-Power category;

B[—] is a basic-type assignment;

(MY, L_,[type],L[—]) is an algebraic CBPV I1-model;

K [—] assigns to every constant ¢ € S an arrow
Klc]:1—[A]

Note that part of this definition requires our choice of basic-type assignment to
ensure all operation type assignments are A-presentable objects. We can ensure this
condition if all ground types involved in effect operation type assignments are inter-
preted as A-presentable objects. Indeed, as the A-presentable objects in a A-Power
category are closed under finite products and coproducts, a simple inductive argument

shows this condition on the type assignment holds in this case.

10.1.3 Set-theoretic semantics

We now spell out the special case where the semantics is given in terms of sets
® and functions, i.e., 7 = Set. Let [TY"'®* 3 CBPV term signature. A set-theoretic

base-type interpretation is an assignment of a set B [Q] to every basic type Q € Bsc.
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V[Q]=38[0] CTX ] =]]Ir®)]
V[1]=1 xeDom(T)
‘V[[Al XAQ] = [{Aﬂ] X [Azﬂ
V0] =0 C[FA] = T[A]
V[A +As] = [A1] +[42] C[BixB:]=[B,]x[B]
YV [UB] := C[B] cla— B]:=[B]"

Figure 10.4 (revisited): CBPV type interpretation

This assignment extends to a ground-type interpretation G [— ], which assigns, to ev-

ery G € Gnd a set:

Glol=3[0]
G]=1 G[GIxG]=[Gi]x[G:]
G[0]=0 G[Gi+G2]=[Gi]+[G:]

We will henceforth omit the name of the semantic function if it can be inferred from
the context. For example, we may choose B [Word] and B [Loc] to be 2%* in a 64-bit
setting, and B [Char] to be 27 for ASCII characters. As these interpretations are finite
sets, every ground type involving them denotes a finite set.

Let T be a monad over Set. Given a syntax signature ITSY"®* and a base-type
interpretation G [— |, we define a type interpretation for kind judgements of types (see
Figure 10.4), where each type is interpreted as a set. Note that each interpretation of a

computation type C [B] comes equipped with a bind function
>=:TX x (C[B])* — C[B]

For the types T [A] (i.e., returners), the function >>= is the usual monadic bind func-

tion. For the computation products, given any a in 7X and fin [[Eﬂx , we define:
a>=f = (a>= fi,a>=f>)

where f; : X — [B;] are the two component functions of f, i.e., for all x in X, f(x)

consists of the pair (fj(x),f2(x)). For function types, given any a in 7X and o in
X

([ﬁﬂy) , we define:

a>=o = Ay.(a>=Ar.o(x)(y))
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Let T be a strong monad over Set, [T“®*Y

a CBPV signature, and B | —] a base-type
interpretation. We define a set-theoretic type assignment X_[type] for IT by assigning
op: [A]([P]) to every op € II.

With these notions in place, we are ready to define the semantic data required for

modelling CBPV with effects using sets and functions:

Definition 10.5 (revisited). Ler II°®*Y be a set-theoretic CBPV signature. A set-

theoretic IT°®*Y-model M is a quadruple

<T7 B [_H ’ g[[_ﬂ , K [‘ﬂ)

where:

B[—] is a basic-type assignment;

o T is a monad over Set;

G [—] assigns to every op : A(P) in I a generic effect Gop] : [P] — T [A];

K [—] assigns to every constant ¢ € S an element K [c] in [A¢].

Let M =(T,B[—],G[—],K[—]) be a set-theoretic II“*"¥-model. We interpret
the CBPV terms as I' - P : X as functions [P] : [I'] — [X] (see Figure 10.5). The
denotations have straightforward definitions. Note our use of the monadic unit, 1, and
bind functions. We denote the empty function @ — X by jy. Note how the type system
and the definition of models ensure these denotations are well-defined.

By replacing the monad with a presentation and the generic effect with an indexed
family of terms we obtain the notion of a presentation TI°®*Y -model. Each presentation

model yields a set-theoretic model, and hence can be used to interpret CBPV.

10.2 Multi-adjunctive intermediate languages

We now introduce a type-and-effect refinement of our family of CBPV lan-
® guages. In our semantics, for each effect set €, we have a separate CBPV model,
all sharing the same values, hence we dub our family of languages as multi-adjunctive

intermediate languages (MAIL). We follow the structure of the previous section.
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VT[b](v)=[b] VT[x](V)=n(y) VT[¥](v) =~
VT [(A1,42)](¥) = ([A1 ] (9), [42] (7))
VT [inj 2] (1) = u([A] (¥)
CT [returnA] (v) = n([A] (1))
CT [Mtox:A.N](y) = [M] (1) 3= (Aa.[N] (v[x > a)))
CT [iM] (v) = m([M] (¥))
CT[AM](v) = ([M1(¥) ([A](v))
CT [ matchA: 0as {}°] ==y
CT [ match A as {inj,x; : A;. M, inj,x; : As. M2 }] ()

[Mi](Yier = al]) - [AT(Y) = v
[Ma] (Y2 = aa]) - [A](Y) = w202

T [opim] () = Glop] ([41(¥)) >= ([M] (v))

Figure 10.5 (revisited): cBPV term interpretation

10.2.1 Syntax and type-and-effect system

We begin by refining the syntax parameters:

Definition 10.6. A MAIL syntax signature X" is g triple (Bsc,X,S), where:
e Bsc is a set of basic types, ranged over by Q;
e Y is an effect hierarchy (see Definition 3.1); and
e S is a set of built-in constants, ranged over by c.

Note that every MAIL syntax signature Y3 induces a CBPV syntax signature
Z;ymax, by erasing the hierarchy E. Conversely, every CBPV syntax signature can be
regarded as a MAIL syntax signature [TY"®* by taking  to be the singleton {IT}.

Given a syntax signature XY"@* the syntax of MAIL is given by Figure 10.6. It

refines the CBPV dichotomy between values and computations. Instead of one kind of
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Kinds: K ::= Val | Compg

Value

Types: A,B,...:= Q|1|A; xA2|0|A;+A,|UgB
Computation

Types: A,B,...::= FgA|B, XB,|A—B

Ground Value

Types: G:= Q|1|G; xG2|0|G1+G;
Value
Terms: Vi= blx| x| (V,Vs) |inj’;“+A2V

| injg‘MzV | thunk M

Computation
Terms: M,N,...:= coerceg,ce,M | returngV | M tox:A.N
| A{1— M, 2— M} | 1M | 2°M | Ax: A.M
| VM | matchV as (x; :Aj,x;: A2).M | matchV : 0 as {}2
| match Vas {inj;x;:A;.M|,inj,x2:A2. Mo} | forceV | op‘B,M

Figure 10.6: MAIL syntax
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l—k A1 : Val l—k A2 : Val
|—kA1 XAZ : Val

l—kQ:VaI I—kI:VaI

FkAp:Val FgAy:Val ¢ B:Compg

Fx 0: Val
Fx Ay +Aj : Val Fx UeB : Val
Fx A :Val Fx By : Compg  Fx B, : Compg
Fx FeA : Compg Fx By X B, : Compg

f—kA : Val '_k B: Compg

Fk A — B: Compg

Figure 10.7: MAIL kind system

computation we have e-computations Compy, for each effect set € € £. These compu-
tation may only cause effects in €. We view MAIL as multiple copies of CBPV, one for
each €, sharing the same values. One can translate between these different CBPVs by

means of coercion (see below).

Our types are a slight variation on CBPV types. We modified the CBPV thunk and
returner types to thunks UeB of €-computations of type B, and returner e-computations

FeA returning a value of type A. Note that for every ground type G we have G; = G.

Many type and effect systems contain a sub-effecting rule: if M is an €;-computation
and €; C &, then M is an €-computation. One implication of such a rule is that well-
typed terms can have multiple types, and even multiple type derivations. As a conse-
quence, the denotational semantics can no longer be defined directly on terms. Instead,
it needs to be defined on the proofs that these terms are well-typed, and then coherence

results are needed to show that the different semantics are compatible with each other.

This issue is familiar from languages that support subtyping. One standard way
to circumvent it, followed here, is to use explicit coercion between a subtype and its
supertype [TCGS91]. The terms coerceg,ce, M explicitly coerce €1-computations to

€p-computations.

The other terms of MAIL are identical to their CBPV counterparts. In particular,

note how erasing the effect annotation and coercions from any MAIL phrase P for some

signature ZY"* yields the corresponding CBPV phrase P; for the signature Z;ymax,
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The kind system for MAIL, given a signature XY™ is displayed in Figure 10.7.
It is mostly straightforward: the computational product is only well-kinded for two
computations of the same kind.

As for CBPV, we denote by Val the set of well-kinded value types {A |k A : Val}.
Similarly, we write Comp(¢€) for the set of well-kinded e-computation types. Well-
kinded contexts are defined as for CBPV.

We define arity assignments for a syntax signature as for CBPV, i.e., type: Il —
Gnd x Gnd. As the ground types of MAIL are the same as CBPV, there is no need
to distinguish between an arity assignment and its erasure. Given a syntax signature
YSYNaX 4 constant type assignment is still just a function A_ : S — Val. Note, however,
that the types of MAIL are richer than those of CBPV, so we can have constants such

as:

+-: Up((Str x Str) — Fy Str)

+: U{ArithmeticOverflow} (WOI’d X Word — F{ArithmeticOverflow}Word)

We define type level MAIL signatures, and complete the parametrisation of our

CBPV language:
Definition 10.7. A MAIL signature is a triple TMAE = (£ type A ) where:

o YSYNEX jg g MAIL syntax signature;
e type is an arity assignment for Y"**; and

e A_:S— Valis a constant type assignment for X",

The type system of MAIL, given a signature TT<®*Y

, 1s displayed in Figure 10.8. It
is similar to the type system of Figure 10.3, except that the single computation type
judgement relation I =¢c M : B is replaced by a collection of computation type judge-
ment relations I' =¢ M : B, indexed by € € £, where I', A, B are well-kinded contexts,
value types and e-computation kinds, respectively, and where M is a computation term.
As for CBPV, we call closed ground returners ¢ P : F¢G programs.

The type system is similar to its CBPV counterpart, apart from the rules for coercion
and effect operation symbols. The coercion rule may seem surprising — we only allow
coercion of returners. However this restriction, which is semantically natural, allows
sufficient generality. For if € C €, then for any B : Comp, one can inductively define a
type B’ : Compg by: (FeA) =FgA, (B; xB,) = (B;) x (B,)',and (A—B) =A — B/,

there is then an evident coercion from B to B’.
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F(x):A F"VV1:A1 Fl—VV2:A2
I'tyc:Ay, ———— T'Hy*:1
FI—VXZA FI—V(VI,Vz)IAIXAQ
By VA, ) CheM:B
T i=12
ChHyinj ' ™2V A+ Ay 'ty thunk M : UgB
[, M :Fe A 'y V:A
I' ¢, coerceg, ce,M : Fg,A I' k¢ returngV : FcA

I'FeM:FeA Tox:AF¢N:B
I'FeMtox:A.N:B

i=1,
e A{1— M, 2 M>}: B, X B, IHei'M:B;
I'x:AFeM: B I'+y\V:A T'tkeM:A— B
IF'FeAx:AM:A— B ' VM B

F"VV:A1 XA2 F,xl :A]7y:A2|_gM:B

(x1 # x2)
I'e matchV as (x; :Aj,x2:A2).M: B

', V:0
' matchV :0as {}2:B

'y V:iAI+Ay Toxi:Ai1FeMi:B T,xp:AyFe¢My: B
I't¢ matchV as {inj;x; : A;. M],inj,x; : Ay. M>} : B

', V:UeB
I'¢ forceV : B

I't,V:P T'HFeM:A—B
Fl—gong:Q

(op:A(P),op € €)

Figure 10.8: MAIL type system
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We note too that, from a CBPV perspective, call-by-value types are always trans-
lated into returners F:A [Lev04], hence the coercion rule seems sufficient to subsume
existing coercion effect systems. We do not know of any call-by-name effect system:s,
and we conjecture that by following Levy’s call-by-name translation, we could produce
a call-by-name effect system.

Also note that in the typing rule for effect operations, only operations from the

current effect set € may be used.

Theorem 10.8. Every well-kinded type has a unique kind, and every well-typed term

has a unique type.

Proof
Standard induction. |
We define capture avoiding substitution in the usual manner. We will only substi-

tute value terms for variables. The variable binders are the following constructs:
e Mtox:A.N binds xin N;
e Ax:A.M binds x in M;
e matchV as (x; : Aj,x3 : Ay).M binds x; and x, in M; and
e match V as {inj;x; : A;.M,inj,x> : Ay. M} binds x; in M; and x; in M».

Lemma 10.9 (substitution). For every well-typed phrase (value term or computation
term) T' = P : X, for all well-kinded contexts A and Dom (I')-indexed family of values
V_, satisfying, for all x € Dom (T'), A=V, : T'(x), we have At P[Vx/x]cpom(r)-

Proof
Standard induction. [ |

We extend the erasure function to kind and type judgements and their derivations.

Theorem 10.10. Erasure maps well-kinded types to well-kinded types, well-typed terms

to well-typed terms, and well-formed derivations to well-formed derivations.

Proof

Straightforward induction. [
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V[Q]=38[0] CTX ] =T )]
V[1] =1 xeDom(T)
{V[[Al XAzﬂ = [{Aﬂ] X [Azﬂ
7[0]:=0 Ce[FeA] = F[A]
V[A +Ar] = [A1] +[42] GBI xBa]:=[B] x[B,]
V[UeB] = |[B]] Gl[A— B] = [B]"

Figure 10.9: MAIL type interpretation

10.2.2 Categorical semantics

The denotational semantics of MAIL follows the same lines of the CBPV se-

mantics. First we define a base-type interpretation ‘B[—] for a syntax sig-
nature [T"* in a distributive category 7. Such assignments extend to ground-type
assignments using the distributive structure. Given any functor P : £ — CBPVy (cf.
Definition 2.12), we have, for every €, a strong monad 7z. Thus, given such a P,
base-type assignments also extend to type interpretations of kind judgements (see Fig-
ure 10.9):

e value types are interpreted as 7/-objects via V/[—], as in CBPV;

e g-computation types are interpreted as ‘VTS—objects, i.e., algebras, via G, [—];

and
e contexts as finite products in ¥’ via C'7T X [—], as in CBPV.

This interpretation treats MAIL types as a family of interpretations of CBPV types, one
in each computation category V T sharing the same value category 7. Note how the
product of two computations is only well-defined when they are of the same kind. We
define interpretations of type assignments & _[type] given a basic-type assignment for
a MAIL signature as for CBPV.

With these notions in place, we are ready to define the semantic data required for

modelling MAIL:

Definition 10.11. Let 2MA be a MAIL signature. A EM*"-model M is a quintuple

<[V5P7$[[_ﬂaof [[—}LK[[—}D

where:
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GHUES 7R SR E § (O R O S H I e

xeDom(T)

[(A1,42)] : [1] 2D, 14 75 o]

[im v ] o) Y5 (a0 % (A ] +[A2] [ thunk ] <[] 2 )]

M Mg, Ce
[coerceg,ce,M] : [T] u) T, [A] —> s,

Te, [A]
[returngV ] : [T] 5 [A] 2 |F[A]]

(id,[M])

[Mtox:A.N]:[I] ] x 71a] 2L 8]

[ {1 My, 2 Mo} [1] 22D, g ) 18,

lim]: [0 220 1B, 1 < 1B 2 (8] [h: A : [r] 22E2, gy il
(vem]: [r] 2D, gy 4T« 4] 22 (18]

[ match V as (x1 : Ay, : A2).M] : [T] 2% [T % [A1] % [4.] 225 (8]

[ match v : 0as {}2] : [1] 2 0 4 |[B]]

(id [[V]

[[matchV as {lnjlxl A1 M1 anZXZ Az Mz}]] [Fﬂ [Fﬂ X ([{Aﬂ] + [Azﬂ)

([T x (4D + ([T x [Aq]) B, gy,

distributivity V]
[ force V] : [T'] — [[B]]

1 1d X O T
L, Glopl iy« 7 [a] 25 |18))

lopfm | : [T] =5 [T x [P] —""

Figure 10.10: MAIL term interpretation
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V is a distributive category;

B[—] is a basic-type assignment;

(V,[type],P,0[—]) is a Z-model (cf. Definition 3.2);

K [—] assigns to every constant ¢ € S an arrow
Kle]:1—[A]

Let (V,T,P,B[-],0[-],X[—]) be a 2M*"“-model. Denote by F; - |—| the
Eilenberg-Moore resolution of T¢ i.e., of the CBPV model Pe. Denote by me, ce, the

monad morphism P(g; C €;). We interpret MAIL terms as follows (see Figure 10.5):
e value terms ', V : A are interpreted as ‘//-morphisms
VIT[V]:CTX[T]— V[A]
e computation terms I' ¢ M : B are interpreted as 7-morphisms

CTe[M]: CTX[I] = |G [B]]

Note that dropping the semantic function names from our denotations makes them
identical to that of CBPV. As a consequence, we will see in Section 11.2 that MAIL
inherits the equational theory of CBPV.

Recall that we chose our morphisms between CBPV to be monad morphisms. How-
ever, a different choice of morphisms between CBPV models may allow us to interpret
richer constructs. For example, we can change our notion of morphism from 7" to 7"’ to
be an adjunction Fr_,p» A Upr 7 : V T — " that commute with the Eileberg-Moore
adjunctions. Such adjunctions certainly exist in the algebraic cases when € C €'. In this

case, we can interpret a form of coercion at all computation types:

I'te M :B

I' be returngcg M : FeceB
We can also interpret ‘partial thunking’ of effects:

o M:B

I't-¢ thunkecey M : Ugce B
However, we do not know any satisfactory computational understanding of for these
constructs. Therefore we chose monad morphisms as our notion of morphism, as these
lead to coercion of returners only, which have a computational interpretation as sub-

types.
We omit the definition of an algebraic MAIL model as it is straightforward.
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10.2.3 Relational semantics

We now study relational semantics for MAIL, taking advantage of our categor-
@ ical formulation of the semantics. Let B[—] be a base-type interpretation in
the category of logical relations LogRel, and B! [—], B?[—] be set-theoretic base-
type interpretations. We say that B [—] is a lifting of B! [—], B?[—], when, for every
basic type Q € Bse, B[Q] is a lifting of B'[Q], B*[Q]. Let P : E — CBPVLogRel,
P1,P2 : £ — CBPVget be functors. We say that P is a lifting of Py, P, if it is a
component-wise lifting, i.e., if, for every object or morphism x in E, Px is a lifting
of Pix, Pax.

Recall that R _[type] assigns to every op : A (P) the type [A] ([P]).

Lemma 10.12 (basic lemma for types). Let ZM*'™™ be a MAIL signature, and B[—] a

lifting of base-type interpretations B' [—], B>[—].

e For every ground type G € Gnd, the relational ground type assignment G [G] is
alifiing of G'[G], G*[G]-

e The relational type assignment R _[type] is a lifting of the set-theoretic type as-
signments R [type], R [type].

Assume further a given lifting P : E — CBPVy,ogRel 0f P1,P2 : £ — CBPVgey.
e Forevery A :Val, V[A] is a lifting of V' [A], V?[A].
e Forevery ¢ B : Comp,, C.[B] is a lifting of C} [B], G2 [B].
e For every well-kinded context T, CT X [T'] is a lifting of CT X' [T], T X' [T'].

Proof
By induction on the various syntactic classes.

The statement for ground types holds, as ground types are interpreted using the
base-type interpretation, and finite products and coprodructs, which all lift. Component-
wise verification validates that the type assignments lift.

