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1 Introduction
When faced with repetition, programmers naturally turn to boilerplate or parametrisation. In this
paper, we focus on repetition that arises from symmetry. We develop mathematical foundations
that explicitly and uniformly capture existing implicit patterns in programming and reasoning, and
define a construction that removes redundant symmetric cases from functions and proofs.
Consider Gabriele Cirulli’s famous game of 20481, in which the player slides tiles labelled by

powers of 2, merging tiles with identical labels. The player can slide tiles in all four directions, and
the game source-code accommodates that ability through a general merging code that takes the
direction as a parameter, builds a sequence of matrix indices to consider, and traverses over them2.

Our anecdotal experience with half a dozen student projects suggests this parametrisation can be
difficult to implement correctly. Here is an approach that is simpler to understand and to implement.
Define the merging logic only for a single direction, say left, and exploit the inherent symmetry of
the game for the other three directions: rotate the board so that the task is to slide left, perform the
merge, and rotate back, restoring the original orientation. Here is an example downwards merge:
1Available to play: https://play2048.co
2See GameManager.prototype.move: https://github.com/gabrielecirulli/2048/blob/478b6ec/js/game_manager.js#L129.
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Another common example of symmetry is that of binary search trees, in which elements smaller
than the root go to the left subtree, while larger elements go to the right. Operations such as
search, insertion, or deletion behave completely symmetrically. One way of avoiding repetition by
parametrisation is to store both subtrees in an array of length two, and then use the offset 1 − 𝑖 to
refer to the tree opposite to the one at offset 𝑖 . In practice, though, the additional complexity is
often not worth losing the high-level abstraction, and programmers prefer to duplicate code.

But we can again avoid this repetition with the same approach and implement the code only for
one case. For example, when inserting an element into the right subtree, we can flip the tree (and its
ordering relation!), insert the element into the left subtree, and then flip the resulting tree back:

< 𝑥

flip
everything
↓
↷|

𝑥 <op
insert

w.r.t. (<op )
↓
↦→

flip
back
↓
↶|

A reader may justifiably worry about the cost of flipping the whole tree each time we descend right,
but a more efficient implementation fits the same pattern.

Our final example comes from mathematics, where one often invokes a without loss of generality
(or w.l.o.g.) argument when we treat a canonical case, and derive the remaining cases by symmetry.
Consider the pigeonhole principle given as an example in the Wikipedia entry for w.l.o.g. [97]:

If three objects are each painted either red or blue, then there must be at least two
objects of the same color.
Proof. Assume, without loss of generality, that the first object is red. If either of the
other two objects is red, then we are finished; if not, then the other two objects must
both be blue and we are also finished.

On paper, w.l.o.g. appeals to an intuitive understanding that nothing has been lost by considering a
special case. But if the symmetry is complex or if we want to convince a proof assistant, we need
to explicate the reduction of the general case to the special one.
We can generalise the special case as a parametric proof that covers all cases. Above, we could

take the colour of the first object as a parameter and then instantiate it to both red and blue. But as
Harrison argues in his seminal study of w.l.o.g. in the context of the HOL proof assistant—and we
agree—this formulation is not faithful to the informal proof [45].
Modern proof assistants offer special tactics to treat w.l.o.g. arguments, but approach them

from various directions. Some tactics or theorems named wlog work in a very restricted setting,
such as symmetric relations or negation, and some cut in arbitrary additional statements that
do not involve symmetries. These divergent approaches point towards a missing mathematical
foundation. Furthermore, none treat the underlying symmetry as a first-class citizen, and as Dijkstra
argues—and we agree—“omissions [of the underlying symmetry] make most ‘w.l.o.g. proofs’ rather
unsatisfactory” [27].
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We can explicate this symmetry by following the same pattern we used for programming. In
the excluded case where the first object is blue, we can exchange the colours to make it red, use
the specialised argument, and then revert the colours back to the original. For example, one of the
three cases where there is another blue object in addition to the first one proceeds as:

b r b

exchange
colours
↓
⇌ r b r

find another red
object, if it exists

↓
↦→ r b r

exchange
colours back
↓
⇋ b r b

while if both remaining objects are red, we similarly proceed as:

b r r ⇌ r b b ↦→ r b b ⇋ b r r

In this paper, we develop this pattern into a uniform construction, and use it to eliminate sym-
metric cases in definitions of functions and in reasoning. On the surface, this pattern is conceptually
simple, and so one may, just like us, be quickly tempted to implement it, either in a programming
language or in a proof assistant. We experimented in simply- and dependently-typed languages,
and unsurprisingly, each obstacle pushed us back to pen-and-paper redesigns and forced us to
enrich the underlying mathematical foundation.

For this reason, while still keeping computational applications in mind, this work focuses on these
mathematical foundations. We postpone a bona fide implementation to future work. Such future
implementations will allow us to explore symmetric programming on more involved examples, in
a machine-checked environment, design the best interface for exposing it to the programmer, to
build a comprehensive library for symmetric programming and mechanised reasoning, and revisit
existing w.l.o.g. formalisations systematically. While we keep these downstream goals in mind, we
pursue none of them in the present work, and remain solely mathematical.

Our contributions:

• In §2, we identify three ingredients: group actions capturing the symmetries of the input
and output, a canoniser map that assigns a canonising group element to each input, and
a core function that defines the construction on canonical inputs. We then characterise
our symmetric w.l.o.g. construction as the unique symmetry-preserving (i.e. equivariant)
extension of the core function to all the inputs.
• In §3, we extend this theory to the setting of dependent types. We show how via the Curry-
Howard correspondence, symmetry-invariant propositions correspond to types equipped
with a group action. We show how proofs via the symmetric w.l.o.g. argument amount to
dependent functions obtained by the above construction.
• In §4, we further extend the theory to (simply- and dependently-typed) algebraic data types
and their induction principles. The main construct we introduce is symmetry strength, which
defines a group action in terms of data constructors, paving the way for symmetric reasoning
on data types, and efficient partial evaluation.

We conclude with related and future work in §5. The Appendix has further details and proofs.

Remark 1.1. Our development has been informed by category theoretic structure. To keep
exposition accessible, we do not rely on the language of and concepts from category theory in the
lion’s share of this work. The notable exception is our account of symmetric data types (§4). There,
generic accounts of the computational structure are close to their underlying categorical structure,
and consequently we explicitly employ the categorical language. Readers who wish to reconstruct
the category theoretic picture can consult Fig. 1 in §4.5 alongside the development.
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2 Without loss of generality
Having observed the common pattern in the preceding examples, let us detail the ingredients:
(1) Capture the inherent symmetries of our problem using group actions.
(2) Obtain a canonising symmetry for each input.
(3) Give the core function, defined only on canonical elements.

The symmetric w.l.o.g. construction combines these ingredients, covering all inputs:

a general
input

canonise input
using a symmetry

↓
↦→

a canonical
input

apply the
core function
↓
↦→

an output for the
canonical input

transform output back
using the inverse symmetry

↓
↦→

the desired output
for the general input

Our previous examples fit this pattern as:

2048 merge tree insertion pigeonhole principle

general input board & direction element & tree arbitrary colouring

desired output merged board extended tree general proof

symmetry rotation flipping colour exchange

canonical input direction is left inserted key ≤ root key first object is red

core function merge left insert left as needed special-case proof

2.1 Groups and actions
Before turning to symmetric w.l.o.g. abstractions, let us start with a short group theory tutorial. A
concrete symmetry on a set is a bijection from the set to itself. When we compare different sets, we
need to relate their symmetries. A group gives these symmetries a name, and its actions allow us to
use the same abstract symmetry to refer to concrete symmetries on different sets.

Groups. Recall that a group 𝐺 = ⟨𝐺, 𝑒, (∗), (−)−1⟩ is a tuple consisting of: a carrier set 𝐺 , whose
elements we call symmetries; a neutral element 𝑒 ∈ 𝐺 ; a composition (∗) : 𝐺 → 𝐺 → 𝐺 ; and an
inverse map (−)−1 : 𝐺 → 𝐺 ; such that:
• composition is associative: 𝑔1 ∗ (𝑔2 ∗ 𝑔3) = (𝑔1 ∗ 𝑔2) ∗ 𝑔3 for all 𝑔1, 𝑔2, 𝑔3 ∈ 𝐺 ;
• the neutral element is neutral w.r.t. composition: 𝑒 ∗ 𝑔 = 𝑔 ∗ 𝑒 = 𝑔 for all 𝑔 ∈ 𝐺 ; and
• the inverse map picks inverses: 𝑔 ∗ 𝑔−1 = 𝑔−1 ∗ 𝑔 = 𝑒 for all 𝑔 ∈ 𝐺 .

𝜎

𝜌
Two famous examples of groups are the symmetric group S𝑛 of all permutations of the
set Fin𝑛 B {0, . . . , 𝑛 − 1}, and the dihedral group D𝑛 of all symmetries of a regular
𝑛-gon, i.e. 𝑛 rotations and 𝑛 reflections. The dihedral group is generated by a 2𝜋/𝑛
rotation 𝜌 and a single reflection 𝜎 , meaning every other symmetry can be obtained
by a suitable composition of 𝜌 and 𝜎 .

In our examples, both the mirroring symmetry of trees and exchange of colours are
described by the symmetric group S2 = {I, F}, where I is the identity permutation
and F flips the two elements. The 2048 board is symmetric with respect to the
dihedral group D4, though for our use, it is sufficient to consider the cyclic group C4,
generated by the quarter-turn rotation marked here asÅ.

Actions. Groups capture symmetries abstractly. Symmetries between elements of
a particular set are captured by group actions. Given a group𝐺 , recall that a𝐺-action 𝐴 = ⟨𝐴, (⊛)⟩
consists of a carrier set 𝐴; and a map (⊛) : 𝐺 → 𝐴→ 𝐴, writing (⊛𝐴) when ambiguous, such that:
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• every element is symmetric to itself via the neutral symmetry: 𝑒 ⊛ 𝑥 = 𝑥 for 𝑥 ∈ 𝐴; and
• symmetry is transitive via composition: (𝑔1 ∗ 𝑔2) ⊛ 𝑥 = 𝑔1 ⊛ (𝑔2 ⊛ 𝑥) for 𝑔1, 𝑔2 ∈ 𝐺 , 𝑥 ∈ 𝐴.

Example 2.1. The symmetric group S𝑛 acts on the finite sets Fin𝑛 = {0, 1, . . . , 𝑛 − 1} by 𝜋⊛ 𝑖 B 𝜋𝑖 ,
and on vectors Vect𝑛𝑋 B 𝑋𝑛 by 𝜋 ⊛ ⟨𝑥0, . . . , 𝑥𝑛−1⟩ B

〈
𝑥𝜋−10, . . . , 𝑥𝜋−1 (𝑛−1)

〉
sending the 𝑖-th

element to the position 𝜋𝑖 . □

Example 2.2. We define the sets of valid 𝑛 × 𝑛 boards of 2048 by:

Tile B {0} ∪
{
2𝑖

�� 𝑖 ∈ N+
}

Row𝑛 = Vect𝑛Tile Board𝑛 = Vect𝑛 (Row𝑛)

And the action (⊛) : C4 → Board𝑛 → Board𝑛 is given by rotating the board entries as:

Å⊛
©­«
𝑥1,1 · · · 𝑥1,𝑛

...
. . .

...
𝑥𝑛,1 · · · 𝑥𝑛,𝑛

ª®¬ =
©­«
𝑥1,𝑛 · · · 𝑥𝑛,𝑛

...
. . .

...
𝑥1,1 · · · 𝑥𝑛,1

ª®¬
SinceÅ generates C4, any other rotation is of the formÅ𝑘 for some 𝑘 , and so the action of other
rotations is uniquely determined by the group action laws to beÅ𝑘 ⊛ 𝑏 =Å⊛ (Å𝑘−1 ⊛ 𝑏).
Note, however, that not all definitions on generators extend to the whole group, as they must

also respect the equalities between group elements. For example, sinceÅ4 = 𝑒 , we must also have
thatÅ4 ⊛ 𝑏 = 𝑏 for any board 𝑏, and the above definition respects that since rotating the entries
four times gives us back the original matrix. □

Equivariance. The game 2048 exhibits symmetry not only by permitting rotations of the board,
but also by the fact that merging respects it: if we rotate the board and then merge in the rotated
direction, we get the same result as first merging and then rotating the resulting board:
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Equivariance captures symmetry preservation. Given 𝐺-actions 𝐴 and 𝐵, recall that an equivariant
map 𝜑 : 𝐴 ⊛→ 𝐵 is a map 𝜑 : 𝐴→ 𝐵 satisfying 𝜑 (𝑔 ⊛𝐴 𝑎) = 𝑔 ⊛𝐵 𝜑𝑎 for all 𝑔 ∈ 𝐺 and 𝑎 ∈ 𝐴.

Example 2.3. Take any 𝑓 : 𝑋 → 𝑌 . Its pointwise application map 𝑓 : Vect𝑛𝑋 → Vect𝑛𝑌 is
equivariant with respect to the permuting action of S𝑛 on vectors since:

map 𝑓 (𝜋 ⊛ ⟨𝑥0, . . . , 𝑥𝑛−1⟩) =map 𝑓 (
〈
𝑥𝜋−10, . . . , 𝑥𝜋−1 (𝑛−1)

〉
) =

〈
𝑓 𝑥𝜋−10, . . . , 𝑓 𝑥𝜋−1 (𝑛−1)

〉
= 𝜋 ⊛ ⟨𝑓 𝑥0, . . . , 𝑓 𝑥𝑛−1⟩ = 𝜋 ⊛ (map 𝑓 ⟨𝑥0, . . . , 𝑥𝑛−1⟩) □

Before the next example, recall that a product 𝐴×𝐵 of𝐺-actions𝐴 and 𝐵 is given on𝐴 × 𝐵 B 𝐴×𝐵
component-wise by: 𝑔⊛𝐴×𝐵 ⟨𝑎, 𝑏⟩ B

〈
𝑔 ⊛𝐴 𝑎,𝑔 ⊛𝐵 𝑏

〉
. Furthermore, the exponential action 𝐴→ 𝐵

is given on the set of all functions, not only the equivariant ones, 𝐴→ 𝐵 B 𝐴→ 𝐵 by conjugation:
(𝑔 ⊛𝐴→𝐵 𝑓 ) B 𝑎 ↦→ 𝑔 ⊛𝐵 𝑓 (𝑔−1 ⊛𝐴 𝑎). Finally, the trivial action Triv𝑋 on a set 𝑋 is defined by
Triv𝑋 B 𝑋 and 𝑔 ⊛ 𝑥 B 𝑥 . An invariant map is an equivariant map 𝑓 : 𝐴 ⊛→ Triv𝑋 .
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Example 2.4. We can equip the set Tree of binary trees with values in N (fixed for simplicity)
with the recursive S2-action F⊛Tree Leaf = Leaf and F⊛Tree Node(ℓ, 𝑛, 𝑟 ) = Node(F⊛ 𝑟, 𝑛, F⊛ ℓ).
Furthermore, let Path be the set of lists over step directions Step = {L,R}. We can equip Path with
an S2-action by mapping the S2-action F⊛ L = R and F⊛ R = L.

Take lookup : Tree→ Path→ MaybeN, which takes a path through a tree (a list of steps left or
right) and returns the resulting value, if it exists. This function is invariant under symmetry: if we
flip both the tree and the direction of all the steps, we should get back the same value. More precisely,
lookup is equivariant in its curried form Tree ⊛→ (Path → Triv (MaybeN)) with respect to the
exponential action, while the uncurried form Tree×Path ⊛→ Triv (MaybeN) is invariant. □

2.2 The w.l.o.g. construction
Canonisers. The first step in our construction is to map each input to a canonical representative.

Crucially, we canonise via an explicit symmetry in the group, rather than through an arbitrary
function, as we need to apply the inverse symmetry to reconstruct the output for the original input.
For example, we canonise search trees by flipping the tree when the inserted key is strictly

larger than the root key. Thus, the remaining canonical inputs are those that: insert into an empty
tree, insert the redundant key equal to the one in the root; and insert to the left subtree. For the
pigeonhole principle example, the canonising symmetry is the identity if the first object is red, and
F that exchanges the colours if the first object is blue. Thus, the canonical elements are triples in
which the first object is red.

Definition 2.5. Let 𝐴 be a𝐺-action. A canoniser for 𝐴 is a function 𝑐 : 𝐴→ 𝐺 . For each 𝑎 ∈ 𝐴, we
call the symmetry 𝑐𝑎 ∈ 𝐺 the 𝑐-canonising symmetry of 𝑎, and the element 𝑐𝑎⊛ 𝑎 ∈ 𝐴 the canonical
form of 𝑎. We define the set of canonical elements to be Can𝐴 𝑐 B {𝑐𝑎 ⊛ 𝑎 | 𝑎 ∈ 𝐴 }.

Canonisers need not respect the structure of the action on𝐴, as many of the interesting examples
indeed do not. However, there are still some examples that respect it, and we study them and their
impact on the equivariance of the w.l.o.g. construction in §2.3.

Example 2.6. Let 𝑃 be a strict partial order, i.e., a set equipped with an irreflexive and transitive
relation <𝑃 . We say that an 𝑛-tuple ®𝑝 ∈ Vect𝑛𝑃 is sorted when 𝑝𝑖 < 𝑝 𝑗 implies 𝑖 < 𝑗 for all indices
𝑖, 𝑗 ∈ Fin𝑛. Then, a sorting function is a function sort : Vect𝑛𝑃 → S𝑛 that maps a tuple to a
permutation that sorts it. Every such function is a canoniser for the permuting action of S𝑛 on
Vect𝑛𝑃 from Example 2.1.

Given an𝑛-tuple ®𝑝 , the sorted tuple (sort ®𝑝)⊛ ®𝑝 is the canonical form of ®𝑝 , and every 𝑝 ∈ Can sort
is sorted. If the sorting function returns the identity permutation for sorted tuples—for example
when the sorting is stable—the set Can sort is exactly the set of sorted tuples. □

Example 2.7. Continuing Example 2.2, the input for the 2048’s merge is the board together with
the merge direction. Define Dir B {⇒, ⇑,⇐, ⇓} and its action (⊛) : C4 → Dir→ Dir by:

Å⊛⇒ B ⇑ Å⊛ ⇑ B⇐ Å⊛⇐ B ⇓ Å⊛ ⇓ B⇒
Define mkLft : Dir→ C4 to pick the unique rotation turning its input left, i.e. (mkLft𝑑) ⊛ 𝑑 =⇐:

mkLft⇒ B Å2 =À mkLft ⇑ B Å mkLft⇐ B 𝑒 =⤿ mkLft ⇓ B Å−1 =¿
Thus the only canonical direction is left Can mkLft = {⇐}. We can extend the canoniser to input
pairs Dir × Board𝑛 by mkLft ◦ 𝜋1. □

We frequently encounter similar canonisers that depend only on a part of the input.

Lemma 2.8. Let 𝐴 and 𝐵 be 𝐺-actions. Every 𝐴-canoniser 𝑐 : 𝐴→ 𝐺 induces an (𝐴 × 𝐵)-canoniser
𝑐 ◦ 𝜋1 : 𝐴 × 𝐵 → 𝐺 . We then have Can (𝑐 ◦ 𝜋1) = Can 𝑐 × 𝐵.
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Core functions. Given 𝐺-actions 𝐴 and 𝐵, we want to define a function 𝐴→ 𝐵 while avoiding
symmetric cases. Once we have an 𝐴-canoniser 𝑐 and its set of canonical elements Can 𝑐 in place,
the only thing missing is the core function 𝑓 : Can 𝑐 → 𝐵: merging of tiles in 2048, insertion into a
subtree, or the special case in the pigeonhole principle. Typical symmetric w.l.o.g. arguments only
explicate canonical elements and core functions, but gloss over groups, actions, and canonisers.

Example 2.9. Continuing Example 2.7, let us define the core function merging the tiles in 2048.
We choose left merges as the canonical direction since vertical merges go against the structure of
vectors of rows, while rightward merges have edge cases coalescing empty tiles. First, we define
mergeRow⇐ : Row𝑛 → Row𝑛 using pattern matching as all the relevant tiles are on the left:

mergeRow0
⇐ ⟨⟩ B ⟨⟩ mergeRow1

⇐ (𝑥 :: ⟨⟩) B ⟨𝑥⟩ mergeRow1+𝑛
⇐ (0 :: 𝑟 ) B mergeRow𝑛

⇐ (𝑟 ) ++ ⟨0⟩

mergeRow2+𝑛
⇐ (𝑥 :: 𝑦 :: 𝑟 ) B


2𝑥 :: mergeRow𝑛

⇐ (𝑟 ) ++ ⟨0⟩ (𝑥 = 𝑦)
mergeRow1+𝑛

⇐ (𝑥 :: 𝑟 ) ++ ⟨0⟩ (𝑦 = 0)
𝑥 :: mergeRow1+𝑛

⇐ (𝑦 :: 𝑟 ) (𝑥 ≠ 𝑦 ≠ 0)
We merge the whole board simply by merging each row:

merge⇐ : Board𝑛 → Board𝑛 merge⇐ B mapmergeRow𝑛
⇐ □

The construction. We now formally define the w.l.o.g. construction we sketched a number of
times, extending a core function 𝑓 : Can 𝑐 → 𝐵 to the whole carrier𝐴. Take any 𝑎 ∈ 𝐴 and compute
its canonical form 𝑐𝑎 ⊛ 𝑎. By definition, the canonical form lies in Can 𝑐 , so we can apply the core
function to obtain 𝑓 (𝑐𝑎 ⊛ 𝑎). Even though this result has the expected type 𝐵, we still need to
apply the inverse symmetry (𝑐𝑎)−1. Indeed, making a downward merge in 2048 would result in a
rotation, followed by a leftward merge, followed by the inverse rotation.

Definition 2.10. Let 𝐴 and 𝐵 be 𝐺-actions, 𝑐 : 𝐴 → 𝐺 a canoniser, and 𝑓 : Can 𝑐 → 𝐵 a core
function. Then, the w.l.o.g. construction wlog(𝑐, 𝑓 ) : 𝐴→ 𝐵 is defined as

wlog(𝑐, 𝑓 ) B 𝑎 ↦→ (𝑐𝑎)−1 ⊛𝐵 𝑓 (𝑐𝑎 ⊛𝐴 𝑎)

Using Example 2.9, we definemerge : Dir×Board𝑛 → Board𝑛 aswlog(mkLft ◦𝜋1,merge⇐ ◦𝜋2).

2.3 Equivariance of the w.l.o.g. construction
In addition to extending the core function 𝑓 : Can 𝑐 → 𝐵 to the whole domain, we often want the
extension 𝜑 : 𝐴 → 𝐵 to be equivariant. This requirement implies that the core function 𝑓 must
already behave equivariantly where defined. To see this, consider a canonical element 𝑥 ∈ Can 𝑐
that also has a symmetric canonical element 𝑔 ⊛ 𝑥 ∈ Can 𝑐 . Then:

𝑓 (𝑔 ⊛ 𝑥)

𝜑 extends 𝑓

↓
= 𝜑 (𝑔 ⊛ 𝑥)

𝜑 is equivariant

↓
= 𝑔 ⊛ 𝜑 (𝑥)

𝜑 extends 𝑓

↓
= 𝑔 ⊛ 𝑓 𝑥

We generalise the notion of equivariance to domains that may not be closed under the action:

Definition 2.11. Take 𝐺-actions 𝐴, 𝐵, a subset 𝑋 ⊆ 𝐴, and a function 𝑓 : 𝑋 → 𝐵. We call 𝑓
equivariant, writing 𝑓 : (𝑋 ⊆ 𝐴) ⊛→ 𝐵, when 𝑔⊛ 𝑥 ∈ 𝑋 =⇒ 𝑓 (𝑔⊛ 𝑥) = 𝑔⊛ 𝑓 𝑥 for 𝑔 ∈ 𝐺 , 𝑥 ∈ 𝑋 .

Example 2.12. Every core function for the 2048 canoniser from Example 2.7 is vacuously equi-
variant: only⇐ is canonical, and any 𝑔 ∈ C4 \ {𝑒} changes the direction to a non-canonical input.
Therefore, if 𝑥, 𝑔 ⊛ 𝑥 are canonical, then 𝑔 = 𝑒 and 𝑔 ⊛ 𝑓 𝑥 = 𝑓 𝑥 = 𝑓 (𝑔 ⊛ 𝑥).

Insertion into binary search trees features non-trivial corner cases of core function equivariance.
Flipping the empty tree yields back the empty tree, which is again a canonical element. Thus
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inserting a key into a “flipped” empty tree needs to be the same as first inserting the key into the
empty tree and then flipping the result. However, the resulting tree is a single root with two empty
subtrees, which is invariant under flipping, thus the core function is equivariant. A similar case
occurs when inserting a key that is equal to the root value. □

Equivariance of core functions is easily overlooked when canonical elements are treated in
isolation, especially since the overlap usually occurs on trivial cases. On a more positive note, the
condition is not only necessary, but also sufficient for the existence of an equivariant extension.
Furthermore, w.l.o.g. gives the unique such extension:

Theorem 2.13. Let 𝐴 and 𝐵 be𝐺-actions and 𝑐 : 𝐴→ 𝐺 a canoniser. If 𝑓 : (Can 𝑐 ⊆ 𝐴) ⊛→ 𝐵 is an
equivariant core function, then wlog(𝑐, 𝑓 ) : 𝐴 ⊛→ 𝐵 is the unique equivariant function extending 𝑓 to
the whole 𝐴, along the inclusion Can 𝑐 ⊆ 𝐴.

Example 2.14. Recall the 2048 functionmerge = wlog(mkLft ,merge⇐) : Dir×Board𝑛 → Board𝑛 .
It indeed behaves as expected: for leftward merges, it extends merge⇐, while for other directions,
it is uniquely determined by the equivariant behaviour. □

In concrete cases, equivariance of core functions is often easily discharged, but we can further
relax it when the canoniser 𝑐 has additional properties. A natural property is the equivariance
of the canoniser. Since

(
𝑐𝑎 ∗ 𝑔−1

)
⊛ (𝑔 ⊛ 𝑎) = 𝑐𝑎 ⊛ 𝑎 is canonical, it is natural to ask whether

𝑐𝑎 ∗ 𝑔−1 is the 𝑐-canonising symmetry of 𝑔 ⊛ 𝑎, i.e. whether 𝑐 (𝑔 ⊛ 𝑎) = 𝑐𝑎 ∗ 𝑔−1. More succinctly,
this property means 𝑐 is an equivariant map 𝑐 : 𝐴 ⊛→ 𝐺−1 where 𝐺−1 is the action of 𝐺 on itself,
defined by 𝑔 ⊛𝐺−1 ℎ B ℎ ∗ 𝑔−1. It validates the axioms since:

𝑒 ⊛𝐺−1 𝑠 = 𝑠 ∗ 𝑒−1 = 𝑠 𝑔 ⊛𝐺−1 (ℎ ⊛𝐺−1 𝑠) = (𝑠 ∗ ℎ−1) ∗ 𝑔−1 = 𝑠 ∗ (𝑔 ∗ ℎ)−1 = (𝑔 ∗ ℎ) ⊛𝐺−1 𝑠

Definition 2.15. A canoniser 𝑐 : 𝐴→ 𝐺 is strictly equivariant when 𝑐 (𝑔 ⊛ 𝑎) = 𝑐𝑎 ∗𝑔−1, i.e. when
it is an equivariant map 𝑐 : 𝐴 ⊛→ 𝐺−1.

As we shall soon see, strict equivariance is a powerful assumption, but also a very strong
restriction, thus we reserve the name equivariant canonisers for a weaker and more natural notion
that we introduce in §3.4, after we discuss dependent types.

Example 2.16. The canoniser mkLft from Example 2.7 is strictly equivariant since mkLft𝑑 is
the unique rotation that makes 𝑑 canonical. On the other hand, if in Example 2.6, we take a non-
total ordering 𝑃 and a stable sorting algorithm, the canoniser sort : Vect𝑛𝑃 → S𝑛 is not strictly
equivariant since for every two incomparable elements 𝑝, 𝑞, we have:
sort

(
(0↔ 1) ⊛ ⟨𝑝, 𝑞⟩

)
= sort ⟨𝑞, 𝑝⟩ = id ≠ (0↔ 1) = id ∗ (0↔ 1)−1 = (0↔ 1) ⊛ sort ⟨𝑝, 𝑞⟩ □

Strict equivariance guarantees equivariance of arbitrary core functions, and thus also of the
w.l.o.g. construction. The converse also holds, though we do not need it for our applications.

Theorem 2.17. Let 𝑐 : 𝐴→ 𝐺 be a canoniser. Then, 𝑐 is strictly equivariant iff for every action 𝐵,
every core function 𝑓 : Can 𝑐 → 𝐵 is equivariant.

Strict equivariance is too strong, as it restricts the action to be semi-regular, meaning that only
the identity can fix an element: 𝑔 ⊛ 𝑎 = 𝑎 =⇒ 𝑔 = 𝑒 .

Lemma 2.18 (semi-regularity). If 𝐴 has a strictly equivariant canoniser, then 𝐴 is semi-regular.

For example, the C4 action on Board𝑛 is not semi-regular, since all rotations preserve the empty
2048 board. It is only the addition of the direction, which all non-trivial symmetries affect, that
makes the action on Dir × Board𝑛 semi-regular.
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Strictly equivariant canonisers satisfy 𝑐 (𝑐𝑎 ⊛ 𝑎) = 𝑐𝑎 ∗ (𝑐𝑎)−1 = 𝑒 , meaning that canonisation is
a one-step process and that further canonisation symmetries are identities. This observation leads
us to a weaker natural property of canonisers, and one that all examples in this paper enjoy:

Definition 2.19. A canoniser 𝑐 is immediate when for all 𝑎 ∈ 𝐴, we have 𝑐 (𝑐𝑎 ⊛ 𝑎) = 𝑒 .

Proposition 2.20. A strictly equivariant canoniser 𝑐 : 𝐴 ⊛→ 𝐺−1 is immediate.

The converse does not hold: as we saw in Example 2.16, a stable sorting function is not a strictly
equivariant canoniser, but it is immediate since the canonical elements are exactly the sorted tuples,
and the sorting permutation for sorted tuples is the identity.

We will often derive a canoniser for𝐴×𝐵 from a canoniser for𝐴 through projection. For example,
we derive the canoniser for Dir × Board𝑛 from that of Dir.

Lemma 2.21. For𝐺-actions𝐴, 𝐵, if𝐴
𝑐−→ 𝐺 is strictly equivariant/immediate, then so is𝐴×𝐵 𝑐◦𝜋1−−−→ 𝐺 .

To apply the w.l.o.g. construction, we need to provide both the canoniser 𝑐 and the core function 𝑓 .
If we have 𝑐𝑎 = 𝑒 for some 𝑎 ∈ 𝐴, then 𝑎 = 𝑐𝑎⊛ 𝑎 ∈ Can 𝑐 , and so we need to define the value 𝑓 𝑎. In
the ideal case, we want to consider each element of𝐴 only once and define the core function only on
elements with trivial canonising symmetries. More precisely, we want the sets

{
𝑎 ∈ 𝐴

�� 𝑐𝑎 ≠ 𝑒
}
and

Can 𝑐 to be disjoint. But in general, the two sets may overlap. In the extreme case, if 𝑐 : Dir→ C4
is the constant function _ ↦→ Å, they are both equal to the whole domain Dir. However, immediate
canonisers are exactly those for which the domain 𝐴 cleanly splits into two:

Proposition 2.22. A canoniser 𝑐 : 𝐴→ 𝐺 is immediate iff Can 𝑐 = 𝑐−1 [𝑒] B
{
𝑎 ∈ 𝐴

�� 𝑐𝑎 = 𝑒
}
.

3 Symmetric dependent types
To precisely show how our construction captures traditional w.l.o.g. arguments, we need to move
to a more expressive setting. For that, we use dependent types, which also allow us to impose richer
invariants on programming examples such as binary search trees.

We start by recalling the framework of families (§3.1), which gives a mathematical interpretation
of familiar dependent-type notions. Afterwards, we generalise our constructs and results to a
dependent setting (§3.2) and show how via the Curry-Howard correspondence, they capture proofs
that use w.l.o.g. arguments (§3.3). Finally, we use the additional power of dependent types to define
a more refined notion of canoniser equivariance (§3.4).

3.1 Families
A family Γ ⊢ 𝑋 is a pair consisting of a set Γ and an assignment of a set 𝑋𝛾 to each element 𝛾 ∈ Γ.
We call Γ the indexing set, its elements 𝛾 ∈ Γ indices, and each set 𝑋𝛾 the fibre over the index 𝛾 . A
term Γ ⊢ 𝑡 : 𝑋 in a family Γ ⊢ 𝑋 is an assignment of an element 𝑡𝛾 ∈ 𝑋𝛾 to each 𝛾 ∈ Γ. A family
Γ ⊢ 𝑋 is a subfamily of Γ ⊢ 𝑌 , which we write as Γ ⊢ 𝑋 ⊆ 𝑌 if 𝑋𝛾 ⊆ 𝑌𝛾 for all 𝛾 ∈ Γ.
Example 3.1. To eliminate the necessity for the Maybe type in the tree lookup from Example 2.4,
let us define the family Tree ⊢ InPath of node paths that contains all paths ending at an internal
node of the index tree. More precisely, the fibre InPath 𝑡 is empty if 𝑡 is empty, and is otherwise
the set of lists over Step = {L,R} which are either Nil, representing the root of the index tree, or
𝑑 :: 𝑝 that start with a step direction 𝑑 followed by a path 𝑝 in that subtree. This set can be given
inductively as:

Nil ∈ InPath
(

𝑥

ℓ 𝑟

) 𝑝 ∈ InPath ℓ

(L :: 𝑝) ∈ InPath
(

𝑥

ℓ 𝑟

) 𝑝 ∈ InPath 𝑟

(R :: 𝑝) ∈ InPath
(

𝑥

ℓ 𝑟

) □

Proc. ACM Program. Lang., Vol. 10, No. POPL, Article 216. Publication date: November 2027.



216:10 O. Kammar and M. Pretnar

When specifying fibres or terms as assignments of the form 𝛾 ↦→ 𝑋 or 𝛾 ↦→ 𝑡 , which explicitly use
a generic index 𝛾 ∈ Γ, we write them as 𝛾 : Γ ⊢ 𝑋 and 𝛾 : Γ ⊢ 𝑡 : 𝑋 . We will continue to distinguish
these uses, denoting generic indices for the purpose of defining a family by 𝛾 : Γ, and use 𝛾 ∈ Γ
when we refer to elements of an indexing set Γ for any other purpose. Note that despite using a
convenient type-theoretic notation, we continue to keep our development purely mathematical,
constructing objects without any recourse to a syntactic type system. Were we to present such a
syntactic type system and differentiate between syntactic contexts Γ and their interpretations as
indexing sets ⎜Γ⨆︁, then we would distinguish between 𝛾 : Γ and 𝛾 ∈ ⎜Γ⨆︁.
Continuing this approach, we allow fibres and terms to depend on a context of variables. For

the empty context, we take the indexing set 1 B {★} and identify families 1 ⊢ 𝑋 with their only
fibre 𝑋★. Then, we write fibres over 1 simply as ⊢ 𝑋 , and similarly for terms.
For context extension, we employ the Grothendieck construction. Recall that for a family Γ ⊢ 𝑋 ,

it is defined as the set
∐

Γ 𝑋 B
∐

𝛾 ∈Γ 𝑋𝛾 , consisting of pairs ⟨𝛾, 𝑥⟩ where 𝛾 ∈ Γ and 𝑥 ∈ 𝑋𝛾 ,
together with a projection function 𝜋1 B (⟨𝛾, 𝑥⟩ ↦→ 𝛾) : ∐Γ 𝑋 → Γ. We write Γ, 𝑥 : 𝑋 ⊢ 𝑌 and
Γ, 𝑥 : 𝑋 ⊢ 𝑡 : 𝑌 for fibres and terms indexed by

∐
Γ 𝑋 and use 𝑥 to refer to the second component of

the index pair from
∐

Γ 𝑋 in 𝑌 and 𝑡 .
Given two families Γ ⊢ 𝑋 and Γ, 𝑥 : 𝑋 ⊢ 𝑌 , we have the family of dependent pairs Γ ⊢ (𝑥 : 𝑋 ) × 𝑌

whose fibre at 𝛾 ∈ Γ is the Grothendieck construction
∐

𝑥∈𝑋𝛾 𝑌 ⟨𝛾, 𝑥⟩, and the family of dependent
functions Γ ⊢ (𝑥 : 𝑋 ) →𝑌 whose fibre at 𝛾 is the product

∏
𝑥∈𝑋𝛾 𝑌 ⟨𝛾, 𝑥⟩. As usual, we write 𝑋→𝑌

when the codomain family 𝑌 does not depend on the argument of the function. To distinguish
between indices and arguments of dependent functions Γ ⊢ 𝑓 : (𝑥 : 𝑋 ) → 𝑌 , we apply them as 𝑓𝛾𝑥
for 𝛾 ∈ Γ and 𝑥 ∈ 𝑋𝛾 , or even as 𝑓 𝑥 when 𝛾 can be inferred.

Example 3.2. With dependent types, we can refine the lookup function Tree→ Path→ MaybeN
from Example 2.4 to a dependent function ⊢ lookup : (𝑡 : Tree) → InPath 𝑡 → N, as the path now
must point to a node in the tree. We can define it as:

lookup
(

𝑛

ℓ 𝑟

)
Nil B 𝑛 lookup

(
𝑛

𝑡L 𝑡R

)
(𝑑 :: 𝑝) B lookup 𝑡𝑑 𝑝

Note that since we have two trees 𝑡L, 𝑡R rather than a function Step→ Tree, the parametrisation 𝑡𝑑
that we use in the second case is just repetition in disguise. Later, we will show how to properly
avoid this repetition by using the w.l.o.g. construction. □

3.2 Indexed actions
Just as in Example 2.4, the function lookup from Example 3.2 is invariant with respect to flipping:
flipping both the tree and the path returns the same value. But note that once we flip the tree 𝑡 , the
flipped path no longer lies in InPath 𝑡 , but in InPath (F⊛ 𝑡). For example:

F⊛

(
L :: R :: Nil ∈ InPath

( 3

2

1 4

))
= R :: L :: Nil ∈ InPath

( 3

2

4 1

)
In general, an action over a family Γ ⊢ 𝐴 should thus consist of an action over the index set Γ, and
an action over each fibre 𝐴𝛾 , which tracks the indexing action: if 𝑎 ∈ 𝐴𝛾 , then 𝑔 ⊛ 𝑎 ∈ 𝐴(𝑔 ⊛ 𝛾).

Definition 3.3. Given a 𝐺-action Γ, an indexed 𝐺-action Γ ⊢ 𝐴 consists of a carrier family Γ ⊢ 𝐴
and a dependent function (⊛−) :

(
𝑔 : 𝐺

)
→

(
𝛾 : Γ

)
→𝐴𝛾 →𝐴(𝑔 ⊛Γ 𝛾), which we apply as 𝑔 ⊛𝛾 𝑎,

such that 𝑒 ⊛𝛾 𝑎 = 𝑎 and (𝑔 ∗ ℎ) ⊛𝛾 𝑎 = 𝑔 ⊛
ℎ⊛𝛾
(ℎ ⊛𝛾 𝑎).