For value types, we use, in addition, the fact that if B is a T-algebra in LogRel
lifting two algebra B;, B,, then its carrier set is a lifting for the two corresponding

carrier sets.
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We turn to computation types. For returner types, assume that for some -y F¢A : Val,
V[A] is alifting of V! [A], V>[A]. We have:

G [FeA] = (Pe(V [A]),u)
Ci[FeA] = (Pie(V'[A]), 1)

Because Pe is a lifting of P1,P,, we can conclude that C, [FeA] is a lifting of G} [FeA],
ng [FeA]. A similar argument shows the induction hypothesis also holds for compu-
tation products and function types, as the algebra structure on these is given using the
cartesian closed structure and the monadic structure, which all lift.
The statement about contexts holds for the same reasons. |
Note that we did not use the assumption that the morphism map of P is a lifting.

Consider any three X™*'™™-models as follows:

M = (LogRel,P ;B [-],0_[-],%X [-])
M= (Set P, B'[-],0'[-].K'[-])
M2:<Set 7P27$2[[_ﬂ703 [_HM{K:Z [_ﬂ>
We say that M is a lifting of M|, M if:
e B[—]isalifting of B[], B'[-];
e the Z-model (LogRel, % [type],P,O_[—]) is a lifting of the two X-models
(Set, R [type],P1, OL [~]). (Set, R*[type] P2, 02 [-]):

e for every constant c € S, K [c] : 1 — V' [A.] is a lifting of K [c], K> [c].
Lemma 10.13 (basic lemma for terms). Let YMA™Y be a MAIL signature, and M a
lifting of M1, M.

o ForeveryI'F,V : A, VT [V]isalifting of VI [V],VT*[V].

e Foreveryl't¢ M : B, CT.[M] is a lifting of CT"' [M],CT*[M].

Note how the basic lemma for types ensures these arrows are well-typed.

Proof
Straightforward induction over value and computation terms, as our assumptions imply
that all the structure involved in the denotational semantics of terms lifts. The only two

liftings we have not established yet are the distributivity isomorphism used to define

pattern-matching, and the generic effect interpretation. The distributivity isomorphism
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v[Q] =38[0] CTX ] =]]Ir®)]
V[]=1 xeDom(T)
'V[[Al ><A2ﬂ = [{Aﬂ] X [Azﬂ
V0] =0 G[Fed] = F[A]
V[A +Ar] = [A1] + [42] G[B1xBa]:=[B]x[B,]
V[UeB] = [B]) G4~ B] = [B]"

Figure 10.9 (revisited): MAIL type interpretation

lifts because LogRel is distributive and its products and sums are liftings. For every
op € I, the generic effect G [op] is expressible using O, [op], the monadic structure,

and the cartesian closed structure (see Theorem 2.4). |

10.2.4 Set-theoretic semantics

We again specialise to sets and functions. The set-theoretic denotational se-
® mantics of MAIL follow the same lines of the CBPV semantics. First we define
a set-theoretic base-type interpretation ‘B [—] for a syntax signature IT®Y™¥*, Such as-
signments extend to ground-type assignments using products and sums. Given any
family of monads 7_ indexed by ‘E, such assignments also extend to type interpre-
tations of kind judgements as sets (see Figure 10.9 (revisited) on page 240). This
interpretation treats MAIL types as a family of interpretations of CBPV types, one for
each effect set, sharing the same interpretations for values. We define interpretations
of type assignments [type] given a basic-type assignment for a MAIL signature as for
CBPV.

With these notions in place, we are ready to define the semantic data required for

modelling MAIL using sets and functions:

Definition 10.11 (revisited). Ler ZMA™™ hbe a MAIL signature. A set-theoretic TMAT--

model M is a quintuple

<Q§ [_] 7T—=m—7 G[—] ) K[_H>
where:

e B[—] is a basic-type assignment;
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VT [b](y)=[b] VT[x](y)=m(y) VT[x](v) =~
VT [(A1,42)] (1) = ([A] (1), [42] ()
VT [injf" A (1) = u([A] ()
CTe, [coerces, ce,M] (v) := me, ce, ([M] (7))

CT ¢ [returneA] () :=ne([A] (V)
CT[Mtox:A.N|(y) :=[M](y) == (ha.[N] (y[x+ a]))

CTe[i'M](y) = m([M](v))
CT[AM](v) = (IM] (V) (TA] (v))
CT. | matchA:0as {}¥] =
CT [ match A as {injyx; : Ay. My, injyx; : Ay. M} (Y)

_ {[Wﬂ] (b = ai]) [A)() = ua
[Ma] (vl = aa]) - [A](Y) = toas

T [ophM] (1) = Ge [op] ([A] (¥)) = ([M] (v))

Figure 10.10 (revisited): MAIL term interpretation

o ([type],T-,m_,G[—]) is a X-model; and

o K [—] assigns to every constant ¢ € S an element X [c] in [A.].

Let (B[—],7-,m_,G[—],K[—]) be a EMA-model. We interpret MAIL terms
I'F P: X as functions [P] : [I'] — [X] (see Figure 10.5 (revisited) on page 241). Note

that dropping the semantic function names from our denotations makes them identical

to that of CBPV. As a consequence, we will see in Section 11.2 that MAIL inherits the

equational theory of CBPV.

By replacing the X-model with a presentation X-model we obtain the notion of a

presentation ZM*-model. Each presentation model yields a set-theoretic model, and

hence can be used to interpret MAIL.
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10.3 Model generation

Our goal is to generate most or all of the structure needed by MAIL models from a given
CBPV model. Most of the work has been done in previous chapters, but the choice of
built-in constants complicates matters slightly.

One case in which no complication arises is for the benchmark models, defined
@ in Example 7-2. Because these models ignore the effect annotations, the CBPV

semantics and the MAIL semantics agree on the nose.

Lemma 10.14. Let II°®*Y be a CBPV signature, M = (V,B[—],T,0[-],K[-])
a CBPV I1®**V-model, and ¥ an effect hierarchy. Let <‘V, [type],P,, 0" [[—ﬂ> be the
benchmark model corresponding to the CBPV model (V,[type],T,0[—]) (see Ex-
ample 7-2).

The benchmark MAIL model M, is given by

(V. 8[-1,P,, 0" [-].X[-])
and for every MAIL type, context, and term X, we have M, [X]| = M [[X h]]-

Proof

Straightforward calculation. [
We can always define benchmark models. However, they completely ignore effect

annotations. We are interested in obtaining a similar construction for the conservative

restriction models (see Theorem 7.12). However, as the built-in constants may have

arbitrary types and involve arbitrary effects, we do not have a canonical choice of their

types and interpretations.

For example, the arithmetic addition constant in CBPV:
+ : U(Word x Word — F Word)
can have an effect-dependent type in MAIL:
+ 1 Ufnritnmet icoversiow} (WOrd X Word — Frp i et s cover£104) Word)

The situation becomes more complicated with higher-order built-in constants, due to
contravariance.

We have no general solution to this problem. However, the amount of work in-
volved in choosing the effect annotations and interpretations for the built-in constants

is linear in the number of the built-in constants. Therefore, we foresee no problems in
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leaving them unspecified by our general account, and manually choosing the appropri-
ate effect annotation and interpretation in any concrete case. We formulate our results
to be of use in this general case.

Nevertheless, under some simplifying assumptions on the MAIL and CBPV signa-
tures, we can guarantee a suitable choice of types and interpretations for the built-in
constants. We will describe the simplest such method, by restricting to a sub-class of

signatures, which we call simple signatures.

Definition 10.15. A simple MAIL signature is a MAIL signature XM such that I1 € ‘E,

and for each built-in constant c, the only effect set appearing in A. is I1.

Thus, a simple signature may include number and string literals 1, 0xFEED : Word,
and boolean operations =, >=, <: Ur;(Word x Word — F;2) but not a pure string
concatenation function +- : Up(Str x Str — FyStr).

Our simplifying assumptions are:
e the CBPV model is algebraic, i.e., given by an enriched Lawvere theory L;

e the operation set II is surjective, in the sense that the (unique) morphism from
the initial (IT, [type]) theory Ly [type]) to L is an E-morphism, i.e., surjective

in the set-theoretic case; and
e the MAIL signature is simple.

The first assumption is essential, as we cannot construct the conservative restriction
model otherwise. The second assumption is reasonable, as it means we include all
the effects in our effect analysis. If the initial morphism is not an E-morphism, the
theory £ may include effects that lie beyond the reach of our type-and-effect analysis.
As we discussed, the last assumption is restrictive, but non-essential. We keep it as it

simplifies the account greatly.

Lemma 10.16. Let M be a simple MAIL signature, M = (V, [type],T,0[—]) a
CBPV ZhCBPV—model, and (V, [type] ,P,0_[—]) a -model. If PT1 =T, then for every
built-in constant ¢ € S, the type interpretation of A. induced by P is M [A.].

Let E'™ be a class of morphisms in Law; 9. We say that an algebraic CBPV
T1BPY_model is E'*-covered if the initial morphism % : L1, Jiype]) — L is an Elaw.

morphism.
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Corollary 10.17. Let XMA be a simple MAIL signature, let
M: <}\’7 Wvgﬂ_]7L7L[_ﬂ7K|I_]>

be an algebraic CBPV ZhCBPV—model, and let <£law, M 1aw> be a factorisation system
of Lawy V, such that M is E"® -covered. Let

(L, V,[type], L_,0_[-])

be the conservative restriction model corresponding to the CBPV model

(A V. [type] . £, L[-])

(see Theorem 7.12).

The conservative restriction MAIL model M} is given as the algebraic MAIL XMA™-
model

<(V7 B [_] L, 0 H_ﬂ K [[_ﬂ>
Proof

From the assumptions follows that L11 = L, hence by the previous lemma, the inter-
pretation for the built-in constants from M can be used in M. |

We now turn to construction of logical relations MAIL models.

Lemma 10.18. Ler XMA™ be a simple MAIL signature, and let ‘B [—] be the diagonal
base-type interpretation in LogRel, i.e., for every Q € Bsc, B[Q] is the diagonal
relation. Then, for every ground type G € Gnd, G [G] is the diagonal relation.

Proof
By induction over ground types, noting that the diagonal relations are closed under
products and coproducts. |

We will use the following construction to relate different MAIL semantics.

Theorem 10.19. Given a MAIL signature MY, consider any two MAIL ZMAY_models

sharing the same base-type interpretation:

My = (Set,P;, B[], 0" [-], X' [-])
M = (Set, Py, B[], 0% [-], K*[-])

Let (LogRel, [type],P,O_[—]) be the free lifting of the induced £-models

(Set, [type],P1, ol -1, (Set, [type], P2, 0? [-1)
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via the diagonal lifting of [type].

Denote by B[] the diagonal lifting of the shared base-type interpretation B°[—].
The assignment B[ —] and the functor P then induce a logical relations MAIL type
interpretation V [—].

If, for every ¢ € S, the pair (M [c], M2 [c]) lifts to a logical relations morphism
K[-]:1— V[A.], then

M = (LogRel,P, B[—],0_[-], KX [-])
is a logical relation MAIL ZM*Y-model. We call M the free lifting of M |, M.

Proof

By the previous lemma, M [type] is the diagonal lifting of [type]. Thus, by fiat, M is
a MAIL XMA-model. |
® To aid accessibility, we recast the model generation process in terms of pre-

sentations.

Definition 10.15 (revisited). A simple MAIL signature is a MAIL signature Y™™ such

that 11 € ‘E, and for each built-in constant c, the only effect set appearing in A, is I1.

We say that a presentation CBPV IT°B*Y-model is fully-covered if the initial transla-
tion from the free presentation whose signature is generated by X [type] is surjective.
In simpler terms, a model is fully-covered if every term in its presentation can be ex-

pressed using the indexed terms that define the generic effects of this model.

Corollary 10.17 (revisited). Let XM be a simple MAIL signature, let
M =(B[-],Ax, 0[], K[-])

be a fully-covered presentation CBPV ZEBPV—model. Let

<[[typeﬂ 7AX—7 o_ [_ﬂ>

be the conservative restriction model corresponding to the pair Ax, O[—] (see Theo-
rem 7.12 (revisited)).
The conservative restriction MAIL model M is given as the presentation MAIL EMAT-

model
<8 [[_] JAX—, O [[_ﬂ ) K[_ﬂ>

To summarise, we defined a general type-and-effect system and its semantics, and
in the algebraic case we constructed the hierarchical semantics from the CBPV seman-

tics and related them to each other.






Chapter 11
Optimisations

The transformation was amazing

—Bon Jovi

In this chapter we develop a general account of semantics preserving, effect-
® dependent program transformations. These are also known in the literature as
effect-dependent optimisations, although we make no attempt to establish that these
lead to more efficient code (see, for example, the “dragon book” [ALSUQ06, Subsec-
tion 1.4.2] for a similar usage of the term ‘optimisation’).

The optimisations we consider are conditional equations between MAIL phrases,
1.e., effect annotated CBPV terms. Such equations are valid in a MAIL model if their
denotations are equal. These equations consist of a simple, equational, program logic
which is strictly more powerful than its unannotated counterpart: erasing the effect
annotations from the terms may make a valid transformation invalid. We also show
that the annotated logic is sound and complete, and show its use as a formal basis for
the correctness of program optimisation based on these equations.

With the foundational notions in place, we then validate the optimisations in the
literature. Our general account describes the optimisations as falling into three natural
classes, based on which properties of the models validate them. Thus we locate the
semantic source of these optimisations. As a consequence, by searching these sources
for additional optimisations, we come across optimisations not covered by the current
literature.

First, in Section 11.1, we define the equational logic and its semantics. We then
show that the conservative restriction model is sound and complete with respect to the
original CBPV semantics. Next, we formally justify optimisation by effect-dependent

transformation. Then, in Section 11.2, we classify the optimisations existing in the
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literature. We show how the algebraic viewpoint explains the semantic origins of these

optimisations, and allows us to discover new ones.

11.1 Validity

First, we define denotational equivalence:

Definition 11.1. Ler II°®*Y be a CBPV signature, let M be a CBPV II°®*Y-model, and
letTHP :X and '+ Py : X be two well-typed CBPV phrases (value or computation

terms). We say that the optimisation
I'+ P1 = P2 X

is valid in M if [P1] = [P2].

When the optimisation is valid, we write M =T+ Py = P, : X. When T and X can be
inferred, we simply write M |= P) = P,.

We define validity of optimisations in MAIL models similarly.

Our goal is to validate equivalences between CBPV programs. The validation of
these equivalences may rely on effect analysis information, i.e., use MAIL models. We
thus relate MAIL semantics to CBPV semantics. Recall the erasure function (—)t1 from

Section 10.2. We begin with the benchmark model.

Theorem 11.2. Let II°®?Y be a CBPV signature, M a CBPV II®*Y-model, and ¥ an
effect hierarchy. Let M, be the benchmark model (cf. Lemma 10.14). Then for all
well-typed MAIL terms ' =P : X,

M,[P] = M[[Pu]]
As a consequence, for all MAIL terms T+ P!, P? : X :
M =P} =P} : X, — M, =P =P>:X

Proof

Straightforward induction. [
However, using the benchmark model on its own serves no purpose, as we could

instead just validate the transformations in the CBPV model. Rather, we use the bench-

mark model to infer semantic equivalence of CBPV terms using conservative restriction

MAIL models.
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Lemma 11.3. Let XMAY be a MAIL signature, and M be any set-theoretic algebraic
CBPV ZEBPV-model.

ZMAIL

Let My be any presentation MAIL -model such that the underlying ¥-model of

My is the conservative restriction model generated from the underlying I1-model of
M. (see Theorem 7.12 (revisited)). Let M, be the benchmark MAIL MA-model
arising from M.

Assume that the condition from Theorem 10.19 holds for the built-in constants:

@ for every built-in constant ¢ € S, (My[c], M [c]) lifts to a logical relations
morphism:

KR [c] : 1 — Mpogra[Ac]

® For every pair of well-typed MAIL programs ¢ P!, P> : F¢G,

M |= P} = P; :FG = M; = P' = P F:G

Proof
By Theorem 10.19, we have a free lifting logical relations MAIL XMA™-model
Miogrel. For every €, let me : Ty, — T, be the componentwise injective
monad morphism from the construction of the conservative restriction model (see The-
orem 7.12).
Consider any MAIL program ¢ P : F¢G. By the basic lemma for terms (Lemma 10.13),

we deduce that:

<Mﬁ [[P]]aMb [P]> € nMLogRel[Gﬂ

By Lemma 10.18, Mpgrel [G] is the diagonal relation over [G]. Therefore, by the

definition of the conservtive comparison logical relations model (see Corollary 9.12),

Theor1m11.2
me(M;[P]) = M, [P] = M [P]

Consider any pair of well-typed MAIL programs ¢ P!, P? : FeG. By functionality

of me we deduce that

P =m[P] = M [P'] =[P
and by injectivity of me we deduce that

m[p]=wm[p] = [P] =[P

as desired. [ |
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The need to incorporate the built-in constants into the conservative restriction model
complicates our formulation of this lemma. Indeed, we expose the conditions on the
effect-annotated constants that enable to lift the two MAIL models. When we uniformly
incorporate these constants into the conservative restriction model, such as with simple

signatures (see Corollary 10.17), we obtain a more succinct result:

Theorem 11.4. Let XMA' be a simple MAIL signature, and M be any fully-covered
presentation CBPV ZHCBPV—model. Let My be the conservative restriction MAIL EMA!E-
model of Corollary 10.17.

For every pair of well-typed MAIL programs ¢ P!, P? : F¢G,

M =P, =P; :FG — M; = P' = P : FeG

Proof

Our assumptions ensure that Corollary 10.17 is applicable hence M is well-
@ defined. The surjectivity of the initial morphism ensures that the component-
wise injective monad morphism myy : T; — T is the identity function.

Let M be the conservative restriction Z-model induced by M. Let M y,ogrel be the
free lifting model induced by the conservative restriction and the benchmark models,
as in the last lemma. A straightforward inductive argument shows that, as myy = id, the
interpretation of every value type and computation type containing only IT as an effect
set is the diagonal relation.

Therefore, for every built-in constant ¢ € S, the pair ([c],[c]) is in MpogrelAc-
The previous lemma is applicable. |

We justify the process of effect-dependent program optimisation using effect-based
equational reasoning. We begin with a complete effect-annotated source code program
P, which we wish to transform, i.e., to optimise. To do so, we wish to apply a certain

effect-dependent transformation, such as the following Discard optimisation:
Fl_gM:FgA FFS,N:B

(eC¥) (11.1)

M |= coercegcyM tox :A.N =N
This optimisations states that if N does not directly depend on the result of the returner
M, then the computation M may be discarded without affecting the meaning. This
optimisation is valid if, for example, Lg is the environment theory Lgyy(y). Note that
this transformation is not sound in general, by which we mean that, if we erase the
effect annotations, we obtain an optimisation that is not valid in the CBPV model for

global state:
I'-M:FA I'-N:B

ME=Mtox:AN=N

(11.17)
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Interestingly, transforming Discard (11.1) into a higher-order equation
Am: UgFeA.An : UgB. forcemto x : A. force n = Am: UgF:A.An : Uy B. force n
yields a valid MAIL equation whose CBPV erasure may be invalid
Am: UFA.An: UB. forcemto x: A. force n = Am: UFA.An : UB. force n

which shows that Theorem 11.4 fails at higher types.

We validate such effect-annotated transformations in the conservative restriction
model by straightforward calculation. Therefore, applying the transformation to the
effect-annotated source program, we obtain a transformed program P’. Standard tech-
niques show our denotational semantics is compositional, hence P = P’ in the con-
servative restriction model. By appeal to Theorem 11.4, the unannotated source code
of the original program and the transformed program are equal in the original CBPV
model, i.e. Py, = Py. We can then continue to optimise the annotated source code,
or even perform further static analysis, adding tighter effect annotations in the source
code, enabling further transformations to occur. For example, if in the above exam-
ple N = coercecice/N' and € = e U¢€”, then after M is discarded, we may not need
to coerce N’ at all, and maintain the tighter effect-set €”. Thus, we formally justified
effect-dependent optimisation of programs.

First, note our notion of validity, denotational equivalence, is natural and, in any
adequate model, implies contextual equivalence. In contrast, Benton’s work validated
the same optimisations only up to contextual equivalence with respect to a restricted
class of ground contexts. Next, note that while the original semantics can prove the
same transformations the effect-annotated program can, the benefit of using the effect
analysis is in the locality of our reasoning. The use of the annotated transformation
(11.1) is validated based on local information, facilitated by the available effect sets.
In contrast, justifying the same transformation without the annotations requires some
form of global analysis, as demonstrated by the unsoundness of the unannotated trans-
formation (11.1%). Also note the bi-implication in Theorem 11.4. So far, we only used
this implication for deducing transformation validity in CBPV. The converse implica-
tion means that, while in essence our semantics of interest are the CBPV semantics, we
lose no expressiveness by moving to the MAIL semantics. However, we may make use
of incomplete models to validate optimisations. For example, in previous work [KP12]
we used the axiomatic restriction models, whose explicit presentation is straightfor-

ward, but may produce incomplete MAIL semantics. Finally, despite Theorem 11.4
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referring to programs only, we foresee no inherent difficulty in using it to justify opti-
misation of library modules. We outline how to do so. If effect analysis is performed
on all system modules and the interface signatures match-up, then Theorem 11.4 jus-
tifies the validity of the transformation to the entire system. If other modules are not
analysed, then the inter-module interfaces need to be annotated with the full effect-set
I1. For example, if an unanlysed module exposes the interface f : U1 — F1, we will
treat this interface as if it had the annotation f : Ug1l — Fry1. Theorem 11.2 guarantees
we can safely assume these annotations, and then invoke Theorem 11.4. We leave a
formal treatment of programming languages with explicit module support to further

work.

11.2 Optimisation taxonomy

We turn to validating effect-dependent optimisations, formulated as MAIL equations.
This is done semantically, using Theorem 11.4. We divide optimisations into struc-
tural, local algebraic, and global algebraic groups. We validate versions of almost all
the optimisations in Benton et al. [BK99, BKHB06, BB07, BKBH07, BKBH09], and
also some others, not previously considered in the semantics literature. The only opti-
misations considered by Benton et al. that we do not treat deal with exception handlers.

Structural optimisations reflect the general structure of our models. Let XM be a
MAIL signature. Then a structural optimisation is one that is valid in all MAIL XMAL-
models. Figure 11.1 shows example schemes for such optimisations. Note that the
B, 1, and sequencing laws are the standard CBPV equational laws, found in the CBPV
literature [Lev04, PPO8]. As the fragment of the language they deal with and their
denotational semantics are identical to CBPV, they are indeed true in all MAIL mod-
els. The equations for effect interaction are validated by straightforward calculation
using the monadic structure and the definition of the free, product, and exponential
algebras for a monad. Finally, the equations for coercion follow from functoriality of
the monad hierarchy, from basic properties of strong monad morphisms, and from the
definition of effect operation preservation. The structural optimisations are the basic
transformations in program optimisation, and they include well-known optimisations,
such as: constant unfolding and propagation, code inlining, common subexpression
elimination, and others.

Local algebraic optimisations originate from particular equations in the Lawvere

theory L associated to a given MAIL model. Each equation yields such an optimisa-
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B laws: match (A,A") as (x:A,y:A") .M =M[A/x,A' /)]
match injf‘JrAzA as {inj,x; :A1. My, injyx2 1 Ax. Mo } = M; [A/xi]
force ( thunk M) =M (returngA) tox: A.M = M [A/x]
iN{1l—>M 2= M} =M, AM:AM=MI[A/x]

1 laws: A=x
M[A/z) = matchAas (x:A,y:A") .M[(x,y)/z] =x,yfreshin M
M = match A : 0as {}2

injx:A .M linj,x/z|,
MA/z] = match A as h njx/ x, y fresh in M
inj,y : A'. M [inj,y/7]
A = thunk ( force A) M = M to x : A.returngx

M=A{1—1'M,2—2'M} N=M:Ax'N  xfreshinN
Sequencing:

Mtox:A.(Ntoy:A'N')=(Mtox:A.N)toy:A'N' xfreshin N’
1—-Mtox:A.Np,

Mtox:AA{1—N;,2—> N} =L
2= Mtox:A.N>

Mtox:Aly:A . N=Ay:A.(Mtox:A.N) yfreshin M
Effects: opahx:A. (M toy:A'.N) = (opigA/kx:A.M>t0y:A’.N x fresh in N

B
1'—>M1, 1—o0 *IMIA.MI,
opflxgzhx:A.k =A Pa

2'—>M2 2'—>OP§ZMIA.M2

opﬁqgkx ANy A M=)y :A/.opka AM xH#y

Coercion: coerceg,ce, (coerceg, ce,M) = coerceg, ce,M
coerceg, ¢, (returng M) = returng, M
coercego/(Mto x:A.N) = (coerce,ce/M)to x:A.coercesce N

Fe A’ Fe, A’
coerceg, ce, (opA81 M:A.M) =op,”? Ax:A.coerceg,ce,M

Figure 11.1: structural optimisations
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tion. To derive these optimisations from the equations, one follows Plotkin and Pret-
nar [PPO8]. We just give an example here. The global state theory for a finite set of

storable values V = {vi,...,v,} includes the axiom scheme
update,, (lookup (xp,...,X,)) = update,. (xy,)
The corresponding algebraic optimisation is
updateg (lookupM) = update‘ﬁ, (VM)

Such transformations are the bread-and-butter of effectful program optimisation.
Global algebraic optimisations follow from overall, global properties of the theo-
ries. Each appears in two forms, which we call utilitarian and pristine. The utilitarian
form readily applies to program optimisation; the pristine form is shorter and easier to
validate, but perhaps less useful. For example, the utilitarian form of Discard is
I'Fe M FA I'Fe N:B

(eCe)
M |= coercegcyM tox:A.N =N

and its pristine form is

e M:FeA

M = M to x : A.returngx = returngx
The two forms can always be shown equivalent using structural optimisations. In-
stances of both appear in the work of Benton et al.

Validating the global algebraic optimisations denotationally reveals an intimate
connection! to Fiihrmann’s work on the structure of call-by-value [Fiih00, Fiih02]:
each has a characterisation in semantic terms. For example, the Discard optimisation
holds iff Lg is an affine theory [Koc71, Jac94, Fiih00], that is, iff n‘°i :1—T1lisan
isomorphism.

There are also algebraic characterisations of these semantic properties. For ex-
ample, a theory L is affine iff for every term ¢, ¢(X,...,X) =X, that is, iff a global
absorption law holds. (Here, and below, we are displaying all the variables of the
terms at hand.) Such algebraic properties can be investigated using the equational pre-
sentation of the theory. As an example, the theory for environments Lg,,(y) and the
semilattice theory are affine.

A summary of our results appears in Figure 11.2. In every row, all the conditions
are equivalent in any MAIL model, taking the condition in the first column as univer-

sally quantified over all € such that €’ D €,€;,€,. As fully justifying these equivalences

I Alex Simpson, private communication.
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will require us to include 36 proofs, we omit them. Benton et al. (Fiihrmann [Fiih00,
Fiih02]) considered call-by-value analogues of the optimisations labelled by B (respec-
tively F) in Figure 11.2, albeit for particular combinations of effects (respectively for
a fixed monad); Fiihrmann also showed the equivalence of the pristine and utilitarian
form and the abstract side condition in his setting.

The abstract conditions in Figure 11.2 use the following standard categorical no-
tions. The diagonal function 8p : B — B x B is given by 8(b) := (b, D). The two double
strength functions y, : TA x TB — T (A x B) are defined by y = 6 o T'str’ o str and by
W =0oTstrostr’.

The algebraic characterisations follow from the algebraic understanding of the
monadic structure. Note how Copy corresponds to a global idempotency law, and how
Swap corresponds to commutativity. This algebraic presentation using laws is mal-
leable to manipulation. Slight variations on these two laws generate the Weak Copy?,
and Weak and Isolated Swap optimisations, which are new in the formal methods opti-
misation literature. Thus, by understanding the semantic origins of these optimisations
in algebraic laws we were able to discover new ones. Also note the algebraic condition
for Pure Hoist. It means that L¢ is either inconsistent, or the operations project one of
their arguments without effect.

Note too the two hoisting optimisations and compare them to the structural optimi-
sations dealing with effect operations (Figure 11.1). The simplicity of the latter over
the former suggests that the complications arise from the process of thunking rather
than abstracting over variables. This clean separation between thunks and abstraction
also supports our use of CBPV.

To summarise, we formalised effect-dependent optimisation and justified the con-
servative restriction model construction, in the set-theoretic case, as a sound and com-
plete model of type-and-effect analysis. We then used our models to validate and clas-
sify existing optimisations, discover new optimisations, and connect different strands

of the semantics literature.

2Paul B. Levy, private communication.



Chapter 12
Combining effects

We could be victims of a lethal combination
—The Bee Gees

A key advantage of the algebraic approach to semantics is modularity, where
® several simple theories are put together via known combinators to give seman-
tics to a complex language. Hyland et al. [HPP06] study two such combinators, the
sum and tensor of two algebraic theories. These operations cover most of the known
combinations of effects. In terms of presentations, the sum and the tensor have simple
descriptions. In this chapter we will see how set-theoretic presentations of theories
assist in deriving the validity of optimisations in the combination of theories from their
validity in each component.

We introduce and investigate a novel class of optimisations that allow a highly
modular treatment, the operation-wise valid optimisations. We show which of the
global algebraic optimisations are operation-wise valid and which are not. For the non-
operation-wise valid optimisations, we achieve modularity by proving ad-hoc combi-
nation theorems.

In this chapter we will use the category of Lawvere theories Lawy Set. However,
this category is equivalent to the category of theories Theory, i.e., the category of
presentations and ~-equivalence classes of translations. Therefore, we do not mark this
chapter with the “beware cats” sign, as each use of a Lawvere theory can be replaced
with a presentation. In particular, we denote by Thay the Lawvere theory induced by a
presentation Ax.

First, in Section 12.1, we begin by recapitulating the known definitions of the sum
and the tensor of theories and express their known set-theoretic presentations, sum-

marising the relevant results from [HPP0O6]. Next, in Section 12.2, we turn to isolating
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the operation-wise valid optimisations. Finally, in Section 12.3, we conclude by ad-hoc

treatment of the rest of the optimisations.

12.1 Combining theories

The first way to combine theories is by taking their sum, i.e., coproduct, in the category
of (enriched) Lawvere theories. Viewed syntactically as presentations (cf. Chapter 8),
the sum of two theories has the following well-known straightforward description (see
Hyland et al. [HPP06]).

Let Ax = (61,E1), Ax = (02, E>) be two presentations. Denote by 6] + G, the sig-
nature consisting of the disjoint union of the two operation sets, maintaining their orig-
inal arities, i.e., assigning 1;0p : n, for each op : n in 6;, i = 1,2. The signature 6| + &>
induces, for i = 1,2, a family of relabelling maps t; : Termsg, (X) — Terms g, 4, (X),
homomorphically mapping each op(xi,...,X,) to yop(Xy,...,X,). This relabelling
map extends componentwise to equations r = t/. Define Ax; + Ax, as the presen-
tation (G| + 02,11[E1|U1z[Ez]). Simply put, Ax; + Ax, consists of the union of the
operations of Ax; and Axj, possibly renamed to avoid conflict, and the union of the
equations, suitably renamed.

With this notation, we have:

Theorem 12.1 (see Hyland et al. [HPPO06]). For every two presentations Axy, AXa,
ThAX] +ThAX2 = Th(AX1+AX2)

Example 12-1. In the proof of Theorem 7.11 we constructed the initial theory Lq of
a given signature G as the coproduct } ,,c5 Lop Where Lop is the initial theory with a
single operation op with the same type as in 6. In light of the last theorem, in terms of

presentations this construction manifests as the following isomorphisms:

L{opl:nl.,...,op,,:nk} = Th({opl:nl.,...,op,,:nk},0>
=Thist fopin}.0)
Theorem 12.1
Lo
= Y Thi{op;n;}.0)
i=1
k
=Y Liopimy)
i=1
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The explicit description of the coproduct of two monads, even in the set-theoretic
case, is complicated, see Addmek et al. [AMBL12]. For our purposes it suffices to
refer to the special case where one of the theories is free, which Hyland et al. [HPP06]
treat. The full details of the general description are beyond the scope of this thesis, and

we merely instantiate it to obtain the following two examples.

Example 12-2. We describe the monad for combining terminal I/O with non-deterministic
choice. Let Char be a finite set denoting terminal characters. The signature for termi-

nal I/O (cf. Example 8-23) is given by

O10(Char) = {input: |Char]|,input, : 1|c € Char}

and the theory for terminal I/O is the free theory Ligchar) = Th (G10(char)0)" Let
Lnp = Thypy0) Eyp) be the theory for non-determinism, i.e., Enp 1s the theory of semi-

lattices (cf. Example 8-4):
xV(yvz)=(xVy)Vz, xVy=yVXx, XxVX =X

Recall that the corresponding monad to Lnp is the non-empty, finite powerset monad
X
Pl ().
We follow Hyland et al. [HLPPO7] and combine terminal I/O with nondeterminism

using the sum Lig(char) + LNp = Thyg, £, Where

G4 = G10(Char) T OND = {\/,input : |Char|,output,|c € Char}

Ei =Exp={xV(yvz)=(xVy)Vz,xVy=yVX,XVX =X}
We calculated the following monad T corresponding to Lig(char) + £ND using
the techniques of Hyland et al. [HPPO6], which are beyond the scope of this thesis.
Let X be any set. The set 7. X is given by ?f(’ (SX), where SX is defined induc-

tively as follows.
e Forevery x € X, x € SX.

e For every family (1) of non-empty, finite subsets . C SX, (I, (t.)) € SX.

ceChar

e For every ¢ € Char, and every non-empty, finite subset T C SX, (O,c,1) € SX.

Let f: X — Y be any function. The function 7'y f : T X — T,Y is given by the
direct image T, f : T+ f[t], where f : SX — SY is defined inductively as follows.

e Forevery x € X, f(x) == f(x).
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e For every family (Tc).ccnars f({I, (Te))) = (L. {f[t])).
e For every c € Char, and every 7, f((0,c,T)) := (O,c, f[1]).

The monadic unit is given by n* : x — {x}. The monadic multiplication is given
by the direct image u™ : k¥ — Jf[K], where i : ST, X — T, X is defined inductively as

follows.
e Foreveryte T, X, u(7) :=1.
e For every family (Tc).ccpar B((, () = {{I, (flc])) }.
e For every ¢ € Char, and every 1, f((0,¢,7)) := {{(O,c, f[1]) }.
Finally, we define the generic effects for this monad:
toss:1—T,2

toss 1 & — {11%, 1%}

get:1 — T, Char put: Char — 7,1
get % — {(I,({c})cechar) } put:c — {(0,c,{x})}

We can also recover these effects by lifting via the coproduct injection monad mor-
phisms. The injection 1; : Tfo (—) — T4 is given by the inclusions Tfo (X) CT.X.

The coproduct injection 1; : Tj/o(char) — T+ 18 given, for every set X, inductively by

e Forevery x € X, 1;(x) == {x}.

e For every family (t.) .ccnar> U1 ({, {tc))) = {{I, (L1 (t:))) }-

e Forevery ¢ € Char, and 1 € Ty/o(char)X> U ({0, ¢,1)) = {(0,c,u(t))}.
Straightforward calculation shows these injections are component-wise injective. [

The following example is taken from Hyland et al. [HPPO06]).

Example 12-3. We combine exceptions with other theories by summing. Let E be
a set denoting possible exceptions, for example 64-bit words, integers, or a set of
identifiers. Recall from Example 8-23 that the theory for exception raising is the free

theory Ly (g) = Th< 0)> where

GEXC(E) )

Okxc(E) = {throw, : Ole € E}

Recall that the corresponding monad gy (g) is E+ —.
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Levy! noted that summing with Lgxc(E) yields the exceptions monad transformer [KW93].
More precisely, given any theory £ whose corresponding monad is 7', the monad cor-
responding to L)+ Lis T (E+ —). The monadic unit is given by

nExc(E) 1
X —E+X>T(E+X)

The monadic multiplication is given by
TE+T(E+X)) 9 72 L x) 2 7(E4X)
The injections are given by
TS TE+—) A E+—

We can use them to transport the operations from each monad into the combined monad

using Corollary 2.9. [

We now turn to combinations in which effects from different theories commute.
The following universal characterisation of this combination is one of the main techni-
cal contributions of Hyland et al. [HPPO6]:

Theorem 12.2 ((HPPO6, Appendix A)). Let L1, L; be (finitary) Lawvere (set-theoretic)
theories. There exists a Lawvere theory L1 & Lj, unique up to a canonical isomor-

phism, such that, for every category ‘V with finite products:
Mod(L| ® L, V) ~Mod(L;,Mod(L,,V))

We call L1 ® L, the tensor product of L1 and L;. Moreover, there exist a pair of

Lawvere theory morphisms

® ®
L l—1>L1®L2<£L2

such that, for every pair of morphisms Ty : L1 — L), Ty : Ly — L), there exists a
unique morphism T ® Ty 1 L1 ® Ly — L] ® L, satisfying:

11 12
L4 L1® Ly Ly
T = 0% = T,
;
L - Li® L) - L
11 12

"Paul B. Levy, unpublished work.
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The tensor @ equips the category of Lawvere theories with a symmetric monoidal

structure whose monoidal unit is the inital Lawvere theory Pl'es(;zpO = Thyp g)-

In terms of presentations, the tensor product has a straightforward characterisation.
Let 61, 07 be two signatures. Define Eg, %, to be the following set of equations over

the combined signature 6| + G, consisting of the all the equations

op; (0p2 (X1,15---,X1.0),- 0P (X 15+ - -, Xmn))

op, (0p; (X1,15- -+, Xm,1)5---,0P; (X1 s+« X))

for every op; : min 61, and op, : n in 6. We can write these equations more succinctly
using tuples:
n m m o\n
Op1 { OP2 <Xi~,j>j:1 i OP2 (op, <Xi,J>i:1>j:1

We now define the tensor product of two presentations:

AX1 ® AXp = Th<61+62,11[E1]U12[E2]UE<;1®¢2>

The tensor product has the following characterisation, commonly used to define it:

Theorem 12.3 (see Hyland et al. [HPPO6]). For every two presentations Axi, Axa,

Thax, ® Thax, = Th(Ax1®AX2)

® ®
The tensor morphisms L RNy L, translate by relabelling the operations by 1.

The action of ® on translations %1 : AX; — Ax'l, Tl Axy — Ax/z acts by combining
the translation as for the sum.
Corollary 12.4. Thax,wax,) is the initial theory L with two specified morphisms

® ®
1 1 . . s .
L1 =5 L <= L, satisfying all the tensor equations in Es, 00,

The next two examples are two of the main contributions of Hyland et al. [HPPO6].

Example 12-4 (see Hyland et al. [HPP06, Theorem 10]). The state monad transformer
arises from tensoring with global state. Let V, |V| > 2 be a finite set denoting storable
values, and Lgg(y) be the corresponding global state theory. Let £ be any Lawvere
theory whose corresponding monad is 7. Then the monad corresponding to Lggv) ® L
is the monad resulting from applying the global state monad transformer [Mog90,
Subsection 4.1.2]to T.
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Explicitly, the combined monad is given by (7 (V x —))V. The monadic unit is

given by x — Av.1n(v,x), and the monadic multiplication is given by

(T <V>< (T(V><X))V>)V
o (T ((T(v X))V x v))

()"

T (2w x)) Y (v xx)Y

Note how instantiating with the identity monad, i.e., the monad resulting from the
initial Lawvere theory Pres(;zpo, yields the global state monad.
The morphism 1 Tgsv)y — (T(V x —))V is given by
v mY v
(VxX)" —— (T(VxX))
or, more explicitly,
@f] cfmof
The morphism L:T — (T(V x —))V is given by
xv.((TX) KV 2V xTX T(V><X)>
or, more explicitly,
Uk (T (. (v,x)) (k)

We can use these maps to transport the algebraic operations from each component to
the tensor using Corollary 2.9.
For every finitary monad morphism m : T — T’, straightforward calculations show

that the tensor monad morphism Tgg(y) ® m is given by
. v mY / \
Tosv)@m: (T(Vx =)' = (T'(Vx —))
To obtain the theory of finitely many memory locations ¢ € L, we take the L-fold
tensor the global state theory with itself, @ Lgs(v)- [

Example 12-5 (see Hyland et al. [HPP06, Theorem 12]). The writer monad trans-
former arises from tensoring with the theory for the writer monad. Let M = (|M|,-, 1)

be any monoid. The theory for the writer monad is Ly () = Th< ) where

Swm)-Ew(a)
Owm) = {acty : ljm € [M[}
and Eyy(yy) consists of the following equations, for every m, m' € |M|:

act] (x) =x, acty, (act,y (X)) = act,,.,,uX
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The corresponding monad Ty y) is [M]| x —.