When 𝐴 is ambiguous, we add a superscript and write ⊛𝐴
𝛾 , and when we can infer the index 𝛾 ,

we elide it and write 𝑔 ⊛ 𝑎 instead of 𝑔 ⊛𝛾 𝑎.
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Example 3.4. The action of the cyclic group C4 on 2048 boards can be generalised to an indexed
action on the family of arbitrary matrices N × N ⊢ Mat. First, take Γ to be the action of C4 on
dimensions Γ B N ×N, defined as:Å⊛ ⟨𝑚,𝑛⟩ B ⟨𝑛,𝑚⟩. We then have a Γ-indexed action defined
as in Example 2.2:

Å⊛⟨𝑚,𝑛⟩

(( 𝑥1,1 · · · 𝑥1,𝑛

...
. . .

...
𝑥𝑚,1 · · · 𝑥𝑚,𝑛

)
∈ Mat𝑚×𝑛

)
=

©­«
𝑥1,𝑛 · · · 𝑥𝑚,𝑛

...
. . .

...
𝑥1,1 · · · 𝑥𝑚,1

ª®¬ ∈ Mat𝑛×𝑚 □

Example 3.5. Take indexed𝐺-actions Γ ⊢ 𝐴 and Γ, 𝑥 : 𝐴 ⊢ 𝐵. Then, we can define the dependent
pair action Γ ⊢ (𝑥 : 𝐴) × 𝐵 as:

Γ ⊢ (𝑥 : 𝐴) × 𝐵 B Γ ⊢
(
𝑥 : 𝐴

)
× 𝐵 𝑔 ⊛(𝑥 :𝐴)×𝐵𝛾 ⟨𝑎, 𝑏⟩ B

〈
𝑔 ⊛𝐴

𝛾 𝑎,𝑔 ⊛𝐵
⟨𝛾,𝑎⟩ 𝑏

〉
Furthermore, we can define the dependent function action Γ ⊢ (𝑥 : 𝐴) → 𝐵 as:

Γ ⊢ (𝑥 : 𝐴) → 𝐵 B Γ ⊢
(
𝑥 : 𝐴

)
→ 𝐵

𝑔 ⊛(𝑥 :𝐴)→𝐵
𝛾 𝑓 B (𝑎 : 𝐴(𝑔 ⊛ 𝛾)) ↦→ 𝑔 ⊛𝐵

⟨𝛾,𝑔−1⊛𝑎⟩ 𝑓𝛾 (𝑔
−1 ⊛𝐴

𝑔⊛𝛾 𝑎)

It is straightforward to check that both definitions satisfy the indexed action laws. □

Definition 3.6. Given a 𝐺-action Γ and an indexed 𝐺-action Γ ⊢ 𝐴, a term Γ ⊢ 𝑡 : 𝐴 is equivariant
when its components are: 𝑡 (𝑔 ⊛Γ 𝛾) = 𝑔 ⊛𝛾 𝑡𝛾 for all 𝛾 ∈ Γ, 𝑔 ∈ 𝐺 .

Equivariance of terms is preserved by reindexing and substitution. Furthermore, an equivariant
term Γ, 𝑥 : 𝐴 ⊢ 𝑡 : 𝐵 induces an equivariant dependent function Γ ⊢ (𝑥 : 𝐴 ↦→ 𝑡) : (𝑥 : 𝐴) → 𝐵, and
two equivariant terms Γ ⊢ 𝑡 : 𝐴 and 𝛾 : Γ ⊢ 𝑠 : 𝐵 ⟨𝛾, 𝑡𝛾⟩ induce an equivariant term given by the
dependent pair in each fibre Γ ⊢ ⟨𝑡, 𝑠⟩ : (𝑥 : 𝐴) × 𝐵. For more details and proofs, see Appendix C.

The ease of compositionality should come as no surprise given that the definition of an indexed
action is in fact just a reformulation of the notion of a family internally to the topos of 𝐺-actions:

Proposition 3.7. Let Γ be a𝐺-action. Then, a Γ-indexed action𝐴 amounts to an action
∐

Γ 𝐴 over the
Grothendieck construction for which the projection is equivariant:

∐
Γ 𝐴 =

∐
Γ 𝐴 and 𝜋1 :

∐
Γ 𝐴 ⊛→ Γ.

We have used this connection above to reformulate standard notions from dependent types
to the symmetric setting, and continue to do so with canonisers, core functions, and the w.l.o.g.
construction. Ignoring the additional indices, we recover the simply-typed notions from §2.

Definition 3.8. Let Γ ⊢ 𝐴 be an indexed 𝐺-action. An indexed canoniser for 𝐴 is a Γ-indexed term
Γ ⊢ 𝑐 : 𝐴→ 𝐺 . For each 𝑎 ∈ 𝐴𝛾 , we call the symmetry 𝑐𝛾𝑎 ∈ 𝐺 the 𝑐-canonising symmetry of 𝑎, and
the element 𝑐𝑎 ⊛𝛾 𝑎 the canonical form of 𝑎. We define the family of canonical elements Γ ⊢ Can 𝑐
with the fibres (Can 𝑐)𝛾 B

{
𝑐𝑎 ⊛

𝛾 ′ 𝑎

���𝛾 ′ ∈ Γ, 𝑎 ∈ 𝐴𝛾 ′, 𝑐𝑎 ⊛ 𝛾 ′ = 𝛾

}
for each 𝛾 ∈ Γ.

Example 3.9. To capture the symmetry of the lookup function from Example 3.2, we define a
canoniser for the indexed S2-action on 𝑡 : Tree ⊢ InPath 𝑡 :

𝑐Node⟨ℓ,𝑛,𝑟 ⟩Nil B I 𝑐Node⟨ℓ,𝑛,𝑟 ⟩ (L :: 𝑝) B I 𝑐Node⟨ℓ,𝑛,𝑟 ⟩ (R :: 𝑝) B F

The canonical elements in InPath 𝑡 are Nil and (L :: 𝑝) ∈ InPath(Node ⟨ℓ, 𝑛, 𝑟 ⟩) where 𝑝 ∈ InPath ℓ
can be an arbitrary path, even one that moves right on any of its steps. □

Definition 3.10. Take indexed 𝐺-actions Γ ⊢ 𝐴 and Γ, 𝑥 : 𝐴 ⊢ 𝐵, a subfamily Γ ⊢ 𝑋 ⊆ 𝐴, and a
function Γ ⊢ 𝑓 : (𝑥 : 𝑋 ) → 𝐵. We write Γ ⊢ 𝑓 : (𝑥 : 𝑋 ⊆ 𝐴) ⊛→ 𝐵 and say that 𝑓 is equivariant
when 𝑔 ⊛𝐴

𝛾 𝑥 ∈ 𝑋 (𝑔 ⊛ 𝛾) =⇒ 𝑓𝑔⊛𝛾 (𝑔 ⊛𝐴
𝛾 𝑥) = 𝑔 ⊛𝐵

⟨𝛾,𝑥 ⟩ 𝑓𝛾𝑥 for all 𝑔 ∈ 𝐺 , 𝛾 ∈ Γ, and 𝑥 ∈ 𝑋𝛾 .
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We can now define the dependently-typed version of the w.l.o.g. construction:

Definition 3.11. Let Γ ⊢ 𝐴 and Γ, 𝑥 : 𝐴 ⊢ 𝐵 be indexed 𝐺-actions, Γ ⊢ 𝑐 : 𝐴 → 𝐺 an indexed
canoniser, and Γ ⊢ 𝑓 : (𝑥 : Can 𝑐) → 𝐵 a dependent core function. Then, the indexed w.l.o.g.
construction wlog(𝑐, 𝑓 ) :

(
𝑥 : 𝐴

)
→ 𝐵 is defined as:

wlog(𝑐, 𝑓 )𝛾 B (𝑎 : 𝐴𝛾) ↦→
(
𝑐𝛾𝑎

)−1 ⊛𝐵

⟨𝑐𝛾𝑎⊛Γ𝛾,𝑐𝛾𝑎⊛𝐴
𝛾 𝑎⟩ 𝑓𝑐𝛾𝑎⊛Γ𝛾 (𝑐𝛾𝑎 ⊛𝐴

𝛾 𝑎)

With all the indices precisely spelt out, the definition can look a bit intimidating, but if we elide
them we getwlog(𝑐, 𝑓 ) = 𝑎 ↦→ (𝑐𝑎)−1⊛𝐵 𝑓 (𝑐𝑎⊛𝐴 𝑎) as in the simply-typed case. And just as before
in Theorem 2.13, the w.l.o.g. construction gives the unique equivariant extension of a core function.

Theorem 3.12 (indexed representation). Let Γ ⊢ 𝐴 and Γ, 𝑥 : 𝐴 ⊢ 𝐵 be indexed 𝐺-actions and
Γ ⊢ 𝑐 : 𝐴 → 𝐺 an indexed canoniser for 𝐴. If Γ ⊢ 𝑓 : (𝑥 : Can 𝑐 ⊆ 𝐴) ⊛→ 𝐵 is an equivariant
dependent core function, thenwlog(𝑐, 𝑓 ) : (𝑥 : 𝐴)⊛→𝐵 is the unique equivariant function extending 𝑓
to the whole Γ ⊢ 𝐴.

Example 3.13. Let us revisit the pigeonhole principle [97] from the introduction and extend it in
two ways. First, instead of a proof, let us construct a function findSame :

(
𝑥𝑦𝑧 : {r, b}3

)
→Same𝑥𝑦𝑧

where Same𝑥𝑦𝑧 B
{
(𝑖, 𝑗) : (Fin 3)2

�� 𝑖 ≠ 𝑗 ∧ 𝜋𝑖𝑥𝑦𝑧 = 𝜋 𝑗𝑥𝑦𝑧
}
is the family of distinct positions of

the same colour, indexed by the colouring 𝑥𝑦𝑧.
And second, we shall see that in the special case of the proof, there is another opportunity to use

the w.l.o.g. argument. Informally, our proof goes as follows:
W.l.o.g., the first object is red. The other two objects either have the same colour or
different colours. If they have the same colour, choose (1, 2). If they have different
colours, w.l.o.g. the second object is red, so choose (0, 1).

Such nested uses of w.l.o.g. may be suspicious and confusing, which is exactly why it is important
to make all aspects of w.l.o.g. arguments explicit. In this case, this use is valid. For example, when
the second object is not red and the third is red, the inner argument exchanges their positions:

r b r

switch
objects
↓
⇌ r r b

pick the first
and second object

↓
↦→ r r b

switch
objects back
↓
⇋ r b r

In the outer level, S2 acts on {r, b} by flipping the two colours, and on the domain {r, b}3 with
the component-wise product action. On the codomain {r, b}3 ⊢ Same, we lift the trivial action to
preserve the elements of the fibre, but change the index. This is a sub-action (i.e. an action that
preserves a subset) since if objects at two positions are of the same colour, they remain so after we
exchange the colours. For example, F⊛(r,r,b) (0, 1) = (0, 1) ∈ Same (b, b, r)

By swapping colours, we make the first object red, thus the outer canoniser is:
makeFirstRed(r, 𝑏, 𝑐) B I makeFirstRed(b, 𝑏, 𝑐) B F

and using it, we can define

findSame B wlog

(
makeFirstRed, (r, 𝑏, 𝑐) ↦→

{
(1, 2) (𝑏 = 𝑐)
findOtherRed(𝑏, 𝑐) (𝑏 ≠ 𝑐)

)
where we still need to define

findOtherRed :
(
(𝑦, 𝑧) :

{
(𝑏, 𝑐) ∈ {r, b}2

��𝑏 ≠ 𝑐
})
→ Same (r, 𝑦, 𝑧)

Again, we employ symmetry, but now, the S2-action on the domain swaps the two components of
the pair, but not their colour, i.e., F⊛ (𝑏, 𝑐) B (𝑐, 𝑏). For the codomain, define an action on Fin 3
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that swaps 1 and 2, and extend it component-wise to the product (Fin 3)2. Since 𝑏 and 𝑐 are of
different colours, it is easy to check that this action again preserves the defining property of Same
and thus lifts to a sub-action on the codomain. For example, F⊛(r,b) (0, 1) = (0, 2) ∈ Same (r, b, r).

The inner canoniser now makes the second object red:
makeSecondRed(r, b) B I makeSecondRed(b, r) B F

and so findOtherRed B wlog(makeSecondRed, (r, b) ↦→ (0, 1)). Equivariance is immediate since
both core functions are vacuously equivariant. □

3.3 Propositional reasoning
So far we have used the w.l.o.g. construction to define functions. To formalise mathematical
proofs, we apply the Curry-Howard correspondence and identify propositions with types, and their
proofs with terms. We could have also approached this differently and e.g., transferred the w.l.o.g.
construction to higher-order logic or first-order logic, but this would require us to duplicate the
definitions for concepts such as group actions or equivariance for proofs.

For concreteness, let us first borrow a running example of Schur’s inequality from Harrison [45],
which states that for all 𝑥,𝑦, 𝑧, 𝑡 ≥ 0, we have

𝑥𝑡 (𝑥 − 𝑦) (𝑥 − 𝑧) + 𝑦𝑡 (𝑦 − 𝑧) (𝑦 − 𝑥) + 𝑧𝑡 (𝑧 − 𝑥) (𝑧 − 𝑦) ≥ 0
Since the inequality is symmetric in the three variables, the standard proof assumes that w.l.o.g.,
𝑥 ≤ 𝑦 ≤ 𝑧 and rearranges the expression to an evidently non-negative form.

Let Prop B {True, False} be the set of logical values. Each proposition Γ ⊢ 𝜑 : Prop determines
a family Γ ⊢ Proof 𝜑 such that for each 𝛾 ∈ Γ, the fibre (Proof 𝜑)𝛾 = 1 = {★} when 𝜑𝛾 = True
and (Proof 𝜑)𝛾 = ∅ when 𝜑𝛾 = False. As is conventional, we overload the notation and identify
propositions with their proofs, writing Γ ⊢ Proof 𝜑 simply as Γ ⊢ 𝜑 . Then, any proof term Γ ⊢ 𝑝 : 𝜑
is an explicit witness that 𝜑 holds at every 𝛾 ∈ Γ.

Example 3.14. Schur’s inequality is the proposition (𝑥,𝑦, 𝑧) : R3
+ ⊢ Schur(𝑥,𝑦, 𝑧) : Prop where

Schur(𝑥,𝑦, 𝑧) B ∀𝑡 ≥ 0. 𝑥𝑡 (𝑥 − 𝑦) (𝑥 − 𝑧) + 𝑦𝑡 (𝑦 − 𝑧) (𝑦 − 𝑥) + 𝑧𝑡 (𝑧 − 𝑥) (𝑧 − 𝑦) ≥ 0
Recall from Example 2.1 that S3 acts on R3

+ by permutation. The proposition Schur is invariant
under those permutations. □

Definition 3.15. A proposition Γ ⊢ 𝜑 : Prop is invariant when it is equivariant as a term with
respect to the trivial 𝐺-action on Prop, i.e. 𝜑 (𝑔 ⊛ 𝛾) = 𝜑𝛾 for all 𝛾 ∈ Γ.

In addition to equivariant substitutions, like all equivariant terms, invariant propositions are also
preserved by logical connectives and quantifiers. Each invariant proposition Γ ⊢ 𝜑 : Prop induces a
Γ-indexed action on its proof family Γ ⊢ 𝜑 . Moreover, given a Γ-indexed action 𝐴, each invariant
proposition Γ, 𝑥 : 𝐴 ⊢ 𝜑 : Prop induces a Γ-indexed action on the subfamily Γ ⊢ {𝑥 : 𝐴 | 𝜑} ⊆ 𝐴. For
more details and proofs, again see Appendix C.

Example 3.16. Coming back to Schur’s inequality, we can see that the w.l.o.g. argument again fits
the now familiar pattern:

𝑥0, 𝑥1, 𝑥2 ∈ R+

sort using a
permutation 𝜋−1

↓
↦→ 𝑥𝜋0 ≤ 𝑥𝜋1 ≤ 𝑥𝜋2

prove using
additional assumption

↓
↦→ Schur(𝑥𝜋0, 𝑥𝜋1, 𝑥𝜋2)

Schur is invariant
under permutations

↓
↦→ Schur(𝑥0, 𝑥1, 𝑥2)

Let us use the w.l.o.g. construction to obtain a proof, i.e. a function
(
(𝑥,𝑦, 𝑧) : R3

+
)
→ Schur(𝑥,𝑦, 𝑧).

From Example 3.14 we already have an S3-action on R3
+, and since Schur is an invariant proposition,

we also get an indexed S3-action on R3
+ ⊢ Schur. For the canoniser, we take a stable sorting function
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sort : R3
+ → S3 from Example 2.6 so that Can sort is exactly the set of sorted triples. The last thing

we need is the core function 𝑓 :
{
(𝑥,𝑦, 𝑧) : R3

+
��𝑥 ≤ 𝑦 ≤ 𝑧} → Schur(𝑥,𝑦, 𝑧), which we can define

using the rearrangement in the standard proof. □

The resulting functionwlog(sort, 𝑓 ) is equivariant since in the case of propositions, core functions
are always equivariant due to proof irrelevance:

Lemma 3.17. Let Γ, 𝑥 : 𝐴 ⊢ 𝜑 : Prop be an invariant proposition, and Γ ⊢ 𝑐 : 𝐴 → 𝐺 a canoniser.
Every core function Γ ⊢ 𝑓 : Can 𝑐 → 𝜑 is equivariant.

Harrison suggests proving Schur’s inequality using the following tactic3, which states that it is
sufficient to prove permutation invariant propositions only for sorted triples [45, page 44]:

∀𝑥,𝑦, 𝑧. 𝑃 (𝑥,𝑦, 𝑧) ⇒ 𝑃 (𝑦, 𝑥, 𝑧) ∧ 𝑃 (𝑥, 𝑧,𝑦) ∀𝑥,𝑦, 𝑧. (𝑥 ≤ 𝑦) ∧ (𝑦 ≤ 𝑧) ⇒ 𝑃 (𝑥,𝑦, 𝑧)
∀𝑥,𝑦, 𝑧. 𝑃 (𝑥,𝑦, 𝑧)

Let us see how this bespoke tactic relates to our general w.l.o.g. construction. In contrast to our
approach, the symmetry group S3 is left implicit, as is the canoniser. Instead, only its set of canonical
elements

{
(𝑥,𝑦, 𝑧) : R3

+
��𝑥 ≤ 𝑦 ≤ 𝑧} is spelt out. Furthermore, the first assumption corresponds to

an indexed S3-action on the proposition 𝑃 , and the second assumption is exactly the core function.
The latter is evident, while for the former, first recall from Example 2.2 that a group action is

already uniquely determined by the action of any set of generators. The symmetry group S3 is
generated by the two transpositions (0↔ 1) and (1↔ 2), hence the action of S3 is determined by
maps (0↔ 1) ⊛ − and (1↔ 2) ⊛ −. Spelling out the indices more precisely, these two maps are:
(0↔ 1) ⊛(𝑥,𝑦,𝑧 ) − : 𝑃 (𝑥,𝑦, 𝑧) → 𝑃 ((0↔ 1) ⊛ (𝑥,𝑦, 𝑧)) equivalently 𝑃 (𝑥,𝑦, 𝑧) → 𝑃 (𝑦, 𝑥, 𝑧)
(1↔ 2) ⊛(𝑥,𝑦,𝑧 ) − : 𝑃 (𝑥,𝑦, 𝑧) → 𝑃 ((1↔ 2) ⊛ (𝑥,𝑦, 𝑧)) equivalently 𝑃 (𝑥,𝑦, 𝑧) → 𝑃 (𝑥, 𝑧,𝑦)

And this is exactly the contents of the first assumption.
As in Example 2.2, we must ensure that such a definition by generator cases respects all the

equalities of the group. For example in any S𝑛-action, (0↔ 1)⊛−must be its own inverse (amongst
other relations) since (0 ↔ 1) ∗ (0 ↔ 1) = 𝑒 . However, in the case of propositions, once again
proof irrelevance implies this condition.

Exposing the symmetric structure in proofs also allows us to use existing results in group theory.
Consider Harrison’s proof in the tactic, which explicitly lists all six permutations [45]. For S3, this
number may still be manageable, but in general, the group S𝑛 has 𝑛! elements, so when 𝑛 increases,
the size of the proof script quickly becomes prohibitively large. Also, such an approach precludes a
proof of a generalwlog𝑛 principle if 𝑛 is a variable, as one cannot explicitly list all the 𝑛! cases in the
script. In contrast, we can lean on the general group-theoretic result, whose proof is independent
of the concrete value of 𝑛, that S𝑛 is generated, for example, by a single cycle (0 1 2 · · · 𝑛 − 1) and
a single transposition of adjacent elements such as (0 ↔ 1). So it suffices to prove two cases to
define any propositional S𝑛-action, yielding a single parametric principle wlog𝑛 .

3.4 Equivariant canonisers
In §2.3, we saw that all w.l.o.g. constructions of a canoniser are equivariant iff the canoniser is strictly
equivariant (Theorem 2.17). This result is significant because it allows us to do away completely
with the equivariance of the core function, which involves comparing every pair of symmetric
canonical elements. However, only the semi-regular actions can have such canonisers (Lemma 2.18).
We now investigate a weaker notion of equivariance. It is also characterised through equivariant
extension, but of stable core functions. A core function 𝑓 is stable when every stabilising symmetry𝑔
3Available here: https://github.com/jrh13/hol-light/blob/e5236a5/int.ml#L612.
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of an element—𝑔 ⊛ 𝑎 = 𝑎—also stabilises the image 𝑓 𝑎. This necessary condition is natural and
often easy to check. Furthermore, if we assume the axiom of choice, all actions admit equivariant
canonisers, making them a viable—albeit theoretical—class of canonisers.
Both 𝑐 (𝑔 ⊛ 𝑎) and 𝑐𝑎 ∗ 𝑔−1 canonise 𝑔 ⊛ 𝑎. Strictly equivariant canonisers equate these two

symmetries: 𝑐 (𝑔 ⊛ 𝑎) = 𝑐𝑎 ∗ 𝑔−1. Equivariant canonisers merely relate them: 𝑐 (𝑔 ⊛ 𝑎) ∼ 𝑐𝑎 ∗ 𝑔−1.

Definition 3.18. Take a 𝐺-action 𝐴. Then, for each 𝑎 ∈ 𝐴, we equip 𝐺 with an indistinguishability
relation𝑔 𝑎∼ ℎ ⇐⇒ 𝑔⊛𝑎 = ℎ⊛𝑎. Let [𝑔] 𝑎∼ be the equivalence class of𝑔 in𝐺/

𝑎∼. Define an indexed𝐺-
action𝐴 ⊢ 𝐺/𝐴with the fibre (𝐺/𝐴) 𝑎 B 𝐺/𝑎∼ andwith⊛𝐺/𝐴 defined as:𝑔⊛𝐺/𝐴

𝑎 [ℎ] 𝑎∼ B [ℎ∗𝑔
−1]𝑔⊛𝑎∼

.

The action is well-defined since ℎ1
𝑎∼ ℎ2 implies ℎ1 ∗ 𝑔−1

𝑔⊛𝑎∼ ℎ2 ∗ 𝑔−1. The relation 𝑎∼ is closely
related to the stabiliser 𝐺𝑎 B

{
𝑔 ∈ 𝐺

��𝑔 ⊛ 𝑎 = 𝑎
}
= [𝑒] 𝑎∼, i.e. a subgroup of all symmetries that

preserve 𝑎. In particular, 𝑔 𝑎∼ ℎ is equivalent to (ℎ−1 ∗ 𝑔) ⊛ 𝑎 = 𝑎, i.e. ℎ−1 ∗ 𝑔 ∈ 𝐺𝑎 .

Remark 3.19. The equivalence classes of the indistinguishability relation are precisely the cosets
of the stabiliser group. Therefore, we can recast the celebrated Orbit-Stabiliser theorem as an
equivariant isomorphism between the actions on orbits and stabiliser cosets.

Given a𝐺-action𝐴, the fibres of the dependent family of orbits contain all the symmetric elements
of an index, i.e. 𝑎 : 𝐴 ⊢ 𝐺 ⊛ [𝑎] B

{
ℎ ⊛ 𝑎

��ℎ ∈ 𝐺}
. On orbits, we can define an indexed action as:

𝑔 ⊛𝑎 (ℎ ⊛ 𝑎 ∈ 𝐺 ⊛ [𝑎]) B ℎ ⊛ 𝑎 = (ℎ ∗ 𝑔−1) ⊛ (𝑔 ⊛ 𝑎) ∈ 𝐺 ⊛ [𝑔 ⊛ 𝑎]

Even though the action does not change the fibres, it is not trivial, since it changes the indices.

Theorem 3.20 (Orbit-Stabiliser). Let 𝐴 be a 𝐺-action. We have an equivariant isomorphism:

𝑎 : 𝐴 ⊢ 𝜑𝑎 : (𝐺/𝐴)𝑎 �
⊛→ 𝐺 ⊛ [𝑎] 𝜑𝑎 [ℎ] 𝑎∼ B ℎ ⊛ 𝑎 𝜑−1𝑎 (ℎ ⊛ 𝑎) B [ℎ] 𝑎∼

The indexed action𝐺/𝐴 generalises𝐺−1 and allows us to consider a weaker property in which the
equality 𝑐

(
𝑔 ⊛𝐴 𝑎

)
= 𝑔⊛𝐺−1 𝑐𝑎 of strictly equivariant canonisers is replaced by indistinguishability:

Definition 3.21. A canoniser 𝑐 : 𝐴→ 𝐺 is equivariant when post-composing it with the quotient
map yields an equivariant map (𝑎 ↦→ [𝑐 𝑎]𝑎) : (𝑎 : 𝐴)⊛→(𝐺/𝐴)𝑎, i.e. when 𝑐 (𝑔⊛𝐴𝑎) 𝑔⊛𝑎∼ 𝑔⊛𝐺−1 𝑐𝑎.

Example 3.22. For a totally ordered set 𝑃 , we can define the S2-action on 𝑃×𝑃 by F⊛ ⟨𝑝, 𝑞⟩ B ⟨𝑞, 𝑝⟩
and a canoniser 𝑐 : 𝑃 × 𝑃 → S2 such that 𝑐 ⟨𝑝, 𝑞⟩ = I if 𝑝 ≤ 𝑞, and 𝑐 ⟨𝑝, 𝑞⟩ = F if 𝑝 > 𝑞. Then 𝑐 is
not strictly equivariant since for any 𝑝 ∈ 𝑃 , we have:

𝑐 (F⊛ ⟨𝑝, 𝑝⟩) = 𝑐 ⟨𝑝, 𝑝⟩ = I ≠ F = I ∗ F−1 = F⊛⟨𝑝,𝑝 ⟩ 𝑐 ⟨𝑝, 𝑝⟩

It is, however, equivariant, since 𝑐 (F⊛ ⟨𝑝, 𝑝⟩) = I
⟨𝑝,𝑝 ⟩∼ F = F⊛⟨𝑝,𝑝 ⟩ 𝑐 ⟨𝑝, 𝑝⟩. □

Note that for every equivariant function 𝑓 and every stabilising element we have:

𝑔 ∈ 𝐺𝑎 =⇒ 𝑔 ⊛ 𝑓 𝑎

equivariance

↓
= 𝑓 (𝑔 ⊛ 𝑎)

stabiliser
↓
= 𝑓 𝑎 =⇒ 𝑔 ∈ 𝐺 𝑓 𝑎

i.e.: 𝐺𝑎 ⊆ 𝐺 𝑓 𝑎

We thus arrive at the following condition on core functions:

Definition 3.23. Take indexed𝐺-actions Γ ⊢ 𝐴 and Γ, 𝑥 : 𝐴 ⊢ 𝐵, a subfamily Γ ⊢ 𝑋 ⊆ 𝐴. A function
Γ ⊢ 𝑓 : (𝑥 : 𝑋 ) → 𝐵 is stable when it preserves the stabiliser: 𝐺𝑥 ⊆ 𝐺 𝑓 𝑥 for all 𝑥 ∈ 𝑋𝛾 .
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Example 3.24. Just as in Example 2.16, consider a non-total ordering 𝑃 and a stable sorting function,
and the permutation sub-action on all tuples with distinct elements

{
®𝑝 ∈ 𝑃𝑛

��∀𝑖, 𝑗 ∈ Fin𝑛.𝑝𝑖 ≠ 𝑝 𝑗

}
.

Then, we can define indexMin : 𝑃𝑛 → Fin𝑛 that finds the index of a minimal element by
indexMin B wlog(sort, (_ ↦→ 0)).
Now, for any two incomparable 𝑝, 𝑞, both ⟨𝑝, 𝑞⟩ and ⟨𝑞, 𝑝⟩ are sorted, thus canonical. However:
(0↔ 1)⊛ ((_ ↦→ 0) ⟨𝑝, 𝑞⟩) = (0↔ 1)⊛ 0 = 1 ≠ 0 = (_ ↦→ 0) ⟨𝑞, 𝑝⟩ = (_ ↦→ 0)

(
(0↔ 1) ⊛ ⟨𝑝, 𝑞⟩

)
and so (_ ↦→ 0) is not equivariant on Can sort. It is, however, vacuously stable. Indeed, take a
canonical ®𝑝 and a ®𝑝-stabilising permutation 𝜋 ∈ 𝐺 ®𝑝 . Since all the elements in ®𝑝 are distinct, yet
𝜋 ⊛ ®𝑝 = ®𝑝 , we have that 𝜋 = id. Therefore 𝜋 ∈ 𝐺 𝑓 ®𝑝 =𝐺0. □

So, in general, stability is strictly weaker than equivariance. Nonetheless, in the presence of an
equivariant canoniser, stability and equivariance coincide.

Theorem 3.25. Let Γ ⊢ 𝐴 be an indexed 𝐺-action and let Γ ⊢ 𝑐 : 𝐴 → 𝐺 be an indexed canoniser.
Then, 𝑐 is equivariant iff for every indexed 𝐺-action Γ, 𝑥 : 𝐴 ⊢ 𝐵, every stable Γ-indexed core function
Γ ⊢ 𝑓 : (𝑥 : Can 𝑐) → 𝐵 is equivariant.

Unlike before, where only semi-regular actions admitted strictly equivariant canonisers, here
every action admits an equivariant canoniser, although we may need to invoke the axiom of choice.

Theorem 3.26. Using the axiom of choice, every indexed 𝐺-action has an equivariant canoniser.

To us, this use of the axiom of choice indicates that identifying symmetry is a creative activity,
rather than a mechanical one.

4 Symmetric algebraic data types
Let us return to the tree lookup function lookup : (𝑡 : Tree) → InPath 𝑡 → N from Example 3.2.
Consider the symmetry in the two recursive cases

lookup
(

𝑛

ℓ 𝑟

)
(L :: 𝑝) B lookup ℓ 𝑝 lookup

(
𝑛

ℓ 𝑟

)
(R :: 𝑝) B lookup 𝑟 𝑝

and define the canoniser on paths by goLeftNil = goLeft(L :: 𝑝) = I and goLeft(R :: 𝑝) = F. Then,
we can define lookup as follows, with dependent types ruling out inaccessible cases:

lookup B
(

𝑛

ℓ 𝑟

)
↦→ wlog

(
goLeft,

{
Nil ↦→ 𝑛

L :: 𝑝′ ↦→ lookup ℓ 𝑝′

)
However, note that lookup and the core function are mutually recursive: lookup is defined in terms
of the core function, which then recursively calls lookup on descent. This recursion is structural,
but via interdependence through a higher-order function.

Languages such as Agda and Idris have an implicit structural recursion and a termination checker
that tries to detect size changes. This type of implicit mutual recursion, called through the canoniser
and group action, is typically beyond the termination checker’s ability to detect a size change.
Some languages provide eliminators explicitly, such as Rocq and Lean, generating an appropriate
recursion or induction principle, which the user can use to: (1) define the action on the data type;
(2) compose the recursion principle with w.l.o.g. reasoning; and (3) develop induction principles
for equivariant reasoning. In this section we will isolate an additional piece of data in addition
to the data type, in the form of an action of the group on the data type’s constructors. From this
structure we derive (1)–(3). Furthermore, an implementation that naively defines lookup as above
is inefficient. It flips the tree each time the path changes the step direction. Our theory suggests
implementation techniques that avoid this inefficiency.
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We proceed as follows. We use the well-established framework of initial algebras. After a brief
recall of functors and their initial algebras (§4.1), we extend them to the symmetric setting (§4.2)
through symmetry strengths that describe actions in terms of data type constructors. They package
folds of equivariant algebras as equivariant traversals. Next, we show how to reuse canonisers for
traversals over the same constructors (§4.3), and how symmetry strengths avoid unnecessary data
type traversals by progressively acting only on a single layer of constructors (§4.4). Finally, we
combine these results with the previous section (§3), adapting data types to the indexed setting (§4.5).

4.1 Initial algebras
In initial algebra semantics, each data type signature is specified by a structure functor 𝐹 : Set→ Set.
For example, trees over natural numbers and paths in them from Example 2.4 are given by the
following two functors, which closely correspond to their usual data type definitions:

data Tree = Leaf | Node Tree N Tree dataPath = Nil | Step :: Path
𝐹Tree𝑋 B 1 + 𝑋 × N × 𝑋 𝐹Path𝑋 B 1 + Step × 𝑋

Each functor 𝐹 has an evident component-wise map 𝐹 : (𝑋 → 𝑌 ) → (𝐹𝑋 → 𝐹𝑌 ), for example:

𝐹Tree 𝑓 (𝜄1★) B 𝜄1★ 𝐹Path 𝑓 (𝜄1★) B 𝜄1★

𝐹Tree 𝑓 (𝜄2 ⟨ℓ, 𝑛, 𝑟 ⟩) B 𝜄2 ⟨𝑓 ℓ, 𝑛, 𝑓 𝑟 ⟩ 𝐹Path 𝑓 (𝜄2 ⟨𝑑, 𝑝⟩) B 𝜄2 ⟨𝑑, 𝑓 𝑝⟩

An algebra ⟨𝑋, 𝑓 ⟩ for a functor 𝐹 is a set 𝑋 together with a function 𝑓 : 𝐹𝑋 → 𝑋 , which
describes the evaluation of constructors. For example, the node-counting algebra is the 𝐹Tree-
algebra ⟨N, 𝑐 : (1 + N × N × N) → N⟩, given by 𝑐 (𝜄1★) B 0 and 𝑐 (𝜄2 ⟨𝑚1, _,𝑚2⟩) B 1 +𝑚1 +𝑚2. A
homomorphism of 𝐹 -algebras ℎ : ⟨𝑋, 𝑓 ⟩ → ⟨𝑌,𝑔⟩ is a function ℎ : 𝑋 → 𝑌 such that ℎ ◦ 𝑓 = 𝑔 ◦ 𝐹 ℎ.

We interpret data types by initial algebras, denoted by ⟨𝝁𝐹, (roll : 𝐹𝝁𝐹 → 𝝁𝐹 )⟩, whose defining
universal property is that for every other 𝐹 -algebra ⟨𝑋, 𝑓 ⟩, there is a unique homomorphism
fold 𝑓 : ⟨𝝁𝐹, roll⟩ → ⟨𝑋, 𝑓 ⟩. This homomorphism interprets structurally recursive functions. For
example, the initial 𝐹Tree-algebra, which we label by ⟨Tree, rollTree⟩, satisfies:

rollTree 𝜄1★ = Leaf rollTree 𝜄2 ⟨ℓ, 𝑛, 𝑟 ⟩ = Node ℓ 𝑛 𝑟

When readability is more important than precision, we are going to elide roll, and identify e.g. 𝜄1★
with Leaf, and 𝜄2 ⟨ℓ, 𝑛, 𝑟 ⟩ with Node ℓ 𝑛 𝑟 .

For a given 𝐹 -algebra ⟨𝑋, 𝑓 ⟩, the universal property of the initial algebra becomes the recurrence:

fold 𝑓 Leaf = 𝑓 (𝜄1★) fold 𝑓 (Node ℓ 𝑛 𝑟 ) = 𝑓 (𝜄2 ⟨fold 𝑓 ℓ, 𝑛, fold 𝑓 𝑟 ⟩)

Through the algebra ⟨N, 𝑐⟩, we can compute the number of nodes in a tree 𝑡 by fold 𝑐 𝑡 since

fold 𝑐 Leaf = 0 fold 𝑐 (Node ℓ 𝑛 𝑟 ) = 1 + fold 𝑐 ℓ + fold 𝑐 𝑟

4.2 Initial equivariant algebras
To transfer our framework to the context of data types, it is not sufficient to equip the initial
𝐹 -algebra with a 𝐺-action (⊛) : 𝐺 → 𝝁𝐹 → 𝝁𝐹 , as this does not tell us what to do for other
𝐹 -algebras. Instead, we take a more refined construct that describes the interaction of the group
with the data type constructors:

Definition 4.1. Let𝐺 be a group. A𝐺-symmetry-strong functor 𝐹 =
〈
𝐹, st𝐺 ;𝐹 〉, or a𝐺-strong functor

for short, is a functor 𝐹 : Set→ Set together with a 𝐺-symmetry strength st𝐺 ;𝐹 , or 𝐺-strength for
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short, which is a natural transformation st𝐺 ;𝐹
𝑋

: (𝐺 × 𝐹𝑋 ) → 𝐹 (𝐺 × 𝑋 ) satisfying
st𝑋 (𝑒,𝑢) = 𝐹 (𝑥 ↦→ ⟨𝑒, 𝑥⟩) 𝑢

st𝑋 (𝑔 ∗ ℎ,𝑢) = 𝐹 (⟨𝑔′, ℎ′, 𝑥⟩ ↦→ ⟨𝑔′ ∗ ℎ′, 𝑥⟩)(st𝐺×𝑋 (𝑔, st𝑋 (ℎ,𝑢)))
for all 𝑢 ∈ 𝐹𝑋 and for all 𝑔, ℎ ∈ 𝐺 .

Note that unlike group actions, symmetry strengths also feature the group in the codomain,
which allows us to specify how to act on particular sub-terms.

Example 4.2. We can imagine two different S2-actions on trees, one that recursively flips the
whole tree, and one that flips only the top node, with corresponding strengths:

F⊛
©­­«

3

2

1 4

ª®®¬ =
©­­«

3

2

4 1

ª®®¬ F⊛′
©­­«

3

2

1 4

ª®®¬ =
©­­«

3

2

1 4

ª®®¬
st ⟨F,Node ℓ 𝑛 𝑟 ⟩ B Node ⟨F, 𝑟 ⟩ 𝑛 ⟨F, ℓ⟩ st′ ⟨F,Node ℓ 𝑛 𝑟 ⟩ B Node ⟨I, 𝑟 ⟩ 𝑛 ⟨I, ℓ⟩

The first strength propagates F to the subtrees, while the second strength propagates I.
We only need to define the strength for F since the first axiom forces it at ⟨I, 𝑢⟩ to be 𝐹 (𝑥 ↦→
⟨I, 𝑥⟩)𝑢, i.e., st ⟨I,Node ℓ 𝑛 𝑟 ⟩ B st′ ⟨I,Node ℓ 𝑛 𝑟 ⟩ B Node ⟨I, ℓ⟩𝑛⟨I, 𝑟 ⟩. For leaves, we define
both strengths to act trivially st ⟨𝑔, Leaf⟩ B st′ ⟨𝑔, Leaf⟩ B Leaf. □

Remark 4.3. The notion of a symmetry strength is related to, but different from the usual Cartesian
or monoidal strength. Recall that a Cartesian strength for a functor 𝐹 : Set → Set is a natural
transformation st𝐹Γ,𝑋 : Γ × 𝐹𝑋 → 𝐹 (Γ × 𝑋 ) satisfying st1,𝑋 (★, 𝑢) = 𝐹 (𝑥 ↦→ ⟨★, 𝑥⟩)𝑢 for all 𝑢 ∈ 𝐹𝑋 ,
and stΓ×Δ,𝑋 ((𝛾, 𝛿), 𝑢) = 𝐹 (⟨𝛾 ′, 𝛿 ′, 𝑥⟩ ↦→ ⟨⟨𝛾 ′, 𝛿 ′⟩, 𝑥⟩)

(
stΓ,Δ×𝑋 (𝛾, stΔ,𝑋 (𝛿,𝑢))

)
for all 𝛾 ∈ Γ, and

𝛿 ∈ Δ. (Cf. Lemma D.1 in the Appendix for the diagrams.) Every Cartesian strength is also a
𝐺-strength, which leaves constructors as they are and propagates the same group element into the
sub-terms. For example, for trees, it acts as:

st𝐺,𝑋 ⟨𝑔, Leaf⟩ B Leaf st𝐺,𝑋 ⟨𝑔,Node ℓ 𝑛 𝑟 ⟩ B Node ⟨𝑔, ℓ⟩ 𝑛 ⟨𝑔, 𝑟 ⟩
Symmetry strengths are an instance of the more general distributive laws between a monad and a
functor [11]. We use this perspective pervasively in our proofs (cf. Appendix F). Here, the monad is
the free 𝐺-action monad, a special case of theWriter monad, sometimes known as the complexity
monad [17]. We use this monadic perspective in §4.4 and §4.5.