Let L be any theory and T the corresponding monad. Then the monad correspond-
ing to L) ® L is the monad resulting from applying the writer monad transformer
to L. This transformer was first introduced in Gurr’s thesis [Gur91, Subsection 4.2.3]
as the complexity monad constructor.

Explicitly, the combined monad is given by T(|M| x —). The unit is given by
x +— M (1,x). The monadic multiplication is given by

T(-xid

L TOSD 7 (1M % x)

T(IM|xT(IM|x X)) = T?(|M|x |M|xX) 5 T(|M| x M| x X)

Note how instantiating with the identity monad yields the writer monad.

The morphism 1 Ty — T(|M| x —) is given by the monadic unit
M| x X T(|M| x X)

The morphism LT — (T(|M|x —)) is given by

T (x—(1,x

TX Dy 7 (M) x X)

We can use these maps to transport the algebraic operations from each component to
the tensor.
For every finitary monad morphism m : T — T’, straightforward calculations show

that the tensor monad morphism Tyy(yr) ® m is given by
Ty ®@m: T(IM|x =) 5 T'(|M] x —)

To obtain the theory for finitely many write-only memory locations ¢ € L, we in-
stantiate to the overwriting monoid over some finite set of storable values V , and take

the L-fold tensor of the overwrite theory with itself, @¢ci Low(v)- [

The following example involving the environment monad transformer [LHJ95]
does not appear in Hyland et al.’s work [HPPO06], but follows the same techniques,

and was known to its authors?.

Example 12-6. The environment monad transformer arises from tensoring with the en-
vironment theory. Let V, V| =n > 2 be any finite set denoting storable values. Recall
the theory for the environment monad (cf. Example 8-17) L,y vy =Th ({lookupn} g vy}
where Eg,y(y) consists of the following two equations,

lookup(x,...,X) =X

lookup(lookup(Xi 1,...,X1 1), ..,lookup(X, 1,...,Xy,)) = lookup(Xj 1,...,Xnn)

2Gordon D. Plotkin, private communication, 2009.



12.1. Combining theories 265

The second equation may be more succinctly presented using tupling:
n
lookup <lookup (x;, j>?:1 >i:1 = lookup <Xk7k>zz1
The corresponding monad Tgyy(v) 18 -V,

Let £ be any theory and T the corresponding monad. Then the monad correspond-
ing to Lggy(v) @ L is the monad resulting from applying the reader monad transformer
to L.

Explicitly, the combined monad is given by (T—)V. The unit is given by x — Av.x.

The monadic multiplication is given by

\% \Y
(T (TX)V) <V 2 (T (TX)V) XV x V2 (T (TX)V> x V
AV.
costr, ((TX)V x v) Tevl, p2x & 7x

Note how instantiating with the identity monad yields the environment monad.
The morphism 1 : Tgpy(y) — (T—)V is given by the monadic unit

\%

xV L (rx)V

or, more explicitly,
®
L ifenof

The morphism LT — (T—)V is given by
Tx 25 (1x)V

or, more explicitly,

1ok Ak

We can use these maps to transport the algebraic operations from each component to
the tensor using Corollary 2.9.
For every finitary monad morphism m : T — T’, straightforward calculations show

that the tensor monad morphism Ty (v) ® m is given by

v mVY

TEnv(V) Q@m: (T_) - (T/_>V

To obtain the theory for finitely many read-only memory locations ¢ € L, take the

L-fold tensor the environment theory with itself, Qe Lgny(v)- [
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Example 12-7. We describe, in terms of monads, the action of tensoring any theory £
with the injective morphisms

MEny (V) mow(v)

Lgs(v)

LEnv(V) LOW(V)

Straightforward calculations show that the morphism mgyy vy is given by:

MEn ) ® T (TX)Y = (T(Vx X))"
K = A (T (Ax.(v,x))) (K(v))

Analogous calculations show that the morphism mqyv) is given by:

moww) ®T : T((1+V) x X) = (T(VxX))"

k — . (T ( (L x) = (v,x) )(k))
(1avg,x) — (vo,x)

12.2 Operation-wise validity

Note that the algebraic conditions in the first three rows and the last two rows of Fig-
ure 11.2 have the same form: we quantify over all terms ¢ of a theory and require that
they satisfy an algebraic condition. We say that such an optimisation is operation-wise
valid if its validity follows from validating this algebraic condition for the terms of
the form t = op(xy,...,X,), for every op : n in the theory. We do not provide a rigor-
ous definition of operation-wise validity. Rather, we will formulate an operation-wise

validity condition for each optimisation separately.

Theorem 12.5. The Discard optimisation is operation-wise valid: for every presenta-
tion Ax = (0,E), the theory Thax satisfies the Discard optimisation if and only if for

every op : nin G,

Proof
The ‘only if” implication is immediate. Let Ax = (0, E) be a presentation such that for
every op : n in G, op(X,...,X) = X. We prove by induction that all terms ¢ satisfy the

absorption law
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If t = x is a variable, we are done. Consider any

t(x1,-.-,Xk) :Op(sl(}’l,ly---aYI,ml)a--wsn(Yn,l;---»Yn,m,,))
where op : n in G,
{yij]l <i<n1<j<m} C{xi|1 <i<k}

and s!, ..., s" satisfy the absorption law, then

induction hypothesis assumption

3 3
1
1(x,...,x) =op(s (X,...,X),...,s"(X,...,X)) = op(X,...,X) =X
Thus, by induction, Thay satisfies the Discard optimisation. [ |
This last theorem gives an immediate proof that the theories for read-only state,
and semilattices validate the Discard optimisation.
The natural candidate for the operation-wise validity condition for the Weak Copy

is: each op : n satisfies the equation:

op(op(X1,...,Xy),...,0p(X1,...,X,)) = 0p(X1,...,Xp)
The natural candidate for the Copy optimisation is similar, but with an additional index.

Counter-example 12-8. The Copy and Weak Copy optimisations are not operation-
wise valid. As validity of Copy implies that of Weak Copy, it is enough to show that,
for the theory of global state, Weak Copy satisfies the condition for operation-wise
validity, yet is not valid.

Indeed, if we denote V = {vy,...,v,}, n > 2, we have:

lookup(lookup(xy,...,X,),...,lookup(Xi,...,X,)) = lookup(xi,...,X,)
update, (update (x)) = update,,(X)

hence Weak Copy is operation-wise valid.

However, Weak Copy is not valid for global state. Indeed, consider the term
t(x) := lookup(update, (x),...,update, (x))

Intuitively, + modifies the memory cell according to v; — v,4j—;. Then #(7(x)) = X
follows from the global state equations. However, the equation #(x) = x does not follow
from the global state equations. Indeed its interpretation in 7gg(v)1 in the environment
X — % 1S Av;. (i1, %). As n > 2, this function is different from the function Av.(v,*),

which is the interpretation of x in the same environment. [
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We do now know any reasonable condition that can act as an operation-wise valid-

ity condition for the Unique optimisation.

Theorem 12.6. The Pure Hoist optimisation is operation-wise valid. Explicitly, for
every presentation Ax = (G, E), the theory Thay satisfies the Pure Hoise optimisation

if and only if for every op : n in G there exists an 1 < i < n such that

op(Xy,...,Xp) =X;

Proof

The ‘only if” implication is immediate. Let Ax = (G,E) be a presentation such that
for every op : n in G, there exists an some 1 < i < n such that op(xy,...,X,) = Xx;. We
prove by induction that for all terms #(xy,...,X;,) there exists some 1 < j < m such
that #(Xq,...,Xp) = X;.

If t = x is a variable, we are done. Consider any

I(Xl,...,Xk) :Op(sl,...,sn)

where op : nin 6, and s!,...,s" satisfy the induction hypothesis. By our assumption,
there exists some 1 < i < n such that op(Xj,...,X,) = X;. By our induction hypothesis

for s', there exists some 1 < j < m; such that s'(xq, ...,x) = x;. Therefore:

H(Xp,. .., Xg) :si(Xl,---Jk) = Xj

Thus, ¢ also satisfies the induction hypothesis. [
This theorem gives an immediate proof that the empty theory (and, of course, both

of the inconsistent theories) validate the Pure Hoist optimisation.

Theorem 12.7. The Hoist optimisation is operation-wise valid: for every presentation
Ax = (0,E), the theory Thay satisfies the Hoist optimisation if and only if for every

op : n in G, either there exists some 1 < i < n, such that

op(Xy,...,Xp) =X;

/ /
or, for every Xy, ...,Xp,X|,...,X,,

op(x1,...,X,) = op(X},...,x},)

Proof
The ‘only if” direction is immediate. Let Ax = (G, E) be a presentation satisfying the

condition of the theorem. We prove by induction that for all terms 7(xy,...,X;) either
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there exists some 1 < j < k such that #(x1,...,X;) =X, or, for all X,...,X,X],..., X},

1(X1,. X)) = (X, ..., X)),

If t = x, we are done. Consider any

t:Op(s17"'7Sn>

where op : n in ©, and s, ...,s, satisfy the induction hypothesis. We proceed by case

analysis on our assumption.

Assume that for all Xi,...,Xg,X],...,X, op(Xi,...,X) = op(X],...,X;). Consider
any Xi,...,Xk,X},...,X;, and denote s} = s;(x},...,x}). Then:
/ / / /
1(X1,...,Xg) =0p(S1,...,8,) = 0op(sy,...,8,) =t(X],...,X;)

Thus, in this case, the induction hypothesis holds for ¢.
Assume, therefore, that, op(xy,...,X,) = Xx; for some i. As s; also satisfies the

induction hypothesis, we can proceed by case analysis. If there exists some j such that

si(X1,...,Xx) =Y, we conclude as in the previous proof. Otherwise, for all xp,...,X,
X},...,X;, we have s;(Xi,...,X¢) = 5i(X],...,x;). Consider any Xi,...,X, X],...,X}.
Then:

t(X1,5 s Xg) = Si(X1, e X0) = 8i(X], .0 X5) = (X, X))
Thus, ¢ also satisfies the induction hypothesis. |

This theorem gives an immediate proof that theories involving only constants vali-
date the Hoist optimisation.

Similarly, in the algebraic condition for the various Swap optimisations, we quan-
tify over pairs of terms ¢’ and ¢’ from a pair of theories. These three optimisations are

also component-wise valid.

Theorem 12.8. The Swap optimisation is operation-wise valid: for every triple of
presentations Ax) = (61,E}), Axy = (62,E»), and Ax = (G,E) and for every pair of

. T T
translations Ax] =5 Ax €= Axy:

T T
o Thay, RN Thax < ke Thax, satisfies the Swap optimisation if and only if for

every op; : min 61 and op, : n in 63,

T1(opy)(T2(0p2) (X115 -5 X1n) -, F2(0P2) (K15, X))

Ta(0py) (Z1(opy) (X115 -+ > Xm1)s-- s T1(0P1) (X1 s - -+ » Ximn))
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Ths,

o Thay, Thax e Thax, satisfies the Weak Swap optimisation if and only

if for every op; : m in 61 and op, : n in G,

T1(opy) (Za(opy) (X1, -3 X1)ye -, T2(0P2) (Ximy - -+ s X))

Tr(0py) (T1(opy) X1y oy Xm)s -, T1(0P) ) (X1y- vy X))

The T . T
o Thay, Ly Thay +—> Thax, satisfies the Isolated Swap optimisation if and

only if for every op, : m in 61 and op, : n in 03,

T1(op))(Za(opy) (X, .. .,X),...,T2(0py) (X,...,X))

Tr(opy) (T1(opy)(X,-..,X),..., T (op)(X,...,X))

Proof
Consider any triple of presentations Ax; = (6, E}), Axp = (02, E>), and Ax = (G, E)
and translations Ax; 3> Ax & Axj;. In all three statements, the ‘only if” implications
are immediate, and it remains to establish the converse implications. We begin with
Swap, and assume the first condition.

To reduce syntactic clutter, we consider the presentation Axswap Whose signature

is 01 + 02, and consisting of all the equations:

op; (0p2 (X1,15- -+, X1.0),- 0P (X, 15+ - -, Xmn))

op, (op; (X1,15- -+, Xm,1)5---,0P; (X1 s+ Xmn))

for every op; € 61, op, € 0. Consider the translation ‘¥ : Axgwap — Ax extending T,
%5, i.e., T(op) = T;(op) for every op in ;. This T is indeed a translation, as by our
assumption, Thay satisfies all the T-translations of the equations in Axg.

First, note that for every 6,-term s(xXj,...,X,) and every op, : m in Gy,

Opl(S(XL],. "7X1,n)=" .,S(ijl,. "7Xm7n))

s(op; (X1,15--»Xm,1)s---,0P1 (X1 s+ -+ X))

This fact is well-known, and its proof follows by straightforward induction over G,-

terms. A similar inductive argument shows that for every G;-term #(xj,...,X;,) and
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every Op-term s(Xp,...,Xp),
t(S(XL],...,X17n),...,S(mel,...,Xm’n))
S(I(Xl’l,...,Xm71),...,t(XLn,...,Xm,n))

Applying % to the last equation shows that Thay, EE1—> Thax <—TET—2 Thax, satisfies the
Swap optimisation.
Repetition of the above argument with a careful modification of the indices proves
the statements for the remaining pair of Swap optimisations. |
We thus addressed the operation-wise validity of all the global algebraic optimisa-

tions in Figure 11.2.

12.3 Ad-hoc combination

Unfortunately, not all the global algebraic optimisations are operation-wise valid. The
Copy, Weak Copy, and Unique optimisations are not operation-wise valid. Thus, in
order to validate them in a combined theory, we need to employ ad-hoc methods. We
begin with a general tool: if a theory validates a global algebraic optimisation, then

every super-theory of it with the same signature also validates the same optimisation.

Proposition 12.9. If L = Th gy validates one of the Discard, Copy, Weak Copy,
Unique, Pure Hoise, or Hoist optimisations, and if L' = Ths gy is any theory with
E CE', then L validates the same optimisation.

Th Th
Analogously, if This, ) — Th g) 2 Ths, »E,) satisfy any the various
Thg/ ThT/
Swap optimisations, and if, further, Th<6l El) —5 Th g1y +2Th ().E}) aTe such

that6 C o', E CE', foreach i = 1,2, E\ C E, and for each op in 6;, ;(op) = T(op),
ThT' Thfzf

then Th ( ) —h Thg ) «—2Th ( ) validate the same swap optimisation.

! / !
o1,E; 0,,E,

Proof

Each of the algebraic characterisations of the optimisations only involves the provabil-
ity of certain equations over the sets of terms. Adding more axioms without changing
the signature maintains the provability of these characterisations, and the theorem fol-

lows. [ |
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The first two optimisation we consider are Copy and Weak Copy.

Theorem 12.10. Let L =Th ) and L' be two Lawvere theories satisfying the (Weak)
Copy optimisation. If, for every op € G, op : 0, then L+ L' and L ® L' satisfy the same

optimisation.

Note that, as £ only has constant operations, it necessarily satisfies the (Weak)
Copy optimisation.
Proof
First, we assume £’ validates the Copy optimisation, and prove the statement for the
sum L+ L'. Denote L' = Thy ), and consider any 6 + ¢'-term u(Xj,...,X,). As
G consists solely of constants, # must be of the form #(xy,...,X,,c1,...,c;), where
1(X1,...,X,1%) is a 0'-term, and ¢; : 0 in ©, for every 1 <i < k. Note that 7, as a
o’-term, satisfies the idempotency law.

First, we demonstrate the algebraic manipulation in the proof for the case n =k = 2.

(%% %)

First, note how in transition () we use the idempotency law to introduce new subterms.
In particular, we introduce four fresh variables, X%, X?, X‘l‘, and Xg. The freshness of
these variables is not important, but merely illustrates that we may choose arbitrary
terms in their stead. In transition (xx), we simplify the first two arguments in the
outermost term using the idempotency law. We then simplify the entire term using the
idempotency law in transition (x %) to obtain the right-hand side of the idempotency
law.

This example generalises to arbitray n and k, but requires more complex index

manipulations. To clarify those manipulations, we write (7, x;) for the sequence
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(xi)i_; = (x1,...,x,). This notation has the benefit of binding the index before usage,
while maintaining the lightweight syntax of the sequencing brackets. We suppress
string concatenation, by writing #((\_, x;), (ljle cx)) for t(X1,...,Xp,C1,. .., Cr)-

With these conventions, calculate:
u " uliy X))
n . k k
—! (<i:1 ! <<?':1 %), <j’zl CJJ>> >’ <j:l Cj>>

)
(oo (L))

\L n n y k
=! (<i~:1 t<<i/:1x§/ >’<j/:1 Cj/>)>’
()

(.
(yen)) =uliy <)

Thus in £ + £’ the idempotency law holds, hence it validates Copy. To show that the

tensor also validates Copy, we appeal to Proposition 12.9.

To prove the statement for Weak Copy, erase the superscript from all the variables
Xf, in the proof. Note how every appeal to Copy can be soundly replaced with an appeal
to Weak Copy. Also note we no longer add any fresh variables in the first transition of
the calculation. |

Our proof consists of two steps. First, we use our assumption on L to iden-
tify a special form to which all 6 + ¢’ can be brought. In the last proof, it was
t(X1,...,Xp,C1,...,Ck). Then we establish the idempotency law by direct calculation
using the idempotency laws in each component theory. We use this tactic in all our

ad-hoc combination theorems for Copy and Weak Copy.

Theorem 12.11. Let Ax = (6,E), Ax' = (6, E) be two presentations such that Thax
and Thy, validate the Copy (resp. Weak Copy) optimisation. If ¢ assigns arity 1 to all
operation symbols, then Thayq ax') satisfies the Copy (resp. Weak Copy) optimisation.

The proof is straightforward, but technically involved. Therefore we first illustrate
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it with an example. First, a unary signature is a signature that assigns to every operation
symbol the arity 1, i.e., in which all operations are unary. A unary presentation is a
presentation with a unary signature. The first crucial observation is that if Ax is unary,
then every Ax + Ax’-term can be separated into an Ax’-term with Ax-terms substituted
for its variables.

For example, let 6/, and o be given by {f":3} and {g,h: 1}, respectively. The

tensor equation for g and f” in this case is

g(f'(x,y,2)) = f'(g(x),8(y),&(z))

Using the tensor equations, we can separate any G + 6’-term by cascading the unary 6

operations towards the variables. For example,

In this separated form, we have a ¢’-term, f’(X,y,z), in which we substitute the o-
terms g(x), g(h(y)). &(2).
With this observation in place, we prove the theorem by directly establishing the

idempotency law. For example, consider the term u(x1,%x7) := f'(x1,8(x2),h(x1)). We

have:
u(u(xi,xs),u(xi,x3)) = f'(f'(x1,8(x3),h(x3))),
o €U (X1,2(0),2(x7))))
oo (7 () HG)])
= f'(f'(x1,8(x3),h(x3))),
demporeney | (8(¥1):8(8(x3)), g (R(x1))),
e £ (h(x1),h(g(x3)), h(h(x}))))
= f'(xi,
2(2(x3)),

idempotency in £

The full proof generalises these two steps.