We use 𝐺-symmetry strengths to lift any action on 𝑋 to an action on 𝐹𝑋 :

Lemma 4.4. Let 𝐺 be a group and 𝐹 a 𝐺-strong functor. Then, for every 𝐺-action 𝐴, we have a
𝐺-action 𝐹𝐴 given by:

𝐹𝐴 B 𝐹 𝐴 (⊛𝐹𝐴) : 𝐺 × 𝐹𝐴
st
𝐴

−−→ 𝐹 (𝐺 ×𝐴)
𝐹 (⊛𝐴 )
−−−−−→ 𝐹𝐴

Furthermore, if ℎ : 𝐴 ⊛→ 𝐵 is equivariant, so is 𝐹 ℎ : 𝐹𝐴 ⊛→ 𝐹𝐵.

Example 4.5. The two tree symmetry strengths from Example 4.2 induce the two expected actions:
action induced by the first strength flips the node and propagates symmetry, while for the second
strength, the action only flips the top node and does not propagate the symmetry further. Cartesian
strengths induce the pointwise lifting of actions. □

Symmetry-strong functors not only lift actions, but as we will see shortly, also uniquely determine
actions on their initial algebras. Even more, the resulting algebra structure and the action are
compatible in the following sense:
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Definition 4.6. Let 𝐹 be a𝐺-strong functor. An equivariant 𝐹 -algebra ⟨𝐴, 𝑓 ⟩ consists of a𝐺-action
𝐴 and an equivariant map 𝑓 : 𝐹𝐴 ⊛→ 𝐴, i.e., an 𝐹 -algebra

〈
𝐴, 𝑓

〉
such that:

G× FA FA

AG×A

F (G×A)

=id × f

(⊛)

st F (⊛)

f

An equivariant algebra homomorphism ℎ : ⟨𝐴, 𝑓 ⟩ ⊛→ ⟨𝐵,𝑔⟩ is simultaneously an 𝐹 -homomorphism
ℎ :

〈
𝐴, 𝑓

〉
→

〈
𝐵,𝑔

〉
that is also equivariant ℎ : 𝐴 ⊛→ 𝐵.

Recall that initial algebra semantics supports a modular account of data types [86]: coproducts
𝐹1+𝐹2 of functors are given pointwise by (𝐹1+𝐹2)𝑋 = 𝐹1𝑋 +𝐹2𝑋 , and an algebra for this coproduct
functor is given by an algebra structure for each functor over the same carrier set. This modularity
extends to symmetry-strong functors and their equivariant algebras:

Proposition 4.7 (modularity). Let 𝐹1, 𝐹2 : Set→ Set be 𝐺-strong functors with symmetry strengths
st1, st2. The cotupled map

[
st1, st2

]
⟨𝑔, 𝜄𝑖𝑥⟩ B 𝜄𝑖 st𝑖 ⟨𝑔, 𝑥⟩ is a 𝐺-symmetry strength for the coproduct

functor 𝐹 1+ 𝐹 2 : Set→ Set. Moreover, given an action𝐴, an equivariant algebra 𝑓 : (𝐹1+ 𝐹2)𝐴 ⊛→ 𝐴

for this strength amounts to a pair of equivariant algebra structures 𝑓𝑖 : 𝐹𝑖𝐴 ⊛→ 𝐴.

Using (cf. Appendix D) an appropriate notion of parameterised initiality originally proposed by
Bird and Paterson [13], the symmetry strength lets us equip the initial algebra with an action that
makes it the initial equivariant algebra. Then, to define an equivariant homomorphism ℎ : 𝝁𝐹 ⊛→ 𝐴,
we need to define an equivariant 𝐹 -algebra 𝑔 : 𝐹𝐴 ⊛→ 𝐴, possibly with the w.l.o.g. construction.

Theorem 4.8 (equivariant initiality). Let 𝐹 be a𝐺-strong functor and roll : 𝐹𝝁𝐹 → 𝝁𝐹 the initial
algebra of 𝐹 in Set. Then, there is a unique action 𝝁𝐹 =

〈
𝝁𝐹, (⊛𝝁𝐹 )

〉
satisfying

G× FµF FµF

µFG× µF

F (G× µF )

=id × roll

(⊛µF )

st F (⊛µF )

roll

making ⟨𝝁𝐹, roll⟩ into an initial equivariant 𝐹 -algebra, i.e., the initial 𝐹 -algebra on𝐺-actions: for any
equivariant 𝐹 -algebra 𝑓 : 𝐹𝐴 ⊛→ 𝐴, the unique 𝐹 -homomorphism is equivariant: fold 𝑓 : 𝝁𝐹 ⊛→ 𝐴.

Example 4.9. To see all the modular building blocks in action, define the path lookup function
from Example 2.4. The mirroring symmetry of the type Path is captured by the strength:

stPath ⟨𝑔,Nil⟩ B Nil stPath ⟨𝑔,𝑑 :: 𝑥⟩ B (𝑔 ⊛ 𝑑) :: ⟨𝑔, 𝑥⟩

and we can compute that the action given by Theorem 4.8 satisfies:

𝑔 ⊛ (𝑑 :: 𝑝) =
(
(⊛) ◦ (id × roll)

)
⟨𝑔, 𝜄2 ⟨𝑑, 𝑝⟩⟩ =

↑
equivariant algebra

(
roll ◦𝐹Path (⊛) ◦ st

)
⟨𝑔, 𝜄2 ⟨𝑑, 𝑝⟩⟩

strength def

↓
=

(
roll ◦𝐹Path (⊛)

)
(𝜄2 ⟨𝑔 ⊛ 𝑑, ⟨𝑔, 𝑝⟩⟩) = roll (𝜄2 ⟨𝑔 ⊛ 𝑑,𝑔 ⊛ 𝑝⟩) = (𝑔 ⊛ 𝑑) :: 𝑔 ⊛ 𝑝

A similar calculation for Nil shows we get the expected action for Path, and a similar set of
calculations shows we get the expected recursive action for Tree from the propagating strength
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from Example 4.2. We now construct lookup and simultaneously show it is equivariant as a map
Path ⊛→ (Tree→ MaybeN). By Theorem 4.8, we can instead define an equivariant algebra:

lookupElim : 𝐹Path (Tree→ MaybeN) ⊛→ (Tree→ MaybeN)
Thanks to the Modularity Proposition 4.7, it suffices to define two equivariant algebra structures
for each case of summand of 𝐹Path = 1 + Step × −.

The Nil summand’s algebra structure lookupElimNil : 1 ⊛→ (Tree→ MaybeN):

lookupElimNil ★ Leaf B Nothing lookupElimNil ★ (Node ℓ 𝑛 𝑟 ) B Just𝑛

To show that lookupElimNil is equivariant, we refer to the fact that currying preserves equivariance,
and calculate the behaviour of the uncurried version on the only interesting case:

lookupElimNil (F⊛ ⟨★,Node ℓ 𝑛 𝑟 ⟩) = lookupElimNil ⟨★,Node (F⊛ 𝑟 ) 𝑛 (F⊛ ℓ)⟩ = Just𝑛 = F⊛ Just𝑛

For (::), define the algebra lookupElim(::) : Step × (Tree→ MaybeN) ⊛→ (Tree→ MaybeN). Here,
we use w.l.o.g. reasoning, as stepping right is the same as stepping left on the flipped tree with the
rest of the path flipped. Define the Step-canoniser 𝑐′ : Step ⊛→ S−12 that ensures canonical steps are
left steps, i.e. 𝑐′L = I and 𝑐′R = F. Then, extend it to a canoniser 𝑐 for the whole domain through
projection via Lemma 2.8. Its canonical elements are the tuples ⟨L, 𝑓 ⟩ , where 𝑓 is the recursive
call we make when traversing (necessarily left). Thus, we eliminated the symmetric cases in the
following core function lookLeft : Can 𝑐 → (Tree→ MaybeN):

lookLeft ⟨L, 𝑓 ⟩ B
{
Leaf ↦→ Nothing
Node ℓ 𝑛 𝑟 ↦→ 𝑓 ℓ

Now, we only need to assemble the pieces. As 𝑐′ is strictly equivariant, so is 𝑐 by Lemma 2.21,
and by Theorem 2.17, all core functions are equivariant, including lookLeft. Thus lookupElim(::) is
equivariant by Theorem 2.13. By Proposition 4.7, so is lookupElim, and by Theorem 4.8 so is lookup.

To see that lookup indeed matches the expected behaviour, let us compute its behaviour on the
symmetric case, recalling that the exponential action conjugates, (𝑔 ⊛ 𝑓 ) (𝑎) = 𝑔 ⊛ 𝑓 (𝑔−1 ⊛ 𝑎):

lookup (R :: 𝑝) (Node ℓ 𝑛 𝑟 ) =
(
fold (lookupElim) (R :: 𝑝)

)
(Node ℓ 𝑛 𝑟 )

=
(
lookupElim (𝜄2 ⟨R, lookup 𝑝⟩)

)
(Node ℓ 𝑛 𝑟 ) =

(
F⊛ lookLeft ⟨L, F⊛ lookup𝑝⟩

)
(Node ℓ 𝑛 𝑟 )

= F⊛
(
lookLeft ⟨L, F⊛ lookup 𝑝⟩

(
Node (F⊛ 𝑟 ) 𝑛 (F⊛ ℓ)

) )
= F⊛

(
(F⊛ lookup 𝑝) (F⊛ 𝑟 )

)
= F⊛

(
F⊛ (lookup 𝑝 (F⊛ F⊛ 𝑟 ))

)
= lookup𝑝 𝑟 □

4.3 Data type traversals w.l.o.g.
The steps in Example 4.9 are common, and we often traverse a data type in different ways but with
the same canoniser. In this section, we present reusable abstractions that streamline these steps.

Definition 4.10. Let 𝐹 be a 𝐺-strong functor. A canoniser for 𝐹 is a natural transformation
𝑐𝑋 : 𝐹𝑋 → 𝐺 . Each such canoniser induces the canonical elements functor :

Can 𝑐 : 𝐺-Act→ Set (Can 𝑐)𝐴 B Can𝐹𝐴 𝑐𝐴 B
{
(𝑐𝐴𝑢) ⊛𝐹𝐴 𝑢

��𝑢 ∈ 𝐹𝐴}
(Can 𝑐)ℎ : 𝑢 ↦→ (𝐹ℎ)𝑢

A canoniser 𝑐 thus induces a natural assignment of canonisers 𝑐𝐴 : 𝐹𝐴 → 𝐺 for each lifted
𝐺-action 𝐹𝐴. The naturality condition means canonisers are determined by their component at the
singleton 1, i.e., by a canoniser for 𝐹1. The unique extension of such a canoniser 𝑐1 : 𝐹1→ 𝐺 to a

canoniser for 𝐹 is given by the following composition 𝑐𝑋 : 𝐹𝑋
𝐹 ⟨⟩
−−−→ 𝐹1

𝑐1−→ 𝐺 .
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Example 4.11. The S2-strong functor 𝐹Path has the canoniser (cf. p. 16) and canonical elements:

goLeftNil B I C goLeft(L ::𝑝) goLeft(R ::𝑝) B F Can𝐴 goLeft B
{
Nil, L :: 𝑎

��𝑎 ∈ 𝐴}
□

We can now streamline the data we need to specify to traverse a symmetric data type using an
algebra, or to reason about such traversals using symmetry:

Definition 4.12. Let 𝐹 be a 𝐺-strong functor and 𝑐 : 𝐹 → 𝐺 a canoniser for it. A 𝑐-core 𝐹 -algebra
⟨𝐴, 𝑓 ⟩ consists of a𝐺-action 𝐴 equipped with a function 𝑓 : (Can 𝑐)𝐴→ 𝐴. It is equivariant when
𝑓 is equivariant 𝑓 : ((Can 𝑐)𝐴 ⊆ 𝐹𝐴) ⊛→ 𝐴. A homomorphism of equivariant 𝑐-core 𝐹 -algebras
ℎ : ⟨𝐴, 𝑓 ⟩ → ⟨𝐵,𝑔⟩ is an equivariant map ℎ : 𝐴 ⊛→ 𝐵 satisfying: ℎ(𝑓 𝑢) = 𝑔 ((Can 𝑐)ℎ𝑢).

We can rearrange the constructs in Example 4.9 using these concepts:

Example 4.13. We have the following equivariant goLeft-core 𝐹Path-algebra:

lookupCore : (Can goLeft) (Tree→ TrivMaybeN) → Tree→ TrivMaybeN = (Tree→ MaybeN)

Nil ↦→
{
Leaf ↦→ Nothing
Node ℓ 𝑛 𝑟 ↦→ Just𝑛

(
L :: (Tree rec−−→ MaybeN)

)
↦→

{
Leaf ↦→ Nothing
Node ℓ 𝑛 𝑟 ↦→ rec ℓ □

These ingredients streamline the steps of Example 4.9, using the portmanteau fold wlog:(
Can𝐹𝐴 𝑐𝐴 = (Can 𝑐)𝐴

𝑓
−→ 𝐴

)
↦→

(
𝐹𝐴

wlog(𝑐𝐴,𝑓 )
−−−−−−−−→ 𝐴

)
↦→

(
flog𝐴 (𝑐, 𝑓 ) : 𝝁𝐹

fold wlog(𝑐𝐴,𝑓 )
−−−−−−−−−−−−→ 𝐴

)
We chain Theorem 2.13 and the Equivariant Initiality Theorem 4.8:

Theorem 4.14 (core initiality). Let 𝐹 be a𝐺-strong functor, roll : 𝐹𝝁𝐹 → 𝝁𝐹 an initial algebra of 𝐹 ,
and 𝑐 a canoniser for 𝐹 . Then restricting roll to canonical elements makes 𝝁𝐹 into the initial 𝑐-core
𝐹 -algebra roll : (Can 𝑐)𝝁𝐹 ⊛→ 𝝁𝐹 : for any equivariant 𝑐-core 𝐹 -algebra 𝑓 : (Can 𝑐)𝐴 ⊛→ 𝐴, the
unique equivariant 𝑐-core 𝐹 -algebra homomorphism into 𝑓 is: flog (𝑐, 𝑓 ) : 𝝁𝐹 ⊛→ 𝐴.

This theorem implies, for example, that the lookup function from Example 4.13 is the unique
equivariant goLeft-core 𝐹Path-homomorphism given by flog.

Example 4.15. We reuse the canoniser to define the subtree projection function

subtree B flog (goLeft, subtreeCore) : Path ⊛→ (Tree→ Maybe Tree)
subtreeCore : (Can goLeft) (Tree→ Maybe Tree) ⊛→ (Tree→ Maybe Tree)

Nil ↦→ (𝑡 ↦→ Just 𝑡) (L :: Tree rec−−→ Maybe Tree) ↦→
{
Leaf ↦→ Nothing
Node ℓ 𝑛 𝑟 ↦→ rec ℓ

□

4.4 Partially evaluating actions
Both lookup from Example 4.9 and subtree from Example 4.15 give us the result we want. But
implementations that naively follow our definitions will repeatedly flip their arguments, and the
subtree implementation will also flip its result, leading to high time and space complexity. Faithful
to our motivation, we only demonstrate which mathematical structures underlie a more efficient
implementation, and leave a systematic account of performance engineering to future work.
We use a general principle from modern partial evaluation folklore: instead of performing an

expensive operation repeatedly, axiomatise its properties and design an efficient implementation for
its free algebra. Then evaluate the free algebra back into the desired structure after partial evaluation.
In our case, we shall build on top of the free action 𝐺 ⧆ 𝑋 on a set 𝑋 , given by 𝐺 ⧆ 𝑋 = 𝐺 × 𝑋
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and 𝑔 ⊛𝐺⧆𝑋 ⟨ℎ, 𝑥⟩ = ⟨𝑔 ∗ ℎ, 𝑥⟩. The free action lets us accumulate the symmetries while leaving
the input unchanged, and a pair ⟨ℎ, 𝑥⟩ ∈ 𝐺 ⧆ 𝑋 captures a delayed evaluation of ℎ ⊛𝐴 𝑥 for some
𝐺-action 𝐴 with 𝐴 = 𝑋 .

In particular, consider𝐺⧆𝝁𝐹 , the free𝐺-action on the initial 𝐹 -algebra. When at some point in a
definition we want to inspect ⟨𝑔, 𝑡⟩, we should not simply unroll 𝑡 , as that ignores the accumulated
symmetries. We also do not want to compute 𝑔 ⊛ 𝑡 in implementations, since that is inefficient.
What we do instead is use the symmetry strength to act only on the first layer of the data type and
propagate the action into a delayed evaluation of a subtree represented by the free-action monad:

𝐺 ⧆ 𝝁𝐹 =𝐺 × 𝝁𝐹
𝐺×unroll
−−−−−−−→ 𝐺 × 𝐹𝝁𝐹

st𝐹𝝁𝐹−−−→ 𝐹 (𝐺 × 𝝁𝐹 ) = 𝐹 (𝐺 ⧆ 𝝁𝐹 )

From Theorem 4.8, we get 𝑔⊛ 𝑡 = 𝐹 (⊛) (st ⟨𝑔, 𝑡⟩) (ignoring unrolling), meaning that the symmetry
strength both gives us a symmetry-respecting pattern matching of a data type, and represents a
symmetry-accumulating implementation that avoids inefficient repeated transformations.

To see the construction in action, we can equivalently compute subtree𝑝 𝑡 with the free action:

subtree𝑝 𝑡 =
let ⟨𝑔, 𝑠⟩ = subtreeaux 𝑝 ⟨I, 𝑡⟩
in 𝑔 ⊛ 𝑠

where:
subtreeaux : Path ⊛→ (S2 ⧆ Tree→ S2 ⧆Maybe Tree)
subtreeaux = flog (goLeft, subtreeauxCore)

and subtreeauxCore is an equivariant goLeft-core 𝐹Path-algebra over S2 ⧆ Tree→ S2 ⧆Maybe Tree:

subtreeauxCore : Can goLeft (S2 ⧆ Tree→ S2 ⧆Maybe Tree) → (S2 ⧆ Tree→ S2 ⧆Maybe Tree)
Nil ↦→ (⟨𝑔, 𝑡⟩ ↦→ ⟨𝑔, Just 𝑡⟩)(

L ::
(
S2 ⧆ Tree

rec−−→
S2 ⧆Maybe Tree

))
↦→

(
⟨𝑔, 𝑡⟩ ↦→

{
⟨𝑔,Nothing⟩ (st ⟨𝑔, 𝑡⟩ = Leaf)
rec ⟨𝑔ℓ , ℓ⟩ (st ⟨𝑔, 𝑡⟩ = Node ⟨𝑔ℓ , ℓ⟩ 𝑛 ⟨𝑔𝑟 , 𝑟 ⟩)

)
Whether the tree in the last case is flipped or not, applying the strength ensures the correct
sub-structure resides in the left sub-tree and 𝑔ℓ appropriately propagates the symmetry. More
importantly, an implementation of this design never flips the tree. For example, we have:

subtreeaux (R :: Nil) ⟨I,Node ℓ 𝑛 𝑟 ⟩
= F⊛ subtreeauxCore (L :: subtreeaux (F⊛ Nil)) (F⊛ ⟨I,Node ℓ 𝑛 𝑟 ⟩)
= F⊛ subtreeauxCore (L :: subtreeauxNil) ⟨F,Node ℓ 𝑛 𝑟 ⟩
= F⊛ subtreeauxNil ⟨F, 𝑟 ⟩ = F⊛ ⟨F, Just 𝑟 ⟩ = ⟨I, Just 𝑟 ⟩

where in the reduction of subtreeauxCore, we used that st ⟨F,Node ℓ 𝑛 𝑟 ⟩ = Node ⟨F, 𝑟 ⟩ 𝑛 ⟨F, ℓ⟩. As
we can see, the only evaluated actions were the free ones, and the subtree 𝑟 , for example, remained
unflipped throughout the argument.
There are further opportunities for optimisation. For example, instead of stacking output sym-

metries 𝑔⊛ − (in contrast to the input ones that get absorbed by the free action) we could combine
them into a single symmetry as 𝑔 ⊛ (ℎ ⊛ 𝑎) = (𝑔 ∗ ℎ) ⊛ 𝑎. In fact, in this specific example, we can
go even further and ignore the output symmetries altogether. By the Core Initiality Theorem 4.14,
we have (⊛Maybe Tree) ◦ subtreeaux 𝑝 ⟨𝑔, 𝑡⟩ = subtree𝑝 (𝑔 ⊛Tree 𝑡). Furthermore, we can show that
𝜋1 (subtreeaux 𝑝 ⟨𝑔, 𝑡⟩) = 𝑔, hence subtree𝑝 𝑡 = 𝜋2 (subtreeaux 𝑝 ⟨I, 𝑡⟩) and the output symmetry is
never used, but is merely a reasoning device for the correctness of the implementation.
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simply-typed concept dependently-typed concept categorical concept

Set FamΓ category C
functor 𝐹 : Set→ Set functor 𝐹 : FamΓ → FamΓ functor 𝐹 : C → C
free 𝐺-action monad

𝑃𝑋 B 𝐺 × 𝑋
free Γ-indexed 𝐺-action monad

𝑃 (Γ ⊢ 𝑋 ) B Γ ⊢ 𝐺 ⧆ 𝑋

monad structure 𝑃 over 𝑃 : C → C

𝐺-action

𝐺 ×𝐴
⟨𝑔,𝑎⟩↦→𝑔⊛𝑎
−−−−−−−−−→ 𝐴

Γ-indexed 𝐺-action

𝐺 ⧆𝐴

⟨𝑔,𝑎⟩↦→𝑔⊛
𝑔−1⊛𝛾

𝑎

−−−−−−−−−−−−−−→ 𝐴

𝑃-algebra

𝑃𝐴→ 𝐴

𝐺-strength
st : 𝐺 × 𝐹𝑋 → 𝐹 (𝐺 × 𝑋 )

Γ-indexed 𝐺-strength
st : 𝐺 ⧆ (𝐹𝑋 ) → 𝐹 (𝐺 ⧆ 𝑋 )

monad-functor distributive law
st : 𝑃𝐹 → 𝐹𝑃

functor 𝑆𝑋 B 𝐺 → 𝑋 functor 𝑆 (Γ ⊢ 𝑋 ) B Γ ⊢ 𝐺 −⧆ 𝑋 right-adjoint 𝑃 ⊣ 𝐸 (cf. Theorem F.4)
parameterised traversal

𝐺 × 𝝁𝐹
pfold

(
𝐹𝑋

𝑓−→𝑋

)
−−−−−−−−−−−−→ 𝑋

indexed parameterised traversal

𝐺 ⧆ 𝝁𝐹
pfold

(
𝐹𝑋

𝑓−→𝑋

)
−−−−−−−−−−−−→ 𝑋

parameterised fold

𝑇𝝁𝐹
pfold

(
𝐹𝑋

𝑓−→𝑋

)
−−−−−−−−−−−−→ 𝑋

equivariant 𝐹 -algebra
𝑓 : 𝐹𝐴 ⊛→ 𝐴

indexed equivariant 𝐹 -algebra
𝑓 : 𝐹𝐴 ⊛→ 𝐴

𝐹 -algebra for lifted functor
𝐹 : C𝑃 → C𝑃

canoniser 𝑐 : 𝐹 → 𝐺 indexed canoniser 𝑐 : 𝐹 → 𝐺

canonical elements
Can 𝑐 : 𝐺-Act→ Set

canonical elements
Can 𝑐 : 𝐺-ActΓ → FamΓ

canonical elements Can 𝑐 : C𝑃 → C

Fig. 1. Summary of symmetric data type theory

4.5 Indexed data types
In Example 4.9, we fell back to simple types, but thanks to the generality of the initial algebra
semantics approach, a dependently-typed development follows the same lines and recovers the finer
version from Example 3.2. Moreover, it uncovers nuances that degenerate in the simply-typed case.
For example, the notion of a symmetry strength must in fact be phrased in terms of the free action
𝐺 ⧆ 𝑋 over a family. The carrier of the free action coincides with the Cartesian product 𝐺 × 𝑋 in
the simply-typed case, but differs in the indexed case. As we pointed out in Remark 4.3, viewing this
product as the free-action monad also emphasises the role of the symmetry strength as a monad-
functor distributive law. Once we explicate this structure, much of the development amounts
to repeating the simply-typed development with the adjective ‘indexed’ peppered throughout.
Appendix A repeats the development, and we describe the changes here. Fig. 1 summarises the
difference between the simply typed theory and its dependently typed counterpart as follows.
Where appropriate, we also describe the categorical concept.

Although the categorical theory does not capture all concepts, e.g. canonisers, it suffices to
assign to almost every concept its type. The theory includes indexed versions of the Modularity
Proposition 4.7, the Equivariant Initiality Theorem 4.8 and Core Initiality Theorem 4.14.

We generalise from the category Set to FamΓ , the category of Γ-indexed sets and vertical maps.
The main technical device we use to generalise from Set to FamΓ is the free Γ-indexed 𝐺-action
adjunction between FamΓ and 𝐺-ActΓ—the category of Γ-indexed 𝐺-sets and vertical equivariant
maps. Its monadicity means we can capture its structure categorically, and we use the existence of
a right adjoint 𝑆 to the resulting monad 𝑇 over FamΓ in one of the proofs (cf. Theorem F.4).

For 𝐺-action Γ, we define, for each Γ-family 𝑋 , the free Γ-indexed 𝐺-action over 𝑋 :

(𝑔 : 𝐺) × 𝑔 ⊛ 𝑋
𝛾
B

(
𝑔 : 𝐺

)
× 𝑋𝑔−1⊛𝛾 𝑔 ⊛𝛾

〈
ℎ, 𝑥 : 𝑋ℎ−1⊛𝛾

〉
B

〈
𝑔 ∗ ℎ, 𝑥 : 𝑋ℎ−1⊛𝑔−1⊛𝑔⊛𝛾

〉
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FamΓ G-ActΓ FamΓ

(g : G)× g ⊛ −

(g : G)→ g−1 ⊛ −

−

−

P B G⧆

E B G −⧆

⊥ ⊥

B

B

Fig. 2. Categorical situation for indexed 𝐺-action

We also define (𝑔 : 𝐺)→𝑔−1 ⊛ 𝑋 , the cofree Γ-indexed𝐺-action over 𝑋 . Its fibres are the dependent-
function fibres (𝑔 : 𝐺) → 𝑔−1 ⊛ 𝑋

𝛾
B

(
𝑔 : 𝐺

)
→ 𝑋𝑔⊛𝛾 , defined by:

𝑔 ⊛𝛾

(
𝑓 :

(
𝑘 : 𝐺

)
→ 𝑋𝑘⊛𝛾

)
B ℎ ↦→ 𝑓 (ℎ ∗ 𝑔) ∈

(
ℎ : 𝐺

)
→ 𝑋ℎ⊛𝑔⊛𝛾

They are the two adjoints to the forgetful functor from Γ-indexed actions to Γ-indexed families:

Theorem 4.16. For a𝐺-action Γ and family Γ ⊢ 𝑋 , the map Γ ⊢ 𝑥 ↦→ ⟨𝑒, 𝑥⟩ : 𝑋 → (𝑔 : 𝐺) × (𝑔 ⊛ 𝑋 )
is the universal Γ-indexed 𝐺-action over 𝑋 . The map Γ ⊢ eval ⟨−, 𝑒⟩ : (𝑔 : 𝐺) → 𝑔−1 ⊛ 𝑋 → 𝑋 is the
universal Γ-indexed 𝐺-action under 𝑋 . The resulting two adjunctions are (co)monadic.

This theorem generalises the non-indexed case, where 𝐺 × 𝑋 has the structure of the free
𝐺-action over 𝑋 . The existence of the adjoints and their (co)monadicity follow from abstract
reasons. Let:

∮
𝐹 be the Grothendieck construction for a presheaf 𝐹 : Cop → Set; |C| be the

discrete category underlying a category C, and Ĉ the presheaf category of C. Consider a𝐺-action Γ
as a presheaf over the category with one object and morphisms the 𝐺-elements. We then have
the following two equivalences. First, Γ-indexed actions are equivalent to presheaves over

∮
Γ

𝐺-ActΓ ≃
∮̂
Γ. Forgetting the functorial action then recovers the category of Γ-indexed families,

a presheaf category itself: FamΓ ≃
∮̂
Γ =���∮ Γ

�� . The forgetful functor 𝐺-ActΓ → FamΓ arises as
precomposition by 𝐽 :

∮
Γ ←

��∮ Γ
��. Consequently, the two adjoints are given by (co)end formulae,

and their monadicity follows by surjectivity of this functor [32, Prop. 1.1]. This situation is exploited
by Fiore and Szamozvancev to account for mathematical and computational representations of
abstract syntax with binding and substitution [33, 34, 87]. One can use the coend formula to calculate
the explicit descriptions we gave the two adjoints. We show directly (cf. Appendix E) that these
descriptions are the adjoints, and for completeness, we also show monadicity and comonadicity
using Beck’s theorem. We then have the situation in Fig. 2. Therefore, 𝑃 is a monad, 𝐸 is a comonad,
and 𝑃 ⊣ 𝐸. Moreover, 𝑃2 B 𝑃 ◦ 𝑃 ⊣ 𝐸2.

5 Conclusion
5.1 Related work
W.l.o.g. in theorem provers. Given that w.l.o.g. is a common phrase in mathematical proofs, it

comes as no surprise that several major theorem provers feature a similarly named concept. What
is more compelling is that the treatment is far from uniform, pointing toward a missing uniform
foundation. Our work provides a uniform foundation for symmetric uses of w.l.o.g..
For example, the Rocq library, SSReflect [43], Isabelle/HOL’s Archive of Formal Proofs [89]

and the Lean 4 Mathlib [88], define tactics named wlog, which cut in an additional statement 𝜓

Proc. ACM Program. Lang., Vol. 10, No. POPL, Article 216. Publication date: November 2027.



Mathematical foundations for symmetric programming and reasoning 216:25

when proving 𝜑 . Rocq’s tactic4 creates an additional subgoal (𝜓 ⇒ 𝜑) ⇒ 𝜑 . Isabelle/HOL’s tactic
similarly adds assumptions w.l.o.g., and further accounts for generalisation of variables, explicitly
documenting symmetric arguments as the motivation. Lean’s tactic5 additionally assumes ¬𝜓 ,
adding a subgoal (𝜓 ⇒ 𝜑) ⇒ ¬𝜓 ⇒ 𝜑 . In all three tactics, the additional subgoal (e.g., 𝜓 in
Rocq and Lean) can be arbitrary and not tied to any particular symmetry, so it could be worth
investigating how many of its uses correspond to the assumption of canonicity in our framework.
Agda Stdlib defines6 wlog : (∀(𝑎 𝑏 : 𝐴).𝑎 𝑅 𝑏 ⇒ 𝑄 𝑎𝑏) ⇒ (∀𝑎 𝑏.𝑄 𝑎 𝑏) for any total relation 𝑅

and a symmetric predicate 𝑄 . Here, we have a swapping S2-action on the domain 𝐴 ×𝐴, while 𝑄
provides an appropriate indexed action on the codomain. The totality of 𝑅 encodes the canoniser
implicitly, and the assumption exactly corresponds to our core function. Dijkstra [27] uses a similar
setting to criticise w.l.o.g. arguments for not explicating the underlying symmetry.

A richer collection of symmetries can be found in Harrison’s [45] seminal paper on w.l.o.g. tactics
in HOL. In addition to the tactic discussed in §3.3, Harrison develops four additional tactics for
w.l.o.g. reasoning in geometry, using a bank of results about invariance and equivariance of various
operations under translations and orthonormal transformations. Three tactics are immediate special
cases of our principle, while the fourth one is a reduction from a predicate on points of the form
(𝑥,𝑦, 0) ∈ R3 to a predicate on R2. Schmoetten et al. [78, 79] use Harrison’s approach and prove
further w.l.o.g. lemmata when formalising Schutz’s axioms for Minkowski spacetime [80].

In summary, our work does not account for all previous principles named wlog. Instead, we offer
a crisp criterion by which one can distinguish symmetric w.l.o.g. arguments.

Nominal techniques. Nominal techniques are a close topic in programming languages, an es-
tablished approach to treating bound variables, in which 𝛼-equivalence is defined with groups of
permutations of atoms acting on terms built from such atoms [66, 68, 69]. Our approach borrows
from, builds upon, and is analogous to these nominal techniques. Like nominal techniques, we
make pervasive use of, and rely on, equivariance and related concepts [68]. Our use of symmetry
strengths is similar to Blanchette et al.’s [14] use of bounded natural functors. The proof obligations
we require to establish the existence of recursively defined functions and their compatibility with
the relevant operators is also similar to the recursors and induction principles in nominal tech-
niques [14, 38, 63, 67, 73, 74, 91], and so on. Nominal techniques are typically used with the group
of finitely-supported permutations of names, but not always. The finite-support requirement is
sometimes relaxed [14, 19, 29]. The names we permute may have additional structure [15]. Nominal
metatheory typically employs w.l.o.g. reasoning pervasively, cf., e.g., Cheney’s [19] thesis.
Unlike nominal techniques, our recursion principles do not solely account for binders and 𝛼-

equivalence. They do require the additional structure of canonisers. Whereas in nominal techniques
one stays equivariant throughout, in symmetric programming there is no such requirement and
outside the definition of a w.l.o.g. construction, code or reasoning may violate equivariance. We
want to revisit this comparison after we develop symmetric programming and reasoning further.
An even more interesting direction is to combine symmetric programming and nominal techniques,
pervasively maintaining nominal equivariance, but potentially violating equivariance for non-
nominal symmetries. Mechanically representing and reasoning about nominal data is a wide area
of research [1–3, 6, 7, 12, 14, 18, 20, 21, 25, 30, 37–40, 42, 44, 46, 51–54, 62, 64, 65, 72, 75, 77, 82,
84, 85, 90, 96]. While there are first steps towards nominal type theories [5, 70], we still lack an
implementation of a nominal dependently-typed system.

4Rocq Reference Manual: https://rocq-prover.org/doc/V9.2.0/refman/proof-engine/ssreflect-proof-language.html#rocq:tacn.wlog
5Mathlib4 documentation: https://leanprover-community.github.io/mathlib4_docs/Mathlib/Tactic/WLOG.html
6Agda Stdlib: https://github.com/agda/agda-stdlib/blob/c2abce1b8e72ccae49f73791d0996eaf23674357/src/Relation/Binary/Consequences.agda#L197
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Relational parametricity. If we view each symmetry 𝑔 ∈ 𝐺 as a relation 𝑎 ≡𝑔 𝑏 given by 𝑔⊛ 𝑎 = 𝑏,
then equivariance becomes relational preservation: 𝑎 ≡𝑔 𝑏 =⇒ 𝑓 𝑎 ≡𝑔 𝑓 𝑏. This perspective
suggests some connections with logical relations [71] and with relational parametricity [76]. A
possible connection is the work of Atkey [4] on using parametricity and Noether’s theorem to
derive invariants of physical systems. A shared theme is identifying the group actions that describe
a system’s symmetries. However, applying Noether’s theorem requires a notion of differentiation,
which is not necessarily present in our general setting. One direction for future work is to investigate
which of our action combinators can be translated to smooth-manifold settings, and whether they
can serve as compositional operators for describing physical systems. It may be fruitful to explore
other connections. For example, there might be some proofs for free theorems [92] that appeal to
parametricity through relations defined via symmetry. There might be symmetric invariants for
restricted programming languages (e.g., with nominal features) provable via logical relations.

Symmetry in programming languages and type theory. Amore recent development on symmetries
in programming is a Hoare logic for symmetry properties by Mehta and Hsu [60]. It features
triples that relate the symmetries of preconditions to those of postconditions. In particular, a
triple of the form (𝐺,𝐴)𝐶 (𝐻, 𝐵)𝜑 uses a 𝐺-action 𝐴 to capture symmetries of input states and an
𝐻 -action 𝐵 to capture symmetries of output states after executing the program 𝐶 . The program 𝐶

is required to be equivariant with respect to a group homomorphism 𝜑 : 𝐺 → 𝐻 . More precisely:
∀𝑔 ∈ 𝐺, 𝑎 ∈ 𝐴.𝐶 (𝑔 ⊛𝐴 𝑎) = 𝜑 (𝑔) ⊛𝐵 𝐶 (𝑎). Beyond general action constructions such as (non-
dependent) products and pre-/post-composition, the paper develops a forward-reasoning system
that simultaneously derives an action on the output and proves the equivariance of 𝐶 . As we move
from mathematical foundations toward more practical symmetric programming, we may adapt
these rules to ease the construction of the group actions required by the w.l.o.g. construction.

Symmetry elsewhere in computer science. Computer science is vast, and group theory is pervasive,
so there are many points of contact between the two. Rather than attempting a comprehensive
review, we highlight a few representative areas and point to recent surveys for further reading.
In computer algebra and computational group theory, groups are both the object of study and

a computational resource, shaping algorithm design and complexity analysis in areas such as
permutation-group algorithms and constructive recognition [47, 81]. The concept of canonical
labelling from nauty/Traces [59], which finds the vertex permutation mapping a graph into its
representative element w.r.t. graph isomorphism, exactly matches our canonisers. It is worth
investigating how many algorithms building on it fit into our w.l.o.g. pattern.

In constraint programming and satisfiability, symmetries have long been a central concern. A large
body of work studies symmetry-breaking techniques, which add constraints that rule out symmetric
solutions while preserving satisfiability [41, 48, 95]. In machine learning, symmetry appears both
as an architectural prior (equivariance/invariance) and as an analysis tool. In computer vision, it
supports tasks such as recognition, reconstruction, and compression of geometric data [8, 26, 98].
Similarly, model checking techniques and tools exploit symmetry to mitigate the state-space

explosion problem [23, 24, 28, 61, 83]. Model checkers typically try to compute the relevant sym-
metries [e.g. 16, 22, 55, 93, 94], and in the general case this computational task is equivalent to the
graph isomorphism problem [49], whose precise complexity class is still open.

5.2 Future work
On the foundational side, it may be interesting to explore richer data type constructions, such as: co-
data and co-recursion via terminal co-algebras; and universes. The theory of distributive laws also
applies to 𝐹 -coalgebras, suggesting there is a similar theory of coinductive data-types. Universes
offer various directions, depending on the symmetries one may want to equip the inhabitants of
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the universe. One option is to equip a universe of types with the trivial action, as we did with the
universe of propositions (§3.3).
A richer direction involves a universeU𝐺 of 𝐺-actions, for some or each group 𝐺 . Here each

value of the universe is a code for the underlying carrier and the 𝐺-action. This universe supports
the various type constructors using the usual type-interpretation in the category of 𝐺-actions.
While we can equip this universe with a trivial 𝐺-action, we can also equip it with other actions.