Lemma 12.12. Let G be a unary signature, and &' be any other signature. For every

o +0'-term u(xXy,...,X;) there exist:

e a natural number m and a sequence iy, ... iy, from {1,... k};
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e ao'-termt(Xy,...,Xy); and
e G-terms s1(X), ..., Su(X)

such that Ls ® Lg proves

u(Xy,...,Xg) =t(s1(Xi,), -, Sm(Xi,))

Proof
Given any k, we show by induction that u(x,...,X;) satisfies the lemma.
For u(xy,...,X;) = X, for some 1 < ¢ <k, choose m =1, i] == ¢, #(X) =X, and

s1(x) == x, and then
t(s1(xi,)) =X = u(Xq,...,Xg)

Consider any u(xy,...,X;) = op(ul,...,u‘)), such that, for every 1 < d </, the
o +o'-term u?(xy,...,x;) satisfies the induction hypothesis. As op is in 6+ &', we
may split into two cases.

Assume op is a G-operation. Therefore, op is unary, hence £ = 1, and u = op(u'),

where u'(x1,...,X;) satisfies the induction hypothesis, i.e., there exist:
e anatural number m and a sequence iy,...,i, from {1,... k};
e ao'-term(xy,...,X,); and
e o-terms 5} (X), ..., 5, (X)

such that L5 ® L proves

W (5 xe) =10, 5'(xi,))

To establish the induction hypothesis, take m, (] is), and (] X,) as themselves,

and for every 1 < a < m, take s,(x) := op(s/,(x)). We then have:

tensor equations

1
1y s(xi,)) = 10, op(s'(x3,))) = op(r(_, 5'(x1,))) = u{c_y xc)

Thus, in this case, the induction hypothesis holds.

Assume op is a ¢’ operation. Therefore, for every 1 < d < /, there exist
e a natural number m¢ and a sequence if ey iil g, from {1,... k};

e ao/-term td(xl,...,Xm); and
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e aoc-terms s¢(x), ..., s4,(x)

such that L5 ® Ly proves
d
dk a/™
W x) =11 s(xy))
a=1 a
We establish the induction hypothesis.
e Take m = Zﬁl:l m?. Denote by 14 : {1,...,md} — {1,...,m} the canonical in-

jection. Forevery 1 <d </,and 1 <d' < m< take e = ii,.

o Take

4 d
t(ge Xa) = 0P< td<21':1 dea’>>

We then have:

l pve
= Op< [d< / SZ/ (Xid/ ) > >
d=1 a=1 a

induction hypothesis

Zop("_uyn)

d=1

k
= u<c:] XC>

And the induction hypothesis holds. |
We return to the proof at hand:

Proof of Theorem 12.11

Let Ax = (0,E), AX' = (0, E) be two presentations such that Thax and Th,,s validate

the Copy (resp. Weak Copy) optimisation. Assume further that ¢ is unary.

Consider any 6 + ¢’-term ”<Ic€=1 X.). By Lemma 12.12, there exist:
e a natural number m and a sequence iy,...,i, from {1,... k};
e ao'-term(Xy,...,X,); and

e o-terms s1(X), ..., Su(X)
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such that L ® L proves, and hence Thagax/) also proves,

u(e_y Xe) =15 sa(x;,))

Calculate:

tensor equations

" " salsate )

a=1

idempotency in £’

i t<m Sa(sa(xi'))>

a=1
idempotency in £

Therefore Thsxgax) proves the idempotency law. Note that by erasing the super-
scripts from variables in the proof we obtain a proof for the corresponding statement
for Weak Copy. |

The previous proof depended on the ability to push the operations from ¢ deeper
into the term, towards the variables. In the next theorem we depend on the ability to

pull them towards the root of the term.

Theorem 12.13. Let L, L' be two theories that validate the Copy (resp. Weak Copy)
optimisation. If L also validates the Discard optimisation, then L ® L' validates the
Copy (resp. Weak Copy) optimisation.

We first demonstrate how we separate each ¢ + 6’-term when Th g) validates the

Discard optimisation, i.e., satisfies the absorption law

Consider a theory L consisting of two operations 6 := {g: 1,4 : 3} in which the idem-
potency and absorption laws hold. Take £’ to be any theory with a single binary oper-
ation L.y in which the idempotency law hold. In every 6+ o’-term we can bubble
the G-operations towards the root of the term. For example:

absorption in £

1
f(g(x),h(y.z.y)) = f'(g(x),g(h(y,zy)))
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tensor equation

1
= ¢(f'(®,h(y,z,y)))

absorption in L

!
= g([f"(h(x,x,%),(y, 2,y)))

tensor equation

1l
= 8(h(f'(x,y), h(x,2),h(x,y)))

Thus we may separate every G + 6'-term into a o-term substituted with 6’-terms.
With this observation we directly establish the idempotency law. For example, con-
tinuing the previous example, we verify that the term u(x1,x2) = g(h(f'(x1,%2),X1,X2))

is idempotent.

u(u(x),x3),u(x7,x3)) = g(h(f (g(h(f'(x1,%}),X],X3)).
g(h(f (x1,%3),x7,%3))),
oo &M (X1,%0), X1, %)),
qi g(h(f (x1.,%3),x7,%3))))
= g(h(g(h(f'(f'(x1,x)), [ (x7,%3)),
f1(xi,x1),
f1(x3,%3)),
domoeney SALT(X1,%2),X1,%3)),
e g (x.x3).x1.63)))

idempotency
inf/ x%))

= g(h(f'(x1,%3),

Therefore u satisfies the idempotency law.

Lemma 12.14. Let L = Thg y be a theory validating the Discard optimisation and L
be any other theory. Let op : { be any operation in L'. For every sequence of G-terms

SUX1, .o X1), - SU(X1, . X0 ) there exist:

l
e a natural number m and a doubly-indexed sequence <d . <Z:1 jff>>; and
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e aG-term s(X1,...,Xp),
such that
o foralll1 <d<land1<a<m, jg is in {1,...,md}; and

e L® L proves

Proof
d

/¢
Consider any £, £/, op : £, and <d | s4 ("4 Xa/>> as in the Lemma’s statement. De-

/ md
u .= op Sd Xd/
-1 ¢

d=1 a=

For every 1 < k < ¢, denote by @, the following invariant: there exist

note

e a natural number m;, and a doubly-indexed sequence <Z] <Z,f‘:1 ij,,>>; and
e ao-term sg(X1,...,Xp, ),

such that
e forall 1 <d <kand1<d" <my,*d, isin {1,...,m?}; and

e L ® L proves

My k 1 md
_ d d d
U= s op X ) s Xy
a1 d=1 "'d' d=k+1 a'=l1

Note that &g holds, as, by taking m” := 1 and #y(x) := x, the conclusion of &g
amounts to u = u. Also note that &, is the Lemma’s statement. Therefore, it suffices
to establish that, for every 1 < k < ¢, ®; implies Py 1.

Consider any 1 < k < ¢ and assume ®;. Therefore, we have some number miy,

k
sequence <d 1 <Z,f:1 kjg,,>>, and term s (X1, . .., Xy, ) witnessing @y.
Take my 1 := my x m**1. Denote by (—, —) the canonical bijection

(=) {1, ) x {1,...,mk+1} ST
Take, for every 1 <da”’ <my, 1 <a<m! and 1 <d <k,

k+1.d _ k.d
J(a”,a) = Jg
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and, ford = k+ 1, take:

k+1:k41 .
Jiara) =4

Note that in both cases indeed 1 jg// < mk. Finally, take

K+l my k+1
Sk+1{a=1 Xa') = Sk< Sk+1<21:1 X(ﬂ”7a>>>

a'=1
Calculate, with care:

m
kel k+1 d ¢ d md d
s 0 X, . Ky X
k+1 P <d:1 k+1jg> <a,:1 a’>

a=1

reindex

\l/ Mg41 k V4 md
= Sk+1 op < Xd > Xd Sd< Xd/>
+ d—1 k“jff 9 k+1jg7 d—1 a

el d=k+2
mj k+1
m k é 4
k1 d d a/™
=Sk S op X T.d X ) 5 < / Xa’>
it L S/ T i wa] \acira” Vo=
a//:1 a:1 -
s k+1
m k 1 i
= Sk Sk+1 op < Xkd]d”>7xz7< Sd< —1 Xz/>>
_ _ a'=
el w1 \ \d=1 d=k+2
tensor
equations  py,
k o e t A
Z se{ op S xd ’Sk+1< Xd>, k1 sd< XZ'>
71‘]a” a:]a —1 a' =1
a'=1\'d=1 a d=k+2 a
absorption
law
i k I 14 md
= 5 op < X >,sk+1< xj>,< sd< Xg,>>
a—1 d=1 ' a=1 d=kt2 9=l
reindex
i} 1y k 14 md
= Sk op < ij >,< Sd< , XZ/>>
S d=1 "'/ Ng=kt1  @=1
Dy
=u
Therefore ®; 1 holds. n

Based on this result, we separate arbitrary 6 + ¢’ terms:

Lemma 12.15. Let L = Ths ), L= Thy g1y be two theories. If L validates the

Discard optimisation, then for every 6+ 6'-term u(Xy,...,X.) there exist:
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e a natural number m, a sequence of natural numbers (] _| ng), and a doubly-

indexed sequence <Z1:1 Z,“:l i4,)) over {1,...k};

e a G-term s(Xy,...,X;); and

e a sequence of 6'-terms <Zl:1 tap Xp))

such that L& L proves:

m ng
s = 5)

Proof

Consider £ and L’ as in the Lemma’s statement, and any natural number k. We prove

the Lemma by induction over terms u(X, ..., X).

For u(xy,...,Xy) = x;, take m == 1, n! := 1, i% =1, s(x) =x, and 7;(x) :==x. We

indeed have:

s(f (Xl-{)) =x; = u(Xy,...,Xx)

Consider any u = op<fl:1 ud> such that, for every 1 < d < /, u satisfies the induc-

tion hypothesis, i.e., there exist:

e a natural number m?

d
M
<b”—1 zz,,> over {1,...,k};

e ac-term s?(xq,...,X,4); and

indexed sequence <

a'=1

md

d
n
e a sequence of 6’-terms < t4 ( b7’/:1 Xb//>>
1

a/

such that L ® L' proves:

nd,
d d d
u(Xy,...,Xg) = ta,< xdia/>

As op is in 6+ 6’, we may split into two cases.

Assume op is in ©.

e Take m = Zf}zlmd. Forevery 1 <d</and1<d < m?, take Mya =

forevery 1 < b” < nZ,, take i;;f,“ =

4 g /md
S X))

e Take s(xi,...,m) = 0P<d

nd

a’

d
m
, a sequence of natural numbers <a,:1 n%,), and a doubly-

and
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! d w.d nZ’
e Forevery 1 <d</and 1 <d <m? take flda/(XI,...,Xnd/) =15 iy X))

Calculate:

¢ a
o d m d nlda/
=op s 15 X!
d=1 a=1 b'=1 v

induction hypothesis

“op(’ =

d=1

Thus we established the induction hypothesis in this case.

Assume op is in 6’. We invoke Lemma 12.14, and deduce there exist:
e a natural number m and a doubly-indexed sequence <d | <a: ! ]a>>; and
e ac-term s(Xi,...,Xp),
such that
o forall 1 <d</land1<a<m,jdisin{1,...,m?}; and

e L ® L proves

l d m ¢
a/™  d d
Op<d_1s <a':1 Xal>> :S< —1 Op<d:1 ng>>

To establish the induction hypothesis,

e Take m as m from Lemma 12.14. For every 1 < a < m, take n, := Zfl:l n‘j’.ld. For
d a
every 1 <b < n?g, take ifdb = diia, and indeed ifdb isin {1,...,k}.

e Take s(xi,...,X,) as the same s from Lemma 12.14.

e For every 1 < a < m, take:

¢ d
ma
la<Z/a:l Xb/) = Op< t]dg<bj:al deb>>

d=1
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Calculate:
" Ma ! d njg
>> = P ' iy
a=1 b=1 ‘

N s X
<a_l a<b/:1 ZZ/

Lemma 12.14 ¢ i
m d
! J A
=0op A t a < Xdia;, >
b'=1 b
d=1
induction hypothesis

“op(’ )=

d=1

Thus the induction hypothesis holds in this case too.
We are ready to prove our theorem:

Proof of Theorem 12.13
Consider theories L = Ths gy, L= Thy gy that validate the Copy optimisation,

and assume L also validates the Discard optimisation. Consider any G + ¢’-term

u(xl, cen ,Xk).
By Lemma 12.15 there exist:

e a natural number m, a sequence of natural numbers ()", n,), and a doubly-

indexed sequence <am:1 (p_, 1%)) over {1,... k};

e ac-term s(Xj,...,Xp); and

e a sequence of 6’-terms <Z’:1 fa( i Xpr))

such that £ ® L' proves:

m ng
u(Xp,...,Xg) = s<a:1 ta<b/:1 Xi;’,,>>
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Calculate:
k L k m n,
u< u( sy xi,)> =u s ty o
=1 c=1 a=1 pr=1 v
m g i Ti @
- ta< s< ta/< X.b/ >>>
am1 L Nb=1 Ng=1 \pr=1 '

tensor equations

\L m m ng ny i
_ ad=1 b'=1 p'=1 "

idempotency
in L

\lf n Ma Ng i@
b/

:S< ta< ta< " Xia//>>>
a=1 =1 b'=1 b

idempotency
in £/
\lf mn ng iZ/
=S ta Xla
I /
a=1 b'=1 b

k
c=1

= (e Xc)

Thus £ ® L' validates the Copy optimisation. Note that by erasing the superscripts
from variables in the proof we obtain a proof for the corresponding statement for Weak
Copy. |

Finally, we consider the Unique optimisation:

Theorem 12.16. Let L = Th gy be a theory. Then L validates the Unique optimi-
sation if and only if every nullary operation in G commutes with every operation in

O.

The above condition, stated explicitly, requires that, for every ¢ : 0 and op : n in ©,

L proves
op(c,...,c)=c

In particular, for every two nullary operations c, ¢/, we have ¢ = ¢'.
Proof
The ‘only if” implication is immediate. For the converse, first note that if ¢ contains
no nullary operations, then it has no constant terms and the algebraic condition for the
Unique optimisation is vacuously true.

Assume © contains at least one nullary operation co : 0. We prove by induction
that, for every nullary term u with no variables, L proves u = cy.

d

Assume u = op(u1 - ,L/) where, for all 1 <d < /4, L proves u® = ¢q. Therefore:

t = op(co,...,c0) = co
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Therefore, L proves all nullary terms equal to each other, and L validates the Unique
optimisation. [}

To summarise, we investigated the two common ways to combine effects, sum and
tensor. Six out of the nine global algebraic optimisation from Chapter 11 are operation-
wise valid and admit an extremely modular treatment: validity of an optimisation in
a combined theory follows from its validity in all component theories. The remaining
three optimisations also admit some modular treatment via ad-hoc combination results.
As we saw, the proofs of these ad-hoc results involve delicate algebraic manipulation
of the equational theories. It is therefore implausible that these arguments can be ap-
plied rigorously and without error to concrete programs without our general algebraic
scaffolding. Thus our abstract, algebraic, and general approach to effect-dependent

optimisations facilitates novel analysis.






Chapter 13
Use case

Let me demonstrate. ..

—No Doubt

® We demonstrate how to use our rigorous tools to deal with the complexity of a

non-trivial language.

First, we validate the various optimisations from Chapter 11 and formulate proce-
dures for deciding when an optimisation holds for a given effect set. The modularity

results of Chapter 12 produce high-level proofs justifying our conditions.

We show our conditions necessary/complete: a compiler implementing our de-
cision procedures will not miss an opportunity to apply one of the effect-dependent
optimisations. We begin by establishing the necessity of the conditions via traditional
pencil-and-paper proofs, which involve some technical difficulties. We propose an al-
ternative treatment via a computational representation of our denotational models. We
construct such a model using the HASKELL programming language. We use this model
to demonstrate the necessity of our characterisations, under appropriate modelling as-

sumptions.

First, in Section 13.1, we present a language involving global state, exceptions,
and non-determinism, and its derived type-and-effect system. Next, in Section 13.2, we
present our validity decision procedures and their soundness. Then, in Section 13.3, we
establish the completeness of our procedures using pencil-and-paper proofs. Finally,

in Section 13.4, we establish their completeness using our HASKELL model.

287
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13.1 Language and semantics

Assume the memory has been partitioned into a finite set of disjoint regions [LG88]

Reg. The set Reg is partitioned into three subsets:
e read-only regions Reggr;
e write-only regions Regyw; and
e read-write regions Regpyw .
We denote the following two sets:
o the read-able regions Reggp := Regr UReggrw; and
o the write-able regions Regyy := Regwo URegrw.

The MAIL signature in question XMA™ is given as follows. The basic types Bsc are

Char, Word, Str and Loc. The effect operations IT and their arities are:
e input : Char for terminal input;
e output : 1(Char) for terminal output;
e raise :  for causing an exception;
e throw : 0 (Str) for causing an exception with an error message;
e rollback : 0 for causing a rollback exception;
e abort : 0 (Str) for causing a rollback exception with an error message;

e for all write-able regions p € Regg, lookup? : Word (Loc), note that each region

consists of Loc-many locations;
e for all read-able regions p in Regyy, updateP : 1 (Loc x Word); and
e V : 2 for non-deterministic choice.

The effect sets E are given by all (necessarily finite) effect operation subsets @ (IT).

Finally, the built-in constants S we choose are:
e ’¢’ : Char for each ASCII character c;

e 1 : Word for each 64-bit number »;
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e ”s”: Str for each character string s; and
e [ : Loc for each 64-bit memory address /.

The resulting signature ™4™ is indeed simple (see Definition 10.15).
The CBPV signature X7 is ((Bsc,I1,S) , type,A—). The chosen CBPV model M

interprets the basic types as follows:
e [Char] is 23, the usual ASCII encoding;
e [Word] is 294 which we also denote by V;
e [Str] is [Char]® (see below regarding the length restriction) and
e [Loc] is 2%, which we also denote by L.

The theory L is given as follows (cf. Hyland et al. [HPP06]):

L fraise throw} + <®LEnv(V) 2 Q) Lowv) @ X Las(v)
el el lel

pERegro pERegwo pERegry

®(L{rollback,abort} +L {input} +L {output} + LND))

where the lookup operations in the signature in the (p,¢)-th component of the folded
tensor @pcRegy, LEnv(v) are tagged with p and /, i.e. lookupﬁ, and similarly for the
other folded tensors. Finally, the constants are given the obvious interpretations.

We restricted the length of strings to 80 characters to ensure their parameter type
has a finite denotation. In this way we may use finitary Lawvere theories and presen-
tations interchangeably (cf. page 196).

Note our choice to combine the theory for non-deterministic choice with write-
only memory using the tensor. It is a natural design choice based on the current litera-
ture [HPPO6]). In Section 13.3, however, our analysis of the conservative restrictions
of L shows that the tensor may be inadequate for combining these two effects, by ex-
hibiting an equation involving write-only memory and non-deterministic choice that is
not included in the tensor of the two theories.

By Corollary 10.17, we have a conservative restriction model M;. By Theo-

rem 11.4, validating optimisations in this model yields valid optimisations for CBPV.



290 Chapter 13. Use case

13.2 Optimisation validation

We turn to validating optimisations, and begin with the operation-wise valid ones.
For each optimisation o in {Discard, Pure Hoist, Hoist}, we define a set {? C IT of

the operations that satisfy its algebraic condition:

CDiscard — {v7100kupp | pe RegR} CPure Hoist =0

Hoist .— fraise, throw, abort, rollback }

Proposition 13.1. For each optimisation o in {Discard, Pure Hoist, Hoist}, if € C (°
then o is valid in the theory L¢ of M.