For example, given a symmetry 𝑔 ∈ 𝐺 and an inhabitant 𝐴 ∈ U𝐺 with ⎜𝐴⨆︁ = (𝐴,⊛), define
𝑔 ⊛U𝐺

𝐴 as the action with the carrier unchanged 𝑔 ⊛𝐴 B 𝐴 which acts through conjugation
ℎ⊛𝑔⊛𝐴 𝑥 B (𝑔−1 ∗ℎ ∗𝑔)⊛ 𝑥 . These definitions give a map𝐺 ×U𝐺 →U𝐺 , and moreover this map
is a 𝐺-action overU𝐺 . So in this case there is some room to explore symmetries on a universe of
𝐺-actions and potential to employ symmetric programming/reasoning here. In another direction
the equivariant initial algebra theorem may internalise to an equivariant function on codes.

In another kind of universe, each inhabitant describes a group𝐺 and a code in a universeU[[𝐺 ]]
of𝐺-actions. One can then similarly look for useful actions and symmetric programming/reasoning
there. Another direction in this area would be to explore codes for homomorphisms between codes
for𝐺-actions and actions and corresponding transport functions between their decoded𝐺-actions
and actions. This direction may open up questions regarding coherence of the resulting type theory.

That said, our development does not need a universe, it is merely compatible with these various
choices, and we plan to explore them in future work.
On the practical side, we want to refine the developed modular mathematical abstractions

into programming constructs, guided by more involved symmetric programming and reasoning
examples. In the first instance, we want to complete the full set of operations on self-balancing
binary search trees [58]. Another promising example is Escardó’s [31] representation of exact reals
using infinite streams of signed-digit numerals. Operations on these streams and proofs about these
operations contain multiple symmetric cases, including swapping the roles of symmetric variables,
and reflecting the digits around 0. Computable representations of the constructive Dedekind
reals [9, 10, 50] employ symmetric operations on the cut’s lower and upper sets, with symmetric
programming potential.
It may be worth exploring symmetric programming and reasoning for model checking. Since

symmetric programming exposes symmetric program paths explicitly, it may alleviate the need
to automatically detect symmetry when checking symmetric programs. A more interesting direc-
tion is whether a symmetry-detecting model checker can suggest refactoring opportunities that
use symmetry more explicitly. Another direction involves using symmetric programming when
implementing model checkers or constraint solvers.

In addition to being interesting in their own right, such examples should guide us in developing
abstractions for performance engineering, as well as on how to most ergonomically present groups,
actions, canonisers, core functions, and equivariance to the programmer. For example, immediate
canonisers (see Proposition 2.22) could admit an interface similar to lazy constructors [56], where
we extend a data type definition with non-canonical constructors together with their non-trivial
canonising symmetries, but list only canonical cases in pattern matching, since the non-canonical
ones are covered by the w.l.o.g. construction.
We already explored the landscape with two experiments in Idris and Lean. Having a clean

mathematical resolution of issues that surfaced, such as termination and efficiency, we can now
return to both the programming language and the proof assistant: not to increase confidence in
the results’ correctness, but to develop a library of reusable results and lay a foundation for future
implementation and mechanisation.
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Supplementary material
We proceed as follows:

• Appendix A presents the theory of symmetric indexed data types, as it follows almost identical
structure to its simply-typed counterpart.
• Appendix B contains further details about the simply-typed w.l.o.g. construction (§2).
• Appendix C contains further details about the dependently-typed w.l.o.g. construction (§3).
• Appendix D contains further details and proofs about symmetric simply typed data types
(§4.1–§4.4). This material is a special case of its dependently-typed counterparts. Much of it
can also be done more abstractly and categorically. Here we prove much of it more concretely
and with fewer abstractions to help make the material more accessible.
• Appendix E contains further details and proofs about symmetric dependently typed data
types (§4.5 and Appendix A). Here we give concrete descriptions of additional auxiliary
results, and omitted details from concrete examples.
• Appendix F contains a more abstract category theoretic development that unifies parts of
both theories of data types (cf. summary figure in §4.5).

A Indexed algebraic data types
In §4.5 we summarised the changes to the simply-typed development of symmetric data types. In
this appendix, we spell the theory out in full detail, for completeness.

To extend the theory to indexed data types Γ ⊢ D, we use endofunctors 𝐹D : FamΓ → FamΓ over
the category FamΓ of families indexed by a set Γ and vertical maps between them. The data type
D denotes an initial 𝐹D-algebra Γ ⊢ roll : 𝐹DD→ D. As in the non-indexed case, we equip those
endofunctors with a symmetry strength relative to an ambient 𝐺-action Γ =

〈
Γ, (⊛)

〉
on the set

of indices. This strength will be a certain natural transformation st : 𝐺 ⧆ 𝐹D𝑋 → 𝐹D (𝐺 ⧆ 𝑋 ),
where (𝐺 ⧆ −) is the functor part of the free Γ-indexed 𝐺-action monad. Initial algebras for such
endofunctors enjoy an indexed version of the parameterised initiality and representation theorems,
and stating and establishing those is our main goal.

We’ll use the indexed family 𝑡 : Tree ⊢ InPath 𝑡 as our running example, but unlike Example 3.2,
we avoid the redundant cases through symmetric programming. As our endofunctor, we take:

(𝐹InPath𝑋 )Leaf B ∅ (𝐹InPath𝑋 )Node ℓ 𝑛 𝑟 B Nil | L :: 𝑋ℓ | R :: 𝑋𝑟

(𝐹 𝑓 )𝑢Nil B Nil (𝐹 𝑓 )𝑢 (L :: 𝑥) B L :: 𝑓ℓ𝑥 (𝐹 𝑓 )𝑢 (R :: 𝑦) B R :: 𝑓𝑟𝑦
(where: 𝑡 : Tree ⊢ 𝑓 : 𝑋 → 𝑌 , 𝑢 = Node ℓ 𝑛 𝑟 )

The initial algebra has as carrier 𝑡 : Tree ⊢ InPath 𝑡 from Example 3.1.
We denote the multiplication of the free Γ-indexed 𝐺-action monad 𝑃 by:

(i) : 𝐺 ⧆ (𝐺 ⧆ 𝑋 ) → 𝐺 ⧆ 𝑋
〈
𝑔,

〈
ℎ, 𝑥 : 𝑋ℎ−1⊛𝑔−1⊛𝛾

〉〉
B

〈
𝑔 ∗ ℎ, 𝑥 : 𝑋 (𝑔∗ℎ)−1⊛𝛾

〉
It is the functor (𝐺⧆) that generalises the notion of strength to the indexed setting:

Definition A.1. Let Γ be a 𝐺-action and 𝐹 : FamΓ → FamΓ be an endofunctor. A Γ-indexed
𝐺-symmetry strength is a natural transformation st : 𝐺 ⧆ 𝐹𝑋 → 𝐹 (𝐺 ⧆ 𝑋 ), satisfying:

st𝛾 (𝑒,𝑢) = 𝐹 (𝑥 ↦→ ⟨𝑒, 𝑥⟩)𝑢 𝐹 (i) ◦ st (𝑔, st (ℎ, 𝑥)) = st (𝑔 ∗ ℎ, 𝑥)
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Example A.2. We define an S2-symmetry strength for 𝑡 : Tree ⊢ InPath 𝑡 . Only the F case is
interesting, as the first strength axiom forces the definition for I:

st
InPath©­« 𝑛

ℓ 𝑟

ª®¬

〈
F,Nil : InPath 𝑛

F⊛ 𝑟 F⊛ ℓ

〉
B Nil : InPath

(
𝑛

ℓ 𝑟

)
stInPath©­« 𝑛

ℓ 𝑟

ª®¬
⟨F, L :: (𝑥 : 𝑋F⊛𝑟 )⟩ B R :: ⟨F, 𝑥 : 𝑋F⊛𝑟 ⟩ ∈ (𝐹InPath (𝐺 ⧆ 𝑋 ))©­« 𝑛

ℓ 𝑟

ª®¬
stInPath©­« 𝑛

ℓ 𝑟

ª®¬
⟨F,R :: (𝑥 : 𝑋F⊛ℓ )⟩ B L :: ⟨F, 𝑥 : 𝑋F⊛ℓ⟩ ∈ (𝐹InPath (𝐺 ⧆ 𝑋 ))©­« 𝑛

ℓ 𝑟

ª®¬
To prove the second strength axiom, only the case 𝑔 B ℎ B F is interesting though straightforward:

𝐹 (i) ◦ st (F, st (F,Nil)) = 𝐹 (i) ◦ st (F,Nil) = 𝐹 (i)Nil = Nil

= st (F ∗ F,Nil)
𝐹 (i) ◦ st (F, st (F, L :: 𝑥)) = 𝐹 (i) ◦ st (F,R :: ⟨F, 𝑥⟩)

= 𝐹 (i) (L :: ⟨F ∗ F, 𝑥⟩) = L :: ⟨I, 𝑥⟩ = st (F ∗ F, L :: 𝑥)
and symmetrically for R :: 𝑥 . We cannot avoid this symmetric argument using wlog as we are setting
up the symmetric action by defining the strength. Later uses of wlog will exploit this work. □

The appropriate category-theoretic concept that abstracts this notion of strength is a monad-
functor distributive law, and we will use this perspective in our category theoretic development in
Appendix F. As may be clear, when 1 ⊢ 𝑋 is a single-fibred family, 1 ⊢ 𝐺 ⧆ 𝑋 is the single-fibred
family 𝐺 × 𝑋 , subsuming the simply-typed case.
The following lemma justifies checking only the interesting cases, as we did in Example A.2:

Lemma A.3. Let st be the structure of an indexed 𝐺-symmetric strength, satisfying the first axiom.
Then the second axiom holds when either 𝑔 = 𝑒 or ℎ = 𝑒 .

Our main initiality theorem uses an indexed notion of equivariant algebras (cf. Definition 4.6):

Definition A.4. Let Γ be a𝐺-action, 𝐹 : FamΓ → FamΓ an endofunctor equipped with a symmetry
strength. For every indexed action 𝐴, the lifted action is given by:

𝐹st𝐴 B 𝐹𝐴 𝑔 ⊛𝛾 𝑢 B 𝐹 (⊛) st𝑔⊛𝛾 ⟨𝑔, 𝑡⟩
An equivariant 𝐹 -algebra ⟨𝐴, 𝑓 ⟩ for an endofunctor equipped with a symmetry strength, consists
of an indexed action 𝐴 equipped with an equivariant algebra structure Γ ⊢ 𝑓 : 𝐹st𝐴 ⊛→ 𝐴. An
equivariant 𝐹 -algebra homomorphism is then a family map between the carrier families of two
such algebras that is simultaneously equivariant and 𝐹 -algebra homomorphic.

We generalise the Equivariant Initiality Theorem 4.8 to indexed families:

Theorem A.5 (indexed equivariant initiality). Let roll : 𝐹𝝁𝐹 → 𝝁𝐹 be an initial algebra for a
functor 𝐹 over Γ-indexed families with a 𝐺-symmetry strength st : 𝐺 ⧆ 𝐹𝑋 → 𝐹 (𝐺 ⧆ 𝑋 ). There
is a unique map (⊛) : 𝐺 ⧆ 𝝁𝐹 → 𝝁𝐹 satisfying 𝑔 ⊛ (roll 𝑢) = roll (𝐹 (⊛) (st (𝑔,𝑢))). It makes
⟨𝝁 𝑓 , roll⟩ into an initial equivariant 𝐹 -algebra: for every equivariant 𝐹 -algebra ⟨𝐴, 𝑓 : 𝐹st𝐴 ⊛→ 𝐴⟩,
the 𝐹 -homomorphism into 𝐴 is equivariant: fold 𝑓 : 𝝁𝐹 ⊛→ 𝐴.

Like its simply-typed variant, the proof of this theorem uses an appropriate notion of parame-
terised initiality originally proposed by Bird and Paterson [13].
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Example A.6. The action induced by the Indexed Equivariant Initiality Theorem A.5 satisfies:

F⊛ (L :: R :: Nil) = roll ◦ 𝐹 (⊛) st (F, L :: (R :: Nil)) = roll ◦ 𝐹 (⊛) (R :: ⟨F,R :: Nil⟩)
= R :: (F⊛ (R :: Nil)) = R :: L :: (F⊛ Nil) = R :: L :: Nil

as we may expect from the example at the beginning of §3.2. □

Example A.7. Let’s implement the dependently-typed node lookup function and simultaneously
show its equivariance lookup : (𝑡 : Tree) × InPath 𝑡 ⊛→ N. We’ll construct an indexed equivariant
map 𝑡 : Tree ⊢ lookup𝑡 : InPath 𝑡 ⊛→ N. By the Indexed Equivariant Initiality Theorem A.5,
it suffices to equip N with an equivariant 𝐹InPath-algebra structure lookupElim : 𝐹InPathN ⊛→ N.
Informally, w.l.o.g., the path to the node is either empty or starts with the Left subtree, eliminating
one symmetric case. Formally, define a canoniser by 𝑐Nil B 𝑐 (L :: 𝑛) B I and 𝑐 (R :: 𝑛) B F. Its
canonical elements are Nil and L :: 𝑛. This canoniser is equivariant, but not strictly:

𝑐 (F⊛ Nil) = 𝑐Nil = I
Nil∼ F = I ∗ F−1 = F⊛ 𝑐 Nil

𝑐 (F⊛ (L :: 𝑛)) = 𝑐 (R :: 𝑛) = F = I ∗ F−1 = F⊛ 𝑐 (L :: 𝑛)

and symmetrically for R :: 𝑛. Again, we cannot avoid this symmetry with wlog since we are setting
up the symmetric argument.

Let’s define the core function for the eliminator 𝑡 : Tree ⊢ lookupCore : Can 𝑐 → N:

lookupCore(Node ℓ 𝑛 𝑟 )Nil B 𝑛 lookupCore(Node ℓ 𝑛 𝑟 ) (L :: 𝑝) B 𝑝

and we do not need to consider the symmetric case. The stabiliser subgroup for N is the whole of
S2 since its action is trivial. Consequently, every core function is stable, and we don’t need to work
out the stabilisers for canonical elements. For completeness, here they are. The stabiliser subgroup
for Nil is the whole of S2, and the stabiliser subgroup for L :: 𝑝 is the trivial subgroup {I}.

We use the Indexed Representation Theorem 3.12 to show the extended function is equivariant:
lookupElim B wlog(𝑐, 𝑓 ) : 𝐹InPathN ⊛→ N. □

As in the simply-typed case (cf. §4.3), we reuse the same canoniser for multiple traversals of the
same symmetric indexed data type, and streamline the steps in Example A.7.

Definition A.8. Let Γ be a 𝐺-action, and 𝐹 be a Γ-indexed 𝐺-strong. An indexed canoniser for 𝐹
is a natural transformation Γ ⊢ 𝑐 : 𝐹 → 𝐺 . Each such canoniser induces the canonical elements
functor Can 𝑐 : 𝐺-ActΓ → FamΓ given by:

((Can 𝑐)𝐴)𝛾 B (Can𝐹𝐴 𝑐𝐴)𝛾 B
{
𝑔 ⊛𝐹𝐴

𝛿
𝑢

����𝑔 = 𝑐𝐴;𝛿𝑢,𝑔 ⊛ 𝛿 = 𝛾,

𝑢 ∈ (𝐹𝐴)𝛿

}
(Can 𝑐)ℎ : 𝑢 ↦→ (𝐹ℎ)𝑢

An indexed canoniser is uniquely determined by its component at the terminal family Γ ⊢ 1.

Example A.9. The indexed S2-strong functor 𝐹InPath has the canoniser (cf.Example 4.11)

goLeftNode𝑛 ℓ 𝑟 Nil B I C goLeftNode ℓ 𝑛 𝑟 (L :: 𝑝) goLeftNode ℓ 𝑛 𝑟 (R :: 𝑝) B F

The canonical elements are:

(Can𝐴 goLeft)Leaf B ∅ (Can𝐴 goLeft)Node ℓ 𝑛 𝑟 B
{
Nil, L :: 𝑎

��𝑎 ∈ 𝐴Node ℓ 𝑛 𝑟

}
□

Continuing in tandem with the development of §4.5, we define the data we use to traverse an
indexed symmetric data type:
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Definition A.10. Let 𝐹 be a Γ-indexed 𝐺-strong functor and 𝑐 : 𝐹 → 𝐺 a canoniser for it. An
indexed 𝑐-core 𝐹 -algebra ⟨𝐴, 𝑓 ⟩ consists of a Γ-indexed 𝐺-action 𝐴 equipped with a vertical map
Γ ⊢ 𝑓 : (Can 𝑐)𝐴→ 𝐴. It is equivariant when 𝑓 is equivariant Γ ⊢ 𝑓 : ((Can 𝑐)𝐴 ⊆ 𝐹𝐴) ⊛→ 𝐴. A
homomorphism of equivariant indexed 𝑐-core 𝐹 -algebras ℎ : ⟨𝐴, 𝑓 ⟩ → ⟨𝐵,𝑔⟩ is an equivariant map
Γ ⊢ ℎ : 𝐴 ⊛→ 𝐵 satisfying: ℎ(𝑓 𝑢) = 𝑔 ((Can 𝑐)ℎ𝑢).

Example A.11. We have the following equivariant goLeft-core 𝐹InPath-algebra:

lookupCore : (Can goLeft) (TrivN) → TrivN = N

lookupCoreNode ℓ 𝑛 𝑟Nil B 𝑛 lookupCoreNode ℓ 𝑛 𝑟 (L :: (𝑘 ∈ N)) B 𝑘 □

Next, chain together the traversal and w.l.o.g. constructions:

Γ ⊢
(
Can𝐹𝐴 𝑐𝐴 = (Can 𝑐)𝐴

𝑓
−→ 𝐴

)
↦→

(
𝐹𝐴

wlog(𝑐𝐴,𝑓 )
−−−−−−−−→ 𝐴

)
↦→

(
flog𝐴 (𝑐, 𝑓 ) : 𝝁𝐹

fold wlog(𝑐𝐴,𝑓 )
−−−−−−−−−−−−→ 𝐴

)
And similarly chain Theorem 3.12 and the Indexed Equivariant Initiality Theorem A.5:

TheoremA.12 (indexed core initiality). Let 𝐹 be a Γ-indexed𝐺-strong functor, Γ ⊢ roll : 𝐹𝝁𝐹 → 𝝁𝐹
an initial algebra of 𝐹 , and 𝑐 a canoniser for 𝐹 . Then restricting roll to canonical elements makes 𝝁𝐹
into the initial indexed 𝑐-core 𝐹 -algebra roll : (Can 𝑐)𝝁𝐹 ⊛→ 𝝁𝐹 : for any equivariant indexed 𝑐-core
𝐹 -algebra 𝑓 : (Can 𝑐)𝐴 ⊛→ 𝐴, the unique equivariant indexed 𝑐-core 𝐹 -algebra homomorphism into
𝑓 is: flog (𝑐, 𝑓 ) : 𝝁𝐹 ⊛→ 𝐴.