Proof
Note that x VX =x in Lyp and Lnp is a subtheory of £, not necessarily conservative.
Therefore x Vx = x holds in £. Similarly, for every p in Regg, lookupP satisfies the

absorption law in Lggy or Lgs and hence £. Thus all operations in {Piscard

satisfy the
absorption law in L. If € C {Ps¢ad then every op in € satisfies the absorption law in £,
and hence in the conservative restriction L¢. By Theorem 12.5 L satisfies the Discard
optimisation.

A similar argument using Theorem 12.7 shows the corresponding statement for
Hoist. Theorem 12.6 shows the statement for Pure Hoist holds. [

Analogously, for each o in {Swap, Weak Swap (WSwap), isolated swap (ISwap)}
and for each op € IT define the set {°(op) of effect operations that o-commute with op.
For the non-symmetric Weak Swap, this condition is that for op : A (P) and op’ : A (P),

op’ € {WSWa(op) if and only if for all p € [P] and p’ € [P'], L proves that:

op,, (0Pl (X1, -, X1),0P) (Xns - -, X))

0P, (0P, (X1, -+ %n), 0P, (X1, - -, Xn))

where n is the cardinality of [A].
Note that because Swap implies Weak Swap, which implies Isolated Swap, we have
{Svap (op) C {VSWaP(op) C {1SWaP(op). These sets are given in Figure 13.1.

From Theorem 12.8 we deduce the validity of swapping:

Proposition 13.2. Let o be one of the three Swap optimisations. Let €,€; C € be three
effect sets. If €2 C Nopee, 57 (0p) then the optimisation o is valid for L, — Lg < Le,.
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op gSwap gWSwap \ {Swap | ¢ISwap \ (WSwap T\ {ISwap
input, output,
input lookupP, update® Y 0 raise, throw,
rollback, abort
input, output,
output | lookupP, updateP v 0 raise, throw,
rollback, abort
input, output,
raise lookupP, raise, V 0 0 throw, rollback,
abort, update
input, output,
raise, throw,
throw lookup®, Vv 0 0
rollback, abort,
updateP
lookup®, update®, nput, output,
rollback 0 0 raise, throw,
rollback, V
abort
input, output,
abort lookupP, update?. 0 0 raise, throw,
v rollback, abort
input, output, raise,
throw, abort,
lookup®? | rollback, abort, 0 updateP? 0
lookupP, updateP7Po,
%
input, output,
rollback, abort, raise, throw,
updateP? lookupP %, lookupP? 0 update®
updatep#po, Vv
raise, throw,
V rollback, abort, 0 input,output | Q

lookup®, update®, v

Figure 13.1: swap sets
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Proof
We omit the 48 calculations that show the operations in the middle three columns of
the table do indeed satisfy the corresponding swap law in £, and hence in L. Most
of these calculations follow from the tensor equations. All of these calculations are
straightforward. Theorem 12.8 completes the proof. |
Note that despite our brute force examination of about 160 pairs of effect oper-
ations, we are still exponentially better off than trying to exhaust the space of 2!°
possible pairs €1, €. In Section 13.4 we will generate these optimisation tables me-
chanically.

We now turn to non-operation-wise valid optimisations, and begin with Copy.

Proposition 13.3. Letr € C I1 be any effect set. If input,update, V ¢ € and, for all p in
Regrw, {lookup® updateP} ¢ €, then Lg validates the Copy optimisation.

Proof
The premise of the proposition guarantees that L¢ has a sub-signature of the signature

for
L= L{raise,throw} + (L{roﬂback,abort} ® ® LEny ® ® LOW)

Moreover, if L] is the conservative restriction of £’ to €, then L. satisfies all L]-
equations, and possibly more.

Each combined theory validates the Copy optimisation. The first two theories
contain only constants, hence Theorem 12.10 is applicable. As Low is unary, The-
orem 12.11 is applicable for its combination. As Lgyy, also validates Discard, Theo-
rem 12.13 is applicable for its combination. Thus, £ satisfies the idempotency law,
hence Lg also satisfies it. Consequently, L. satisfies this law too, and therefore vali-
dates Copy. [

We treat the Weak Copy optimisation similarly:

Proposition 13.4. Let € C I1 be any effect set. If input,output ¢ € and for all p in
Regrw, {lookup® updateP} ¢ €, then Lg validates the Weak Copy optimisation.

Proof
The difference from the previous proof is that we also need to consider the theory for
non-determinism Lyp, which satisfies both Weak Copy and Discard. Therefore, we

may apply Theorem 12.13. The rest of the proof is identical. [



13.3. Completeness 293

Finally, we treat the Unique optimisation:

Proposition 13.5. Let € C I1 be any effect set. If € N {raise,rollback} = {op} and
g C 5" (op), or if the intersection is empty, then L validates the Unique optimisa-

tion.

Proof

If the intersection is empty, then vacuously all nullary operations commute with every
operation. If €N {raise, rollback} = {op}, then op is the only nullary constant in €. The
condition € C {SWap (op) guarantees all e-operations commute with op. Either way,

Theorem 12.16 ensures L, validates the Unique optimisation. |

13.3 Completeness

In the previous section we gave sufficient conditions in terms of effect sets for the va-
lidity of the global algebraic optimisations. We now consider whether these conditions
are necessary. We will do so by showing that whenever the conditions in the previous
section do not hold, we can construct a counter-example to the validity of the optimisa-
tion. The counter-example is an algebraic term that does not satisfy the corresponding
algebraic condition.

This process is conceptually straightforward for the operation-wise valid optimisa-
tions. All we need is to show that every op ¢ £, when substituted in the corresponding
algebraic characterisation, violates it. For example, raise ¢ CDiscard, it suffices to show
that the L¢ ¥ raise = x for every € containing raise. For the other optimisations, we
need to exhibit ad-hoc e-terms that violate the algebraic characterisation in L¢. For
example, if € contains both lookupP and updateP® for some py, it suffices to show that

for

t := lookupP? (updateP}(x),....,update” (25 1) (x))

where ~ is the bit-wise NOT function,
LeFt(t(x)) =t(x)

(cf. Counter-example 12-8).
Unfortunately, as the explicit description of Lg is not readily available, establishing
non-provability in L is difficult. We outline two methods to get around this obstacle.

The first method, which we pursue in the next section, relies on the defining property
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of L¢ as the conservative restriction of L:
LebFt=s — LEt=s

It suffices, therefore, to analyse provability in L. Recall that the provability relation is
captured completely via validity in the free models given by the monad 7" correspond-
ing to L. Therefore, if we know the precise description of T, we can calculate the
interpretations [7], [s]. By showing they have different interpretations, we deduce the
invalidity of the optimisation in L¢. Recall that the theory L is given by:

L{raise,throw} + <®LEIIV(V) ® ®LOW(V) ® ®LGS(V)
lel lel lel

pERegro pERegwo pERegrw

®(lﬂ{rollback,abort} + L{input} + L{output} + LND))

Using Examples 12-2—12-6, we deduce that T is given by

yRegg xL
(TND—HO(Char) (Str +1+ ((1 + V)RegwoxL o yRegrw>L o (Str41 4+ —)) ))
Our example language is still simple enough to be manageable with paper-and-pencil
calculations with this monad. However, it is clear that with more complicated lan-
guages such calculations will become much more error-prone and complicated. In the
next section we will demonstrate how to deal with this complexity using mechanised
assistance.

The second method for establishing non-provability in L is to give an explicit
description of the conservative restriction L¢ by describing its corresponding monad.
We obtain such descriptions by taking the explicit descriptions of the conservative
restrictions of the component theories, such as Lgg(y), and combining them to obtain
explicit descriptions of their sum and tensor. We pursue this method in the remainder

of this section.

Lemma 13.6. For every pair of injective translations L1 —— LY, Ly —2— [ their
sum is also injective:

L1+L2>&’L/1+L/2

Proof
We use the more general results of Adamek et al. [AMBL12], who proved this lemma
when £ + L} is consistent. We prove the lemma for the additional simple case when

L + L}, is inconsistent.
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Assume L’l + L’2 is inconsistent. Therefore, for some i € {1,2}, L§ 18 inconsis-
tent [AMBL12, Corollary VI.6]. As %; is injective:

LIFTix)=x=y=Ti(y) — LiFx=Yy

and therefore L; is inconsistent, hence L1 + L5 is inconsistent too. But any translation
from an inconsistent theory is injective, and we are done. [
We can now deduce an explicit description of the conservative restriction of the

sum of two theories from the restrictions of its components.

Theorem 13.7. Let L' = Ths, £ L2 = Ths, £,) be two theories, and let L be their
sum L'+ L2, Lete; C 61, €3 C 02 be two effect-sets. Then the conservative restrictions
satisfy:

L81+82 = Lél + ng

Proof
; T ] . . . ..
Let Ly, ——— L' be the translation mapping each g;-term 7 to itself. By the definition

of the conservative restriction, this translation is injective. Therefore, by Lemma 13.6,

T1+%,
Lo +L——

to itself, and therefore, for every pair of €| + €>-terms ¢, s satisfying L ¢ = s, we have:

L'+ £? = Lisinjective. This translation maps every €| +€>-term

LE(Z+%)0) =1t=5=(T1+T2)(s) — Ly +Lgt=s

hence Lél + ng is the conservative restriction of Lg, t¢,. n

The situation for the tensor of two theories is more delicate. In particular, the
analogous result for tensor does not hold. More precisely, given two conservative
restrictions £ — L} and L, — L), their tensor £L; ® L, — L} ® L}, may not form a

conservative restriction.

Example 13-1. Let Lyon be the theory of monoids, given by two operations, - : 2 and

1 : 0, subject to the three equations:
l-x=x=x-1 x-(y-z)=(xy)z

The Eckmann-Hilton argument [EH62] shows that Lyjon ® Lmon is the theory of com-

mutative monoids LcomMon, 1.€., With the additional equation
X . y fr— y . X

We recount this argument.
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First, construct a translation ¥ : Lyjon @ LMon — LcComMon, 1dentifying the two

monoid operations and the two monoid units. The four tensor equations:
(x2y)1(z2w)=(x12)2(y1w) L=l L2li=1 I1lh=1
translates into
(x-y)-(z-w)=(x-2)-(y-w) 1=1 1-1=1 1-1=1

All these equations hold in the theory of commutative monoids.
Conversely, Lnyon ® Lmon proves 11 = 1,. Substituting these mutual units into both

y and z in the first tensor equation proves:
X W= (x212)1(l2ow)=(x-111)2(11-1W) =x2W

Thus, the two monoid products coincide. Substituting the units into X and w in the

tensor equation proves:

yiz=(l22y)1(z212)=(112)2(y-111) =22y

Therefore, the mutual product is commutative. Thus, we may define a translation
%2 1 LeomMon — LMon @ Lmon by T2(X-y) :i=x-1y, T2(1) := 1;. The monoid equations
hold in Lyjon, and, as we have just shown, the commutativity equation also holds.
Clearly T 0%,(t) =t. In the other direction, T, o T(t) =t, by relabeling all
monoid multiplication and units in ¢ with 1. Therefore Lyion ® Lmon = LComMon-
Take L', £2, €; and €, to be LMon> LMons OMon and 0, respectively. Then Lé] 18
LMon; as the theory of monoids is consistent, ng is Pres;ipSet; and L= '@ L% s

LcomMon- Consequently,
Lél ® Lé = LMon ®Pres;ipSet = LMon ;é LComMon = L£1+82
Therefore, the analogous conservativity result for tensor does not hold. 0

The merit of the previous example lies in the familiarity of the Eckmann-Hilton
argument. However, it has no evident computational interpretation, as the tensor is not
usually used for combining the theory for monoids, equivalently, the list monad, with
other theories, let alone for combining it with itself. We therefore present an example

with a computational interpretation.
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Example 13-2. Let V, |V| > 2 be a finite set denoting storable values. We show that
Lowv) @ LNp — Lgs(v) @ LNp 1s not conservative, even though Low(y) — Lgs(v)
and Lnp — LNp are conservative.

Consider the following 6w v) + OND-equation:
XV \/ update X = \/ update X (13.1)
veV veV

Our notation is well-defined as Lnp proves V to be associative and commutative, and

as V is non-empty and finite. This equation holds in Lggv) ® LND:

Lgs(v)
d
XV \/ update X = 100kup< update,, (X Vv \/ updatevx> >
veV vev veV
®-equations

i

= 100kup< (update,,x) v \/ jupdate,, (update‘,x)\>
VeV veV

Lgs(v)

4

= 100kup< (update, x) V \/ updatevx>
v'eV veV

V commutativity and
absorption

ol Vo)

= lookup \/ update, X
vev veV

lookup absorption
4
= \/ update, X
veV

Equation (13.1) does not hold in Low(y) ® Lnp. Indeed, consider the free model
over 1, i’f(’ (1+V)x1) = ?f_z(’ (14V). The interpretations of both sides of Equa-
tion (13.1) are

[[X\/ \/ updatevxﬂ ={u*xtUn[V] #1[V]= N\/ updatevxm

veVv vev

Thus Lowv) ® LNp — Lgs(v) @ LND 18 not conservative. [

Equation (13.1) has a natural computational interpretation: the action of a compu-
tation that writes all possible states and also does not change the state is subsumed by
a computation that simply writes out all possible states. If the memory cell we model

has additional states that are not captured by V, such as reserved bits only accessible
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via the built-in constants, then we should carefully consider the validity of this equa-
tion, as a pure computation may leave these additional states unchanged, but the other
values may affect them.

We do not have a general condition on an arbitrary pair of theories guaranteeing
Loty 2L ® L]
€1+€& — g &

However, in our example language we only tensor with the three theories for interact-
ing with a global memory cell. Therefore, as an intermediate remedy, we show that

they possess the required property, apart from the restriction Lowv) — Lgs(v)-

Lemma 13.8. Ler V,

V| > 2 be a finite set. Let L be one of Lgs(v) Lenv(v), and
Low(v)-
e For every injective translation T, : Ly — L, the tensored translation is also

injective, i.e.,
LyRF,: L@ Ly — LY@ L)

e LetL be a conservative restriction of L) to a sub-signature
€ C {lookup : V,update : 1(V)}, € # {update}

Let X : L1 — L) be the induced injectivet translation given my ¥ (t) =t. For

every theory L, the tensored translation is also injective, i.e.,
Tl LeL)— Lie L

Proof
Let T, : L, — L} be any injective translation, and let my : T, — T; be its corresponding
monad morphism.

Recall from Examples 12-4—12-6 the three monad morphisms corresponding to

tensoring with £):

Tasy @ms  (B(Vx )Y~ (v )"
Teny @ma = (B )Y ()Y
Tow(w) ®m2 : T((14V) x =) == T((1+V) x -)
The first two morphisms are injective as exponentials of injective functions are also

injective.
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Next, consider any theory £} whose corresponding monad is 7,. If £} is incon-
sistent, the statement follows trivially. Therefore, assume L’2 consistent, and therefore
1 is injective. Below, we will make use of the fact that all monads over Set preserve
injections [AMBL12, Lemma IV.1].

Because Lgyy(v) and Low(y) are conservative restrictions of Lgg(y), and because
the tensor ® is bifunctorial, it suffices to prove the statement for the following three
monad morphisms:

Igs(v)
MEny(V)

Teny (V) TOW(V)

NEnv(V) Now(v)
id

The tensors with the bottom two morphisms are given by the injective tensor maps
sz:
o Y I \V
NEnv(v) ® Ly 1 T, (T,-)
l
Now(v) @ L) : T, T;((14V) x —)

Recall from Example 12-7 that the tensor with the top morphism is:

M) @5 1 (GX)Y = (T3(V x X))¥
K = A (T (Ax.(v,x))) (k(v))

Note that for every v € V, Ax.(v,x) is injective, and therefore 7, (Ax.(v,x)) is injective.
As V| > 1, we deduce that mgp, ) ® T, is injective. [
Note how the argument we applied to mg,y (v fails for maw v). Indeed, by Exam-

ple 12-7 the tensor with mqy v is given by:

mowv) ® Ty : T3 ((1+V) x X) = (T3(V x X))
(Lx,x) = (v,x)
k w. | T k
~ <T2 ( (v, x) — (vo,x) ) ( ))

(Lix,x) — (v,x)

As the map

(avg,x) — (vo,x)
is not injective, we may not proceed as with mgyy(v). Indeed, as Example 13-2 shows,

the conservativity result fails for this morphism.



300 Chapter 13. Use case

Using Theorem 13.7 and Lemma 13.8, we establish the necessity of conditions for
the validity of the optimisations. We first deal with the operation-wise valid optimisa-

tions:

Lemma 13.9. For every op in I, the conservative restriction L.,y of L is given by

the conservative restriction of the component involving op. Explicitly,

L{raise} = L{rollback} = Th({raise:O},@) ,

L{throw} = L{abort} = Th({abort‘Y:0|seStr},®> ,

L{lookupp} = ®€€L LEnv(V);

L{updaiery = QreL Low(v), and

L{\/} = IND.

Similarly, for every pair op, op’ of operations in I1, op,op’ # update, the conservative
restriction Lo, oy 0f L is given by combining the conservative restrictions of the

components involving op and op’.

Proof
Recall L’s definition:

L {raise throw} + <®LEHV(V) ® Q) Lowv) X Lasv)
lel lel el

pERegro pERegwo pERegrw

®(L{rollback,abort} + L{input} + L{output} + LND))

Let op be any operation in I, and let £y be the component in the combination that
involves op. We combine the trivial restrictions Pres(zzp0 — L for each component
L' not involving op. For these trivial restrictions, we may use Theorem 13.7 and
Lemma 13.8 to deduce that £ — L is conservative.

Similarly, let op, op’ be a pair of different operations in I1, op,op’ # update. As
update ¢ {op,op’}, we can apply Theorem 13.7 and Lemma 13.8 and deduce that

Liop,op'} — L is conservative. [
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Proposition 13.10. The validity conditions for the operation-wise valid optimisations

(Proposition 13.1 and in Proposition 13.2) are necessary.

Proof

Consider any o € {Discard, Pure Hoist, Hoist} and € ¢ {°. Then there is some op € &,
satisfying op ¢ {°. By Lemma 13.9, we know the monadic description of T(opy» and
a case-by-case calculation shows that if op ¢ {°, then T(op) Vviolates the corresponding
law.

Similarly, let o be one of the Swap optimisations and consider any triple €;,€, C €
such that € & Nopee, {?(0p). Therefore, there exist op, € € and op; € €, such that
op, ¢ £°(op;). We need to show that Ly, op,} invalidates the corresponding Swap
condition for op;, op,. For op;,op, # update, we may use Lemma 13.9 to obtain the

monadic description of Ty | and a (lengthy!) case-by-case calculation shows that

opy}»
if op, ¢ £°(op, ), the Swap condition does not hold.

It remains to check the cases in which one of the optimisations is update®®, and the
other is one of updateP?, lookupP?, raise, or throw. Note that in all these cases we may
apply Theorem 13.7 and Lemma 13.8 to obtain the explicit description of Lo, op,}
and case-by-case calculations complete the proof. |

We proceed to deal with the non-operation-wise valid optimisations, beginning

with the two Copy optimisations.

Proposition 13.11. The conditions for the two Copy optimisations (Proposition 13.3

and Proposition 13.4) are necessary.

Proof
We begin with the Copy optimisation. We need to show that if at least one of input,
output, or V is in €, or if {lookupP,updateP} C € for some p, then Copy does not hold.

Note that in each of the first three cases, we may use Lemma 13.9 to calculate
Linput}s L{output}> OF Ly, accordingly. As these three theories violate the algebraic
characterisation (i.e., idempotency), so does every conservative extension of them.
Thus, in this case, L¢ violates the Copy optimisation.

Assume, therefore, that for some p, {lookupP,update®} C €. Therefore, we may
use Theorem 13.7 and Lemma 13.8 to deduce the injectivity of @yc| Lgsv) — L-
Therefore, L (jookup? update?} = &reL LGs(v)- This theory violates the Copy optimisa-
tion.

We treat Weak Copy analogously, excluding the case V € €. |



302 Chapter 13. Use case

Proposition 13.12. The condition for the Unique optimisations (Proposition 13.5) is

necessary.

Proof
Consider any € that does not satisfy the condition in Proposition 13.5, i.e., either
{raise, rollback} C € or €N {raise, rollback} = {op} but € Z {5¥% (op).

Assume {raise, rollback} C €. We apply Lemma 13.9 and deduce that

L{raise,rollback} = L{raise} + L{rollback} = Th({raise:O,rollback:O},(Z))

Thus L {yise roliback} has two distinct constants, and therefore Le too. Therefore, in this
case, Unique optimisation is not valid.

Assume €N {raise, rollback} = {op} but € 5% (op). By Proposition 13.10, the
Swap optimisation does not hold for €, {op} C €, and therefore there exist some op’ € €

such that L¢ does not prove the equation:

op’(op,...,0p) = op

Thus, the two sides of this equation constitute two different constant terms, and Lg¢

violates the Unique optimisation. [

13.4 Mechanised analysis

As we saw in the previous section, calculating a precise description of the conservative
restriction Lg is subtle. We therefore investigate the use of mechanised assistance in
analysing the combined theory L directly. We construct a HASKELL data structure
representing the free models and use HASKELL to analyse it.

Our approach suffers from several limitations. First, HASKELL does not have a
complete formal semantics, and the implementation used is not certified to produce
correct code against any formalisation of the language. Moreover, we make no attempt
to neither specify nor certify our code. Therefore, there is a gap between our analysis
and a formal proof of the various completeness propositions.

In addition, we make some simplifying assumptions on our model. For example,
instead of studying arbitrarily many regions p € Reg, arbitrarily many locations ¢ € L,
and an arbitrary set of storable values V, we use two different regions, two different
locations, and the concrete V = Bool to represent our storable values. We leave the
rigorous justification of such simplifying assumptions to further work. We state these

simplifying assuptions explicitly as we encounter them.
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HASKELL [HHPJWO7] has an expressive type system, importantly, it has type
classes [WB89], which help us manage the complexity of constructing the model and
its associated operations. In addition, HASKELL has library support and syntactic con-
structs for manipulating data structures representing monads which also ease our model
construction.

We present the code in its entirety in literate programming style [Knu84]. This
code was developed with the Glasgow Haskell Compiler (v. 7.4.2) with the following

extensions enabled:

o TypeSynonymlnstances; e Overlappinglnstances ;
o Flexiblelnstances:; e RankNTypes; and
e FlexibleContexts; e ImpredicativeTypes

We use following standard libraries:

import Data.Char
import Data.Maybe
import Data.Monoid
import Data.List
import Text. Printf

We also use the monad transformer library [Jon95] (mtl v. 2.1.1) and the library

for free monads (free v. 3.4.1):

import Control. Monad.Error
import Control.Monad.Identity
import Control. Monad.State

import Control. Monad.Trans.Free
import Control. Monad.Trans.Reader

import Control. Monad.Trans. Writer

Represting 7,

We begin by defining a datatype represetntation of the monad corresponding to the

theory
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L{raise,throw} + <®LEHV(V) ® ®LOW(V) ® ®LGS(V)
lel lel lel

pEReggro pERegwo pERegrwy
®(L{rollback,abort} + L{input} + L{output} + LND>)

Our model needs to be a monad in which we can test equality.

class (Monad m) = EqMonad m where
eqlLift::Eqa = ma — ma — Bool

instance (Eq a, EgMonad m) = Eq (m a) where
(=) = eqLift

We will also need to iterate over certain types, crucially over all arity types.

class WithRange a where
range::|a|
instance WithRange () where
range = [()]
instance WithRange Bool where
range = |False, True]
instance (WithRange a, WithRange b) = WithRange (a,b) where

range = [(x,y) | x < range,y < range]
We also model algebraic operations and generic effects.

type AlgOp map = Monadm = Vc.(a—mc) — (p—mc)
type GenOpmap = Monadm =p —ma

Note that HASKELL’s type system is not strong enough to ensure all instances of
AlgOp m a p are in fact algebraic operations of type a (p) for m.
We will use the bijection between algebraic operations and generic effects (Theo-

rem 2.4):

op::Monad m = GenOpmap — AlgOpmap
opgenkp =genp>=k
gen::Monad m = AlgOpmap — GenOp ma p

gen op = op (return)
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We will also use monad morphisms to map the various operations between monads
(Theorem 2.8).

type MonadMorphism m m’ = (Monad m,Monad m’) = Ya.(ma — m’ a)

mapGen :: (Monad m,Monad m’) =

MonadMorphism m m’ — GenOp ma p — GenOp m’ a p
mapGen mor gen = mor o gen
mapOp :: (Monad m,Monad m’) =

MonadMorphism m m’ — AlgOp map — AlgOp m’ a p

mapOp mor mop = op (mapGen mor (gen mop))

We now implement the various monads and monad morphisms involved in our

construction.

The identity monad

Even when the monad is completely defined by the standard libraries, we need to show

it allows equality testing.

instance EqMonad Identity where
eqLift a b = (runldentity a) = (runldentity b)

Exceptions

We use the exception monad transformer ErrorT to sum the theories for exceptions

with other theories (Example 12-3).

instance (EgqMonad m,Eq e, Error e) = EqMonad (ErrorT e m) where
eqLift a b = (runErrorT a) = (runErrorT b)

We will use the following two monads (and their transformers):

instance Error () where
noMsg = ()

instance Error Str where

noMsg = "Default exception." --Required by the Error type class.
type T{raise} = Either ()
type Trow) = Either Str
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To implement the algebraic operations for these monads, we need an empty type.

data Empty

instance Eq Empty where
(=)ab="True

instance WithRange Empty where

range = ]

We will also need to eliminate the empty type. Unfortunately, this version of
HASKELL does not support empty pattern matches, therefore, we use HASKELL’s

built-in exceptions.

whatever :: Empty — a

whatever = (Az —
error$ "GHC bug #2431" -+
"http://hackage.haskell.org/trac/ghc/ticket/2431")

We make use of the injections Typise} — Tiraise} + 7 <— 7', and similarly for throw.
The injection 1, is the /ift function given by the ErrorT monad transformer. For 11, we
define:

Vs :: Monad m = MonadMorphism Tiraisey (ErrorT () m)
lrlaise = ErrorToreturn
ltlhrow :: Monad m = MonadMorphism Tyow (ErrorT String m)

1t1hmw = ErrorToreturn

Finally, we define the operations:
errorRaise :: GenOp Tiyyisey Empty ()

errorRaise () = Left ()

errorThrow :: GenOp Tiyow) Empty Str

errorThrow s = Left s

errorRaiseOp = op errorRaise

errorThrowOp = op errorThrow

Global state

It is crucial that we model memory locations using a small number of values. By

having a store type S with a small range of values, we avoid a state space explosion in
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our model. This is a simplifying assumption on our model that further work needs to

justify.
type V = Bool
type L = Bool
typeS=L—V

instance Eq S where
(=) ss" = (s True = s' True) A (s False = s' False)

We use an instance of the global state monad transformer StateT to tensor the theory

of global state with other theories (Example 12-4).

type Tgs® = StateT S

instance (EgMonad m) = EqMonad (Tgs ® m) where
eqLift a b = helper (runStateT a) (runStateT b)
where
helper x y = all (Avy —
all (A —
let s = (A — if / then v, else v()

in (xs) = (ys)) range) range
type Tgs = Tgs ® Identity

We implement the monad morphisms %1 1 Tasv) = Tosv) @ T.

2GS(V)
9] :: Monad m = MonadMorphism Tgs (Tgs @ m)

2GS(V)
1, k= StateT (As — let r = runStateT k s

in return o runldentity $ r)
Finally, the operations:
ref:: GenOp Tgs V L
ref ¢ = StateT (s — return (s (£),s))
set::GenOp Tgs () (L,V)
set (Lo,vo) = StateT (s — return ((),M — if (£ = {p)

then v
else s (£)))

lookupOp = op ref
updateOp = op set
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Read-only memory
Implementing read-only memory is nearly identical to implementing global state.

type Tgny® = ReaderT S

instance EgMonad m = EqMonad (Tgny @ m) where
eqLift a b = helper (runReaderT a) (runReaderT b)
where helper x y = all (Avg —
all (v —
let s = (A — if ¢ then v, else v)
in (xs) = (ys)) range) range

type Teny = Teny ® Identity

@EHV

1, ::Monad m = MonadMorphism Teny (Teny @ m)

gEnv

\; k= ReaderT (As — let r = runReaderT k s

in return o runldentity $ r)

refRO :: GenOp Tgny V L
refRO ¢ = ReaderT (As — return (s (£)))

lookupROOp = op refRO

Write-only memory

We use HASKELL’s monoid library. First, we represent the overwrite monoid:

type Mow = L — Maybe V
instance Eq Mow where
(=)ab=all (M — (al)= (b)) range
instance Monoid (Mow) where
mempty = M — Nothing
mappend 81 &y = Al — case O, £ of
Nothing — &, /

Justv — — Justv
We now define the write-only monad transformer:

type Tow® = WriterT Mow

instance EgMonad m = EqMonad (Tow ® m) where
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eqLift a b = (runWriterT a) = (runWriterT b)

type Tow = Tow ® Identity

@OW .
1, ::Monad m = MonadMorphism Tow (Tow ® m)
L, = WriterT o return o runldentity o runWriterT

setWO :: GenOp Tow () (L,V)

setWO (Lo, vo) = WriterT $ return ((),M — if (¢ = {p)
then Just vy
else Nothing)

updateWOOp = op setWO

/0

We use HASKELL’s representation of characters and strings. To make computations
tractable, we only range over a small number of characters. This is a simplifying

modelling assumption.

type Char = Char
instance WithRange Char where
range =["'a’'.."z"]

type Str = String

We will need to range over strings. We assume it is enough to check two different

strings. We leave to further work justifying this modelling assumption.

instance WithRange String where

range = ["DivideByZero", "RuntimeException"]

We use Haskell’s implementation of free monads. We define the following signature

functor:

data X a = Input (Char — a)
| Output (Char,a)
instance Functor Xio where
fmap f (Input g) = Input (fo g)
fmap f (Output (c,a)) = Output (c,f (a))

instance Eq a = Eq (Xi0 a)
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We lift equality testing to the carrier of the free monad corresponding to Xjo:

instance (Eq a,Eq b) = Eq (FreeF Yio a b) where
(=) (Pure a) (Pure a’) =a=a’
(=) (Free (Input g)) (Free (Input h)) =all (ha —

(=) (Free (Output (c,g))) (Free (Output (¢’,g"))) =(c=c" )N (g=g’)
(=) - - = False

With everything in place, we can sum a representation of a monad with the I/O

monad by using the appropriate free monad transformer:

type Tj)o+ = FreeT X0

instance (EqMonad m) = EqMonad (Ty ;o + m) where
eqLift a b = (runFreeT a) = (runFreeT b)

type 7j/0 = Tjjo + Identity

U9 :: Monad m = MonadMorphism Tijo (Tyjo + m)

UO k = helper (runldentity (runFreeT k))

where
helper (Pure a) = FreeT (return (Pure a))
helper (Free (Input g)) = FreeT (return (Free
(Input (V° 0g))))

helper (Free (Output (c,g))) = FreeT (return (Free (Output (c,1° g))))
iolnputOp ::AlgOp Ty o Char ()
iolnputOp = Mk _ — FreeT (return (Free (Input k)))
ioOutputOp ::AlgOp Ty o () Char
i00utputOp = Mk ¢ — FreeT (return (Free (Output (c,k ()))))

Non-determinism
We represent the finite powerset monad using HASKELL lists.
X
type P,° =[]
instance EgMonad ( LPfO) where

eqLift ab = (all (\x — elem x D) a) N
(all (\y — elemy a) b)
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ndToss :: GenOp E’fo Bool ()
ndToss _ = [True, False)|
ndChoiceOp :: AlgOp LPfo Bool ()
ndChoiceOp = op ndToss

The model

Everything is in place to represent our theory

L fraise throw} + <®LEnv(V) 2 Q) Low () @ ®LGS(V)
el el lel

p<Reggo pcRegwo p<Reggw
®(L{rollback,abort} + L{input} + L{output} + LND))

type Model
= ErrorT () (ErrorT Str
(Teny @ (Teny @ (Tow @ (Tow @ (Tgs @ (Tgs @
(ErrorT () (ErrorT Str (Tyjo + ?fo))))))))))

Note that to avoid a state space explosion, we only consider two regions of each kind
of memory. We leave the justification of this modelling assumption to further work.
We lift the various operations along the monad morphisms. The following 1 nota-

tion will make the process succinct.

1 ::(Monad m,MonadTrans t) = AlgOp ma p — AlgOp (t m) a p
1T a=mapOp lifta

raiseOp ::AlgOp Model Empty ()

raiseOp = mapOp 1rlaise errorRaiseOp
throwOp ::AlgOp Model Empty Str

throwOp =18 mapOp 1t1hr°W errorThrowOp
lookupROOp1 ::AlgOp Model V L

lookupROOpl = 1$1$ mapOp ib]fnv lookupROOp

lookupROOp?2 :: AlgOp Model N L
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E

lookupROOp2 = 1$1$1$ mapOp (%1 " lookupROOp
updateWOOp1 :: AlgOp Model () (L,V)

*OW
updateWOOpl =1$1$1$1$ mapOp | ] updateWOOp
updateWOOp?2 :: AlgOp Model () (L,V)

«OW
updateWOOp2 =1$1$7$1$1$ mapOp %1 updateWOOp
lookupOpl ::AlgOp Model V L

«GS(V)
lookupOp1 =1$51$1$ST$181S mapOp %1 lookupOp
updateOpl  ::AlgOp Model () (L,V)

LGS(V)
updateOpl  =1$18$1$1$1$1$ mapOp ngl updateOp
lookupOp2 :2AlgOp Model V L

2GS(V)
lookupOp2  =1$1$1$1$1$7$1$ mapOp ?1 lookupOp
updateOp2  ::AlgOp Model () (L,V)

»GS(V)
updateOp2  =1$1$1$1$1$7$1$ mapOp %1 updateOp
rollbackOp  ::AlgOp Model Empty ()
rollbackOp  =1$1$1$1$1$1$1$1$ mapOp Lrlaise errorRaiseOp
abortOp ::AlgOp Model Empty Str
abortOp =1 $T$TS$TS$STSTS$STS$STSTS mapOp ltlhrow errorThrowOp
inputOp ::AlgOp Model Char ()
inputOp —1$1$1$18181818181818  mapOp®  iolnpurOp
outputOp ::AlgOp Model () Char
outputOp =1$1$1$1$18$181818181$  mapOp®  ioOutputOp
choiceOp ::AlgOp Model Bool ()

choiceOp =1T$1$181$1$181$1$181$ 1 $ndChoiceOp

Analysing Copy and Weak Copy

We validate that the necessity of the conditions for the validity of the Copy and Weak
Copy optimisations (Proposition 13.3 and Proposition 13.4). Thus our model demon-
strates Proposition 13.11. The following code tests whether an arbitrary, possibly com-

posite, algebraic operation satisfies the weak idempotency law.
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checkWeakldempotency :: Eq a = AlgOp Model a () — Bool
checkWeakldempotency mop =
let 11 = mop (Ai — mop (Nj — return (i)) ()) () in
let 12 = mop (Ak — return (k)) () in
tl=12

We now supply this function with the three terms from the proof of Proposi-
tion 13.11. The crucial difference is that this time we calculate both sides of the

idempotency law in the full monad 7, rather than its conservative restrictions.

> checkWeakldempotency inputOp
False

> checkWeakldempotency (Ax () — outputOp x ' a")
False

> let ¢y = True
in checkWeakldempotency (Ax () —
lookupOpl (Ai —
updateOpl (\_— x ())
(4o, 1))
(4o))

False

Thus the condition for Weak Copy is necessary.

To show the necessity of the criterion for Copy, we can use the previous three

calculations, together with an additional calculation for non-deterministic choice:

checkldempotency:: Eq a = AlgOp Model a () — Bool
checkldempotency mop =
let t = mop (Ai — mop (Nj — return (i,j)) ()) () in
let t, = mop (Ak — return (k,k)) () in
=0

> checkldempotency choiceOp
False
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Analysing Unique

Consider the necessity proof of the Unique condition (Proposition 13.12). The only
part of the proof that relies on conservative restriction is the case in which we consider
an € containing both raise and rollback. The other case reduces to the necessity of the
Swap condition.

Therefore, we only need to show that raise and rollback have different interpreta-

tions in our model:

> lett) :: Model Empty
t1 = raiseOp  whatever () in
let 1, = rollbackOp whatever () in

H=n

False

Analysing operation-wise valid optimisations

We turn to establish the completeness of our optimisation tables (Proposition 13.10).
Here we can automate our analysis even further by systematically substituting all effect
operations into each algebraic law.

However, the effect operations have different types. In particular, we cannot easily
store the operations in data structures. We therefore introduce an enumeration of the

various effects:

data OpName = In | Out | Raise | Throw
| Abort | Rollback | Lookupl | Lookup?2
| Updatel | Update2 | RLookupl | RLookup2
| WUpdatel | WUpdate?2 | Choice

deriving (Show, Enum, Eq,Bounded)

allOps = [minBound . .maxBound)|
To manipulate the various algebraic laws we introduce term continuations:
type TermCont b = Va.(Eq a, WithRange a) = (AlgOp Model a () — b)

Note that we require the parameter to be the unit type ().
The following helper function converts a parameterised operation into a family of

terms.
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deparameterise :: (Eq a, WithRange p, WithRange a) =
TermCont b — (AlgOp Model a p) — [b]

deparameterise law mop = map (Ap — law (Ax _ — mop x p)) range
We call the act of invoking a continuation with a given effect operation dispatching:

dispatch:: TermCont b — OpName — [D]

dispatch law In = deparameterise law inputOp
dispatch law Out = deparameterise law outputOp
dispatch law Raise = deparameterise law raiseOp
dispatch law Throw = deparameterise law throwOp

dispatch law Rollback = deparameterise law rollbackOp
dispatch law Abort = deparameterise law abortOp
dispatch law Lookupl = deparameterise law lookupOpl
dispatch law Lookup2 = deparameterise law lookupOp?2
dispatch law RLookupl = deparameterise law lookupROOp1
dispatch law RLookup2 = deparameterise law lookupROOp2
dispatch law Updatel = deparameterise law updateOpl
dispatch law Update?2 = deparameterise law updateOp2
dispatch law WUpdatel = deparameterise law updateWOOp1
dispatch law WUpdate2 = deparameterise law updateWOOp2

dispatch law Choice ~ = deparameterise law choiceOp

Note we make another crucial simplifying assumption. When we deparameterise Str,
we consider only two different exceptions. As we will be iterating many times over

this list, it is crucial it is finite and short.

Analysing Discard, Pure Hoist and Hoist

We capture the algebraic laws characterising Discard, Pure Hoist, and Hoist by the

following type of term continuation:

type SimpleLaw = TermCont Bool

absorption :: SimpleLaw

absorption mop = (mop (M — return ()) ()) = return ()
pureHoist :: SimpleLaw

pureHoist mop = any (Aj — mop (i — return i) () = return j) range
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hoist :: SimpleLaw
hoist mop = (pureHoist mop) NV (mop (Ai — return (True,i)) ()

mop (A — return (False,i)) ())
Given any such a simple law, we generate its optimisation table:

optTable :: SimpleLaw — [OpName)|
optTable law = filter (Aname —
allid (  -- typechecker needs help instantiating
(dispatch:: SimpleLaw — OpName — [Bool )
law name))
allOps

The following interaction validates Proposition 13.10 for Discard, Pure Hist and
Hoist:

> optlable absorption
[Lookup,Lookup2, RLookup1,RLookup2,Choice]
> optlable pureHoist

]

> optTable hoist
[Raise, Throw,Abort, Rollback|

Note that the lists we computed correspond precisely to the optimisation tables in
Proposition 13.1. Therefore, any operation not present in these tables invalidates the
corresponding algebraic law in our model, hence the condition given by the optimisa-

tion tables is necessary.

Analysing the Swap optimisations

Finally, we consider the three swap optimisations. The corresponding algebraic laws

are parameterised by two terms:

type SwapLaw = TermCont SimpleLaw
swap ::SwapLaw

swap mop mop' = (mop (A — mop’ (Aj — return (i.j)) ()) ())

(mop’ (Aj — mop (Mi — return (i,j)) () ())

weakSwap :: SwapLaw
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weakSwap mop mop’ = (mop (Mi — mop’ (Aj — returni) ()) ())

(mop” (\j — mop (Mi — returni) () ()

isoSwap  ::SwapLaw
isoSwap mop mop' = (mop (A — mop" (Aj — return ()) () ()

(mop” (\j — mop (Mi — return () () ()

To check whether two given operations satisfy a given swap law, we despatch the law

over both and check all possible combinations.

commute :: SwapLaw — OpName — OpName — Bool
commute law opl op2 =
let swapWithOpl :: [SimpleLaw|
-- The typechecker needs help instantiating
swapWithOpl = (dispatch:: SwapLaw — OpName — |SimpleLaw])
law opl
op2Satisfies :: SimpleLaw — [Bool |
-- The typechecker needs help instantiating
op2Satisfies law = (dispatch :: SimpleLaw — OpName — [Bool|)
law op2
in all id $ concat $ map op2Satisfies swapWithOp1

We calculate swap-sets by brute force:

swapSet :: SwapLaw — | (OpName,[OpName]) |
swapSet law = [(opl,[op2 | op2 < allOps,commute law opl op2]) |
opl < allOps|

We calculate all three swap sets into a data structure as in Figure 13.1, i.e., each row in

the table is of the form (op, ({5WaP,LWSWap\ (Swap ¢ISwap\ ISwap )

swapsets = let allsets = zip3 (swapSet swap)
(swapSet weakSwap)
(swapSet isoSwap)
in map (A((op,sw), (—,wsw), (_,isw)) — (op, (sw,wsw\\ sw,

isw\\ wsw,
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allOps\\ isw)))

allsets

The following interaction validates Proposition 13.10 for the Swap optimisations.
By computing the swap sets mechanically we found our previously published swap
sets [KP12] were incorrect. The correct swap sets state that output and input do not
satisfy Isolated Swap with themselves, and non-deterministic choice does in fact com-
pletely commute with both abort and throw.

We use the following ad-hoc pretty printer to display the swapsets

printSwapSets :: 10 ()
printSwapSets =
do {
mapM (M(op, (sw,wsw,isw,none)) —
do {
printf ("$-8s: swap = ") (show op);
printOpList " "sw;

putStr " weakSwap ;
printOpList " " wsw;

putStr " isoSwap ;
printOpList " " isw;
putStr " none = ;
printOpList " " none})

swapsets::10 [()];

return () }

where n =4

printOpList :: String — [OpName| — 10 ()

printOpList prefix Ist = if length Ist < n
then putStrLn ((show Ist))
else do { printf "$s++\n%s" (show (take n Ist)) prefix;

printOpList prefix (drop n Ist) }

> printSwapSets

In :swap = [Lookupl,Lookup?2,Updatel,Update2| +-
[RLookup1,RLookup2, WUpdatel, WUpdate?2 ]|
weakSwap = [Choice]
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isoSwap

none

Out  :swap

weakSwap

isoSwap
none

Raise :swap
weakSwap

isoSwap

none

Throw :swap

weakSwap

isoSwap

none

Abort :swap

weakSwap
isoSwap

none

Rollback : swap

weakSwap

isoSwap

~ ]

= [Out,Raise, Throw,Abort] +
[Rollback]

= [Lookup1,Lookup2,Updatel , Update2 | +
[RLookup1,RLookup2, WUpdatel, WUpdate2]

= [Choice]

=]

= [In, Out,Raise, Throw] ++
[Abort, Rollback]

= [Raise,Lookup1,Lookup2,RLookupl|++
[RLookup?2, Choice]

= [In, Out, Throw,Abort] +
[Rollback, Updatel, Update2, WUpdatel | +
[WUpdate2]

= [Lookup1,Lookup2,RLookup1,RLookup2| +-
[Choice]

= [In, Out, Raise, Throw] ++
[Abort,Rollback, Updatel , Update2] +
[WUpdatel, WUpdate2]

= [Lookup1,Lookup2,Updatel , Update2 | +
[RLookup1,RLookup2, WUpdatel, WUpdate2 | -+
[Choice]

= [In, Out,Raise, Throw] ++
[Abort, Rollback]

= [Rollback, Lookup1,Lookup?2, Updatel | -+
[Update2,RLookup1,RLookup2, WUpdatel | +-
[WUpdate2, Choice]

]
=]
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none

Lookupl : swap

weakSwap
isoSwap
none

Lookup? : swap

weakSwap
isoSwap
none

Updatel : swap

weakSwap
isoSwap
none

Update2 : swap

weakSwap
isoSwap

none

weakSwap
isoSwap

none

= [In, Out, Raise, Throw] ++

= [In, Out, Raise, Throw] ++

= [In, Out,Raise, Throw] ++

= [In, Out,Abort,Rollback] +H-

[Abort]
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[Abort,Rollback, Lookup 1, Lookup2 | ++
[Update2,RLookup1,RLookup2, WUpdatel | ++

[WUpdate2, Choice]

[]
Updatel ]

[
[]
[

[Abort, Rollback, Lookup 1, Lookup2 | +
[Updatel ,RLookup1,RLookup2, WUpdatel | ++

[WUpdate2, Choice]

[]
Update?]

[
]
[

[Lookup2, Update2, RLookupl,RLookup2| ++

[WUpdatel,WUpdate2, Choice]

Lookupl |

[
[]
[
[

Raise, Throw, Updatel |
In, Out,Abort, Rollback] ++

[Lookup1,Updatel ,RLookupl,RLookup2|++

[WUpdatel, WUpdate2, Choice]

Lookup?|

[
]
[
[

Raise, Throw, Update2]
RLookupl : swap = [In, Out,Raise, Throw] ++

[Abort, Rollback, Lookup 1, Lookup2 | +
[Updatel, Update2,RLookupl,RLookup2| +-

[WUpdatel, WUpdate2, Choice|

]
]
]
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RLookup?2 : swap = [In,Out,Raise, Throw] 4+
[Abort,Rollback, Lookup1, Lookup2] ++
[Updatel , Update2, RLookup1,RLookup2] +H-
[WUpdatel,WUpdate2, Choice]

[]
[]
]

none =
[

weakSwap

isoSwap

WUpdatel : swap = [In, Out,Abort, Rollback] +
[Lookupl,Lookup2, Updatel , Update2 ] +
[RLookup1,RLookup2, WUpdate2,Choice]

weakSwap =

isoSwap =
none = [Raise, Throw, WUpdatel ]

WUpdate? : swap = [In, Out,Abort, Rollback| ++

[Lookupl,Lookup2,Updatel, Update2 | +-
[RLookup1,RLookup2, WUpdatel ,Choice]

weakSwap

[
[

=
=

isoSwap

]

]

Raise, Throw, WUpdate?2 |

Raise, Throw,Abort, Rollback| +
[Lookupl,Lookup2,Updatel, Update2 ] +-
[RLookup1,RLookup2, WUpdatel, WUpdate2) ++

none

Choice : swap

[Choice]
weakSwap =]
isoSwap = [In,Out|
none =]

Thus our model confirms the necessity of our characterising conditions, up to the
simplifying assumptions we described. HASKELL’s native support for monads and
monad transformers, and its type class mechanism were pivotal for our model con-
struction. In particular, during the development of the model, the type system pre-
vented numerous errors that a less expressive type system, such as ML’s, would not be
able to track. However, HASKELL’s type system was not expressive enough for our
treatment of the operation-wise valid optimisations and their algebraic laws. Although

we worked around the problem by using boilerplate code such as the dispatch func-
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tion, we should investigate in the future whether a dependently-typed implementation,
using e.g. Agda [NorO7] or the Coq [Cdt12] proof assistant, is more suitable for this
purpose.

However, we also desire library support for lists and strings. We therefore use
HASKELL, despite its limited type-system, and comment on the parts of the code
that would benefit from better type support. Brady’s Idris [Brall] may be a suitable
dependently-typed alternative to HASKELL.

To summarise, we analysed the global algebraic optimisations in a simple functional-
imperative language. However, even our simple language involved more than a thou-
sand effect sets. Such complexity cannot be addressed intuitively without error. Our

theory allows a rigorous and high level treatment of these optimisations.
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Conclusion

But before you come to any conclusions

Try walking in my shoes
—Depeche Mode

We set out to establish the existence of a general applicable theory of Gifford-
® style type-and-effect systems. In the first part of the thesis, we presented a
spectrum of type-and-effect models accounting for set-theoretic models, domain the-
oretic models, algebraic models, and logical relations model. Our general account
culminated in the categorical conservative restriction construction, establishing that
semantics for type-and-effect systems arise as a property of an algebraic model, rather
than a separately specified structure. In the second part of the thesis, we presented our
theory’s account of the various aspects of effect-dependent optimisations, ranging from
the syntax of type-and-effect systems, through its semantics, the soundness and com-
pleteness of the optimisation process, modular treatment of optimisation validity, and a
use case for synthesising sound and complete validity decision procedures. We report
that, once the semantic constructions were in place, each of these areas required little
effort to fit within the theory, and we expect other aspects of type-and-effect systems
to follow suit.

The algebraic approach provides a valuable and general point of view, resulting in:
the connection between effect operations and effect sets; the conservative restriction
construction; the free lifting construction; optimisation classification and discovery of
new optimisations; criteria for the validity of abstract optimisations; and methods to
derive the validity of optimisations for combinations of effects modularly.

The use of CBPV highlights the interplay between functional constructs and ef-

fects. We advocate its use as a fundamental lambda-calculus involving computational

323
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effects. The categorical language greatly helped the organisation of this work, by al-
lowing much reuse of concepts and proofs. It was also crucial in seeing the connection
with Filhrmann’s work, and unifying it with Benton et al.’s.

Further work abounds:

Generality. Our claim for generality will be much strengthened by generalising the
logical relations argument of Corollary 9.12 from its current (set-theoretic) pre-
sentation models to the (categorical) algebraic models. Doing so will tie the
conservative restriction construction to the original non-hierarchical semantics.
We conjecture that by imposing sufficiently strong conditions on the factori-
sation system <Z, M > of the enriching category, the /M -morphisms behave as

predicates and allow us to generalise the proof.

Going further, we would then like to generalise the constructions in Part II from
the set-theoretic case to the categorical case. However, such generalisation will

require more syntactic views of enriched Lawvere theories [P1o06].

Applicability. We would like to incorporate more facets of type-and-effect analysis
into our theory. An immediate first step is to incorporate Plotkin and Pretnar’s
effect handlers [PP09a, PPO9b] so our theory can account for exception handlers.
We foresee no problem in doing so in light of our work equipping a calculus of
effect handlers with a type-and-effect system [KLO13] and Bauer and Pretnar’s
type-and-effect system for the Eff programming language [BP13].

Effect reconstruction is of immediate importance. It should be possible to derive
general algorithms for type-and-effect annotation. Our semantics can then be
used to give semantics to such programs. Levy’s translations of call-by-value
and call-by-name into CBPV could then be used to generalise call-by-value
type-and-effect systems and discover novel call-by-name type-and-effect sys-
tems. Another closely related direction is region inference [BTO1]. Bauer and
Pretnar’s work on effect handlers [BP13] suggests region inference may gener-

alise from memory accesses to arbitrary algebraic effects.

Additional effects. Another direction is to better fit additional computational effects
into the algebraic theory of effects in the first step, and then into our theory of
type-and-effect systems. Notions of locality, particularly local state, are very
important. It may be possible to make use of work on the algebraic treatment
of locality, e.g., Plotkin and Power [PP02], Mellies [Mel10], and Staton [Sta09,



325

Stal3b] to obtain a more general optimisation theory. This should enable incor-
porating the work of Benton et al. on dynamic allocation [BKBHO7]. Interest-
ingly, it should also incorporate Staton’s account for logic programming [Stal3a].
Incorporating higher-order store [BKBHO09] would require solving recursive do-
main equations [AJ94, Lev02]. We are also very interested in accounting for
parallelism, as in Gifford’s work [LG88].

We outline further work arising from each chapter:

Algebraic operations. In Chapter 2 we considered only Eilenberg-Moore CBPV mod-

els. It would be interesting to generalise our account to arbitrary CBPV models.

Models. While we used categorical language to formulate our models, we did not con-
sider any category of models. 1t would be interesting to identify the appropriate
notions of morphisms for each of our model classes. We could then formulate the
relationship between our different categories of models using categorical notions
like isomorphism and equivalence of categories. More speculatively, categories
of models would also include categorical constructions such as limits and col-
imits, and would perhaps give an abstract account of our conservative restriction

construction.

Lawvere theories. As we noted on page 196, there is a mismatch between presen-
tations and Lawvere theories: presentations allow us to have arbitrarily infinite
parameter types, whereas A-Lawvere theories are restricted by the cardinal A. It
is possible that there are other equivalent descriptions of algebraic theories that
avoid this mismatch. Mellies' suggests there might be a connection with monads
with arities [BMW12].

Another shortcoming of our account is the large amount of intimidating com-
mutative diagrams. We obtained these proofs by translating proofs devised in
our own variant of string diagrams [BS11] for symmetric monoidal closed cat-
egories. As we are not aware of any standard notation for string diagrams of
(symmetric) monoidal closed categories, we decided to use the widely familiar
commutative diagrams. (See Selinger [Sel09] for a survey of such notations.)
We leave to further work to recast our proofs in a familiar string diagrammatic

form.

'Paul-André Mellies, private communication, 2013.
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In this context, Fiore? suggested to us to use monoidal actions instead of enrich-
ment. Fiore conjectures that monoidal actions produce a more pleasant theory of
generalised Lawvere theories that does not involve as complicated commutative

diagrams. We leave the investigation of his suggestion to further work.

Atkey used parameterised monads [AtkO9b] to account for type-and-effect sys-
tems, and more generally, capabilities [Atk09a]. It would be interesting to inves-
tigate whether parameterised monads have a parameterised notion of Lawvere
theories, and whether these can be used to extend our theory to the parameterised

case.

Algebraic models. Our construction of a factorisation system of enriched Lawvere
theories from a given factorisation in the enriching category is unsatisfactory,
as we do not have an explicit characterisation of the left orthogonality class of
M™ . Our free lifting construction suggests this class may have to coincide with
its subclass E'*¥ of all morphisms whose A, | components are £-morphisms, as
is certainly the case in Set. Thus we are interested to find out whether £'*¥ may
be a proper subclass of the left orthogonality class and under what conditions

they coincide.

Presentation models. We would like to give a syntactic generalisation of presenta-
tion models to complement enriched Lawvere theories. However, the appropri-
ate generalisation of equational logic has not yet been developed [Plo06]. It is

possible that Staton’s notion of parameterised theories [Stal3b] would serve this

purpose.

Predicate models. Our notion of predicate models is general enough to include Ben-
ton et al.’s relational models. It is important to recast their models in terms of
predicate models and compare them with the conservative restriction construc-

tion.

Our free lifting construction is a form of inductive lifting. It would be inter-
esting to compare it to other lifting constructions, most notably Katsumata’s
categorical- T T-lifting [Kat05, Kat13] and Larrecq et al.’s use of sconing [GLLNOS,
GLLNO2].

Intermediate language. Despite having the domain-theoretic machinery in place (see

Chapter 4), we did not incorporate recursion into our source language in order to

2Marcelo P. Fiore, private communication, 2013.
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focus on the shortest account towards effect-dependent optimisation. However,
not accounting for recursion detracts from our applicability. Thus, an immediate
next step is to give semantics to a MAIL variant with recursion [KP12] using
our recursion models. To achieve establish the connection with the conservative

restriction model, we use a continuous variant of our free lifting construction.

Another limitation of our intermediate language is caused by restricting arities
to be of ground type. Generalising arities to non-ground types may involve re-

cursive domain equations, as in the hypothesised treatment of higher-order store.

Optimisations. The logic we used for our optimisations is a simple equational logic
— we have only considered equations between terms. It seems straightfor-
ward to devise a richer effect-dependent counterpart to Plotkin and Pretnars
logic [PPOS8, Pre09]. Another direction is an effect-dependent account of re-

finement types, starting with Denney’s thesis [Den99].

We did not fully treat the local algebraic optimisations, those optimisations that
originate from particular equations in the Lawvere theory. A full treatment
would present a systematic translation from equations in the Lawvere theory

into equations between program phrases, as Plotkin and Pretnar’s logic [PP0O8].

We did not supply any of the 36 proofs justifying the equivalent conditions for
the global algebraic optimisations in Figure 11.2. We conjecture that there is
a more basic description of these global optimisations using quantification over
terms in the presentation L¢. This desription may lead to a meta-theory of these
optimisations. By exposing this syntax, we could generate both pristine and
utilitarian forms mechanically from the more basic description. Their equiva-
lence to the algebraic characterisation (and to each other using structural rules
only) could then prove wholesale 27 of the proof obligations. The remaining 9
obligations are the equivalence of the monadic condition and either of the other
characterisations. This basic description of the global optimisations would also
allow us to uniformly define the notion of operation-wise validity, rather than

give an ad-hoc definition for each of the optimisations.

Combining effects. We concentrated on the more common sum and tensor combina-
tors. Hyland and Power’s distributive combination of theories [HP06] (used for

combining ordinary and probabilistic computation) should be investigated too.

The combination of write-only state and non-determinism should be re-examined
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in light of Example 13-2.

Use case We are interested in a tensor analogue of the sum conservativity theorem The-
orem 13.7. However, in light of Example 13-2 where we combined write-only
state and non-determinism, we cannot hope to a sufficient condition that encom-

passes all practical cases.

Our HASKELL model for validating the completeness of our decision procedures
is limited by the HASKELL type system. We are therefore interested in a similar
model in a dependently-typed programming language, such as Idris [Brall],
Agda [Nor0O7] or the Coq [Cdt]12] proof assistance, which seem more suitable
for this purpose.

We aspire to change the effect systems discussion. Rather than proceeding from
case to case by analogy, we hope that the generality and applicability of our approach
will provide a first step on the way to obtaining a scientifically-based engineering

methodology to type-and-effect systems.



Appendix A

Conventions

Here’s a one of a kind

Convention of the mind
—Red Hot Chili Peppers

Sections indicated with a “beware cats” sign assume deeper, but standard,
@ knowledge of category theory. The assumed knowledge includes: (co)limits,
adjunctions, (co)continuity, and monads, as covered by Mac Lane [ML98], and sym-
metric monoidal closed categories, and enrichment, as covered by Kelly [Kel82a].

The “cat-free” parts assume only basic categorical notions, previously used in
® the semantics and functional programming communities. We assume familiar-
ity with functors, monads, natural transformations, and monad morphisms. These parts
may be read sequentially, skipping over “beware cats” sections. While the statements
are formulated in these more accessible terms, their proofs may rely on categorically
involved accounts. The scope of these two modifiers extends to the end of the literary
unit they are introduced in, such as Chapter, Section, or Proof.

We revisit definitions, examples, and theorems during the development. Shading
indicates the difference from the original unit. An asterisk, e.g., Definition 3.2%*, indi-
cates the revisited unit is recast in terms of generic effects. An ®, e.g., Definition 3.1,
indicates the revisited unit is a domain-theoretic specialisation. A (revisited) mark,
e.g., Definition 2.10 (revisited), indicates the revisited unit is a set-theoretic reformula-
tion of a categorically involved unit. A plus,e.g. Definition 3.2, indicates the revisited
unit is an algebraic reformulation in terms of theories and/or presentations. These mod-
ifiers combine, e.g., Definition 3.2* (revisited)™, meaning an algebraic reforumaltion
of the set-theoretic instance of the generic effects alternative to Definition 3.2. Elec-

tronic versions of this document use hyper-references to ease cross-references.
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