This theorem implies, by Example A.11, that we have an equivariant function:

𝑡 : Tree ⊢ lookup B flog (goLeft, lookupCore) : InPath 𝑡 ⊛→ TrivN

B Simply-typed w.l.o.g.: further details
In this Appendix, we provide further details to §2. Our first proof obligation is a comment we
immediately before Example 2.4:

Lemma B.1 (well-known). Let 𝐴 and 𝐵 be 𝐺-actions. The exponential 𝐴→ 𝐵 in 𝐺-Act is given by
the set of functions between their carriers:

𝐴→ 𝐵 B 𝐴→ 𝐵 (𝑔 ⊛𝐴→𝐵 𝑓 ) B 𝑎 ↦→ 𝑔 ⊛𝐵 𝑓 (𝑔−1 ⊛𝐴 𝑎)
eval : (𝐴→ 𝐵) ×𝐴 ⊛→ 𝐵 eval ⟨𝑓 , 𝑎⟩ B 𝑓 𝑎

Proof
We indeed have an action. Unit preservation:

(𝐺𝑒 ⊛𝐴→𝐵 𝑓 )𝑎 =
𝐺
𝑒 ⊛𝐵 𝑓 (𝐺𝑒

−1
⊛ 𝑎) = 𝑓 𝑎 =⇒ 𝐺

𝑒 ⊛𝐴→𝐵 𝑓 = 𝑓

Action preservation:

(𝑔 ⊛𝐴→𝐵 ℎ ⊛𝐴→𝐵 𝑓 )𝑎 = 𝑔 ⊛𝐵 (ℎ ⊛𝐴→𝐵 𝑓 ) (𝑔−1 ⊛𝐴 𝑎) = 𝑔 ⊛𝐵 (ℎ ⊛𝐵 𝑓 (ℎ−1 ⊛𝐴 (𝑔−1 ⊛𝐴 𝑎)))

= (𝑔 𝐺∗ ℎ) ⊛𝐵 𝑓

(
(𝑔 𝐺∗ ℎ)−1 ⊛𝐴 𝑎

)
=

(
(𝑔 𝐺∗ ℎ) ⊛𝐴→𝐵 𝑓

)
𝑎

=⇒ (𝑔 ⊛𝐴→𝐵 ℎ ⊛𝐴→𝐵 𝑓 ) = (𝑔 𝐺∗ ℎ) ⊛𝐴→𝐵 𝑓

Evaluation is equivariant. Calculate:

eval (𝑔 ⊛(𝐴→𝐵)×𝐴 ⟨𝑓 , 𝑎⟩) = eval
〈
𝑔 ⊛𝐴→𝐵 𝑓 , 𝑔 ⊛𝐴 𝑎

〉
= (𝑔 ⊛𝐴→𝐵 𝑓 ) (𝑔 ⊛𝐴 𝑎)

= 𝑔 ⊛𝐵 (𝑓 (𝑔−1 ⊛𝐴 (𝑔 ⊛𝐴 𝑎))) = 𝑔 ⊛𝐵 (𝑓 𝑎) = 𝑔 ⊛𝐵 eval ⟨𝑓 , 𝑎⟩

Proc. ACM Program. Lang., Vol. 10, No. POPL, Article 216. Publication date: November 2027.



Mathematical foundations for symmetric programming and reasoning 216:37

Given any equivariant map ℎ : 𝐶 ×𝐴 ⊛→ 𝐵, its curried map is also equivariant:

(𝑔 ⊛𝐴⇒𝐵 curry ℎ𝑐)𝑎 = 𝑔 ⊛𝐵 curry ℎ(𝑐;𝑔−1 ⊛𝐴 𝑎) = 𝑔 ⊛𝐵 ℎ(𝑐, 𝑔−1 ⊛𝐴 𝑎)

equivariance

↓
= ℎ(𝑔 ⊛𝐶 𝑐, 𝑔 ⊛ 𝑔−1 ⊛𝐴 𝑎)

= ℎ(𝑔 ⊛𝐶 𝑐, 𝑎) = (curry ℎ(𝑔 ⊛𝐶 𝑐)𝑎
=⇒ 𝑔 ⊛𝐴→𝐵 curry ℎ𝑐 = curry ℎ(𝑔 ⊛𝐶 𝑐)

and so curry ℎ : 𝐶 ⊛→ (𝐴 → 𝐵). The curried function lifts ℎ along evaluation. Now if we have
an equivariant map 𝑔 : 𝐶 ⊛→ (𝐴 → 𝐵) that lifts ℎ along evaluation, then by the set-theoretic
argument, it coincides with curry ℎ. ■

Next, we characterise the canonical elements of canonisers of the form 𝐴 × 𝐵 𝜋1−−→ 𝐴
𝑐−→ 𝐺 :

Proof of Lemma 2.8
Take an arbitrary canonical element (𝑐 ◦ 𝜋1) ⟨𝑎, 𝑏⟩ ⊛ ⟨𝑎, 𝑏⟩ ∈ Can (𝑐 ◦ 𝜋1). We then have

(𝑐 ◦ 𝜋1) ⟨𝑎, 𝑏⟩ ⊛ ⟨𝑎, 𝑏⟩ = 𝑐𝑎 ⊛ ⟨𝑎, 𝑏⟩ = ⟨𝑐𝑎 ⊛ 𝑎, 𝑐𝑎 ⊛ 𝑏⟩ ∈ Can 𝑐 × 𝐵

Conversely, given an arbitrary pair ⟨𝑐𝑎 ⊛ 𝑎, 𝑏⟩ ∈ Can 𝑐 × 𝐵, let 𝑏′ = (𝑐𝑎)−1 ⊛ 𝑏. We then have:

⟨𝑐𝑎 ⊛ 𝑎, 𝑏⟩ =
〈
𝑐𝑎 ⊛ 𝑎, (𝑐𝑎 ∗ (𝑐𝑎)−1) ⊛ 𝑏

〉
= 𝑐𝑎⊛ ⟨𝑎, 𝑏′⟩ = ((𝑐 ◦𝜋1) ⟨𝑎, 𝑏′⟩)⊛ ⟨𝑎, 𝑏′⟩ ∈ Can (𝑐 ◦ 𝜋1)

Therefore Can (𝑐 ◦ 𝜋1) = Can 𝑐 × 𝐵. ■
Next, we proof the main equivariance theorem for the w.l.o.g. construction:

Proof of Theorem 2.13
Let us first show that wlog(𝑐, 𝑓 ) is equivariant. Take arbitrary 𝑔 ∈ 𝐺 and 𝑎 ∈ 𝐴. By definition and
by the group and action axioms, we can rewrite:

wlog(𝑐, 𝑓 ) (𝑔 ⊛ 𝑎) = 𝑐 (𝑔 ⊛ 𝑎)−1 ⊛ 𝑓 (𝑐 (𝑔 ⊛ 𝑎) ⊛ (𝑔 ⊛ 𝑎))
= 𝑐 (𝑔 ⊛ 𝑎)−1 ⊛ 𝑓 (𝑐 (𝑔 ⊛ 𝑎) ⊛ (𝑔 ⊛ (𝑐𝑎)−1 ⊛ 𝑐𝑎 ⊛ 𝑎))
= 𝑐 (𝑔 ⊛ 𝑎)−1 ⊛ 𝑓

(
(𝑐 (𝑔 ⊛ 𝑎) ∗ 𝑔 ∗ (𝑐𝑎)−1) ⊛ (𝑐𝑎 ⊛ 𝑎)

)
Since both 𝑐𝑎 ⊛ 𝑎 and 𝑐 (𝑔 ⊛ 𝑎) ⊛ (𝑔 ⊛ 𝑎) belong to Can 𝑐 , equivariance of 𝑓 allows us to rewrite:

= 𝑐 (𝑔 ⊛ 𝑎)−1 ⊛
(
(𝑐 (𝑔 ⊛ 𝑎) ∗ 𝑔 ∗ (𝑐𝑎)−1

)
⊛ 𝑓 (𝑐𝑎 ⊛ 𝑎))

= 𝑔 ⊛ ((𝑐𝑎)−1 ⊛ 𝑓 (𝑐𝑎 ⊛ 𝑎))
= 𝑔 ⊛ wlog(𝑐, 𝑓 ) 𝑎

as desired.
Next, let us show that wlog(𝑐, 𝑓 ) extends 𝑓 . Take an arbitrary canonical element 𝑎 ∈ Can 𝑐 . Since

𝑐𝑎 ⊛ 𝑎 also lies in ∈ Can 𝑐 , the action axioms imply:

wlog(𝑐, 𝑓 ) 𝑎 = (𝑐𝑎)−1 ⊛ 𝑓 (𝑐𝑎 ⊛ 𝑎)

𝑓 is equivariant

↓
= (𝑐𝑎)−1 ⊛ 𝑐𝑎 ⊛ 𝑓 𝑎 = 𝑓 𝑎

Finally, take an arbitrary 𝜑 : 𝐴 ⊛→ 𝐵 that extends 𝑓 along Can 𝑐 ⊆ 𝐴. Then, for an arbitrary
𝑎 ∈ 𝐴, we have

𝜑𝑎 = 𝜑 ((𝑐𝑎)−1 ⊛ 𝑐𝑎 ⊛ 𝑎)

𝜑 equivariant

↓
= (𝑐𝑎)−1 ⊛ 𝜑 (𝑐𝑎 ⊛ 𝑎)

𝜑 extends 𝑓

↓
= (𝑐𝑎)−1 ⊛ 𝑓 (𝑐𝑎 ⊛ 𝑎)

by definition

↓
= wlog(𝑐, 𝑓 ) 𝑎

as desired. ■
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The order of the next few results differs from the order in which they appear in the main text.
They concern the characterisation of strictly equivariant and immediate canonisers from §2.2. Strict
equivariance seem to be a more natural concept to the audience when we present this work, so the
main text starts there. Here we first characterise immediate canonisers, and use this characterisation
as part of the proof. This order make it easier to see that we avoid circular reasoning.

We start with immediate canonisers as every strictly equivariant canoniser is also immediate:
Proof of Proposition 2.20
Calculate:

𝑐 (𝑐𝑎 ∗ 𝑎)

equivariance

↓
= 𝑐𝑎 ∗ (𝑐𝑎)−1 = 𝑒

as desired. ■
We characterise immediate canonisers via the condition Can 𝑐 = 𝑐−1 [𝑒]:

Proof of Proposition 2.22
Take an arbitrary 𝑐𝑎⊛𝑎 ∈ Can 𝑐 . Since 𝑐 is immediate, we have 𝑐 (𝑐𝑎 ⊛ 𝑎) = 𝑒 , and so 𝑐𝑎⊛𝑎 ∈ 𝑐−1 [𝑒],
thus Can 𝑐 ⊆ 𝑐−1 [𝑒]. The converse inclusion always holds. Indeed, if 𝑎 ∈ 𝑐−1 [𝑒], then 𝑐𝑎 = 𝑒 and
so 𝑎 = 𝑐𝑎 ⊛ 𝑎 ∈ Can 𝑐 .

Conversely, let us show that 𝑐 is immediate and take an arbitrary 𝑎 ∈ 𝐴. We have 𝑐𝑎⊛ 𝑎 ∈ Can 𝑐
by definition, thus 𝑐𝑎 ⊛ 𝑎 ∈ 𝑐−1 [𝑒] by assumption, and so 𝑐 (𝑐𝑎 ⊛ 𝑎) = 𝑒 as required. ■
The next result characterises strict equivariance of a canoniser via the equivariance of every

core function. The proof uses the concept of stabilisers that we introduce in §3.4. The proof is
dependently-typed in nature, and it is best understood in the context of §3 and §3.4 in particular.
However, we make the proof self-contained and re-introduce the concepts that are relevant for it.
Proof of Theorem 2.17
First, take a strictly equivariant canoniser 𝑐 : 𝐴 → 𝐺 , and let 𝐵 be an arbitrary action. We need
to show that every core function 𝑓 : Can 𝑐 → 𝐵 is equivariant. Take 𝑎,𝑔 ⊛ 𝑎 ∈ Can 𝑐 . Since 𝑐
is strictly equivariant, by Proposition 2.20, it is an immediate canoniser. So by Proposition 2.22,
𝑐𝑎 = 𝑒 = 𝑐 (𝑔 ⊛ 𝑎), therefore:

𝑔−1 = 𝑐𝑎 ∗ 𝑔−1 =
↑

𝑐 strictly equivariant

𝑐 (𝑔 ⊛ 𝑎) = 𝑒

and equivariance holds vacuously.
Conversely, assume that every core function is equivariant, and let us show that 𝑐 is strictly

equivariant. Recall that for every 𝑎 ∈ 𝐴, we define the stabiliser sub-group of 𝑎 as the set of
symmetries that fix 𝑎:

𝐺𝑎 B
{
𝑠 ∈ 𝐺

�� 𝑠 ⊛ 𝑎 = 𝑎
}

Take the following action over the the set of dependent pairs consisting of an element in 𝐴 and one
of its stabilising symmetries:

𝐵 B (𝑎 : 𝐴) ×𝐺𝑎 𝑔 ⊛ ⟨𝑎, 𝑠⟩ B
〈
𝑔 ⊛ 𝑎, 𝑠 ∗ 𝑔−1

〉
Indeed, this definition is well-typed because:

(𝑠 ∗ 𝑔−1) ∗ (𝑔 ⊛ 𝑎) = 𝑠 ⊛ (𝑔−1 ∗ 𝑔) ⊛ 𝑎 = 𝑠 ⊛ 𝑎 = 𝑎

It is also an action, since:

𝑒 ⊛ ⟨𝑎, 𝑠⟩ =
〈
𝑒 ⊛ 𝑎, 𝑠 ⊛ 𝑒

−1〉
= ⟨𝑎, 𝑠⟩

𝑔 ⊛ ℎ ⊛ ⟨𝑎, 𝑠⟩ =
〈
𝑔 ⊛ ℎ ⊛ 𝑎, 𝑠 ∗ ℎ−1 ∗ 𝑔−1

〉
=

〈
(𝑔 ∗ ℎ) ⊛ 𝑎, 𝑠 ∗ (𝑔 ∗ ℎ)−1

〉
= (𝑔 ∗ ℎ) ⊛ ⟨𝑎, 𝑠⟩
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Define:

𝑓 : Can 𝑐 → 𝐵 𝑓 𝑎 B ⟨𝑎, 𝑒⟩

By our assumption, its w.l.o.g. extension is equivariant: wlog(𝑐, 𝑓 ) : 𝐴 ⊛→ 𝐵. Note that this map is
given by:

wlog(𝑓 , 𝑐)𝑎 = (𝑐𝑎)−1 ⊛ 𝑓 (𝑐𝑎 ∗ 𝑎) = (𝑐𝑎)−1 ⊛ ⟨𝑐𝑎 ∗ 𝑎, 𝑒⟩ =
〈
𝑎,

(
(𝑐𝑎)−1

)−1〉
= ⟨𝑎, 𝑐𝑎⟩

Now take any 𝑎 ∈ 𝐴 and 𝑔 ∈ 𝐺 , and calculate:

⟨𝑔 ⊛ 𝑎, 𝑐 (𝑔 ⊛ 𝑎)⟩ = wlog(𝑐, 𝑓 ) (𝑔 ⊛ 𝑎) = 𝑔 ⊛ wlog(𝑐, 𝑓 )𝑎 = 𝑔 ⊛ ⟨𝑎, 𝑐𝑎⟩ =
〈
𝑔 ⊛ 𝑎, (𝑐𝑎) ∗ 𝑔−1

〉
Comparing the two second components, we have 𝑐 (𝑔 ⊛ 𝑎) = (𝑐𝑎) ∗𝑔−1 and the canoniser is strictly
equivariant. ■

The next result shows that actions that admit strictly equivariant canonisers must be semi-regular,
which makes this condition too strong for some actions:
Proof of Lemma 2.18
Assume 𝑔⊛ 𝑎 = 𝑎. By equivariance of the canoniser, we thus have 𝑐𝑎 = 𝑐 (𝑔 ⊛ 𝑎) = 𝑐𝑎 ∗ 𝑔−1 and by
cancelling 𝑐𝑎 on the left, we get 𝑒 = 𝑔. ■
The final result concerns inheriting strict equivariance and immediateness from a canoniser:

Proof of Lemma 2.21
To show strict equivariance, we have that the projection is an equivariant map 𝜋1 : 𝐴 × 𝐵 ⊛→ 𝐴,
and equivariant maps compose. For immediateness, we calculate

𝑐 ◦ 𝜋1 ((𝑐 ◦ 𝜋1⟨𝑎, 𝑏⟩) ∗ ⟨𝑎, 𝑏⟩) = 𝑐 ◦ 𝜋1 (𝑐𝑎 ∗ ⟨𝑎, 𝑏⟩) = 𝑐 ◦ 𝜋1 (⟨𝑐𝑎 ∗ 𝑎, 𝑐𝑎 ∗ 𝑏⟩)
= 𝑐 (𝑐𝑎 ∗ 𝑎) = 𝑒

and so 𝑐 ◦ 𝜋1 is immediate when 𝑐 is. ■

C Dependent types: further details
We begin by establishing the correctness of the action over the Grothendieck construction

∐
Γ 𝐴,

as we will use its properties pervasively, e.g., when extending contexts.
Proof of Proposition 3.7
Take a Γ-indexed action 𝐴 and define an action on

∐
Γ 𝐴 by:

𝑔 ⊛
〈
𝛾 : Γ, 𝑎 : 𝐴

𝛾

〉
B

〈
𝑔 ⊛ 𝛾, 𝑔 ⊛𝛾 𝑎 : 𝐵(𝑔 ⊛ 𝛾)

〉
Since 𝜋1 (𝑔 ⊛ ⟨𝛾, 𝑎⟩) = 𝑔 ⊛ 𝛾 = 𝜋1 ⟨𝛾, 𝑎⟩, the projection is equivariant 𝜋1 :

∐
Γ 𝐴 ⊛→ Γ.

Conversely, given an action
∐

Γ 𝐴 as in the assumption, define 𝑔 ⊛𝛾 𝑎 B 𝜋2 (𝑔 ⊛ ⟨𝛾, 𝑎⟩). This
definition is a well-typed dependent function 𝛾 : Γ ⊢ (⊛) : (𝑔 : 𝐺) → 𝐴𝛾 → 𝐴(𝑔 ⊛ 𝛾):

𝑔 ⊛𝛾 𝑎 ∈ 𝐴 (𝜋1 (𝑔 ⊛ ⟨𝛾, 𝑎⟩)) = 𝐴 (𝑔 ⊛ 𝛾)

It also satisfies the two conditions for an indexed action. The unit axiom:

𝑒 ⊛𝛾 𝑎 = 𝜋2 (𝑒 ⊛ ⟨𝛾, 𝑎⟩) = 𝜋2 ⟨𝛾, 𝑎⟩ = 𝑎
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The multiplication axiom:

ℎ ⊛𝑔⊛𝛾 (𝑔 ⊛𝛾 𝑎) = 𝜋2 (ℎ ⊛ ⟨𝑔 ⊛ 𝛾, 𝜋2 (𝑔 ⊛ ⟨𝛾, 𝑎⟩)⟩)
𝜋1 equivariant

↓
= 𝜋2 (ℎ ⊛ ⟨𝜋1 (𝑔 ⊛ ⟨𝛾, 𝑎⟩), 𝜋2 (𝑔 ⊛ ⟨𝛾, 𝑎⟩)⟩)

extensionality of pairs

↓
= 𝜋2 (ℎ ⊛ (𝑔 ⊛ ⟨𝛾, 𝑎⟩)) = 𝜋2 ((ℎ ∗ 𝑔) ⊛ ⟨𝛾, 𝑎⟩) = (ℎ ∗ 𝑔) ⊛𝛾 𝑎

and so we have an indexed action. The two constructions are inverse to each other. ■
The following example lets us work more formally with concrete examples:

Example C.1. The Grothendieck construction extends equivariantly to equivariant terms and
maps. It sends equivariant terms Γ ⊢ 𝑡 : 𝐴 to equivariant sections (𝛾 ↦→

〈
𝛾, 𝑡𝛾

〉
) : Γ ⊛→ ∐

Γ 𝐴.
It sends a dependent equivariant function Γ ⊢ 𝑓 : (𝑥 : 𝐴) → 𝐵 to the following equivariant map(
⟨𝛾, 𝑎⟩ ↦→

〈
𝛾, 𝑥 ↦→𝑎, 𝑓𝛾𝑎

〉)
:
∐

Γ 𝐴 ⊛→∐
Γ,𝑥 :𝐴 𝐵. □

Next, we establish the indexed action axioms for the family of dependent functions, and the
indexed equivariance of related operations.

Lemma C.2. The indexed action structure over the family of dependent functions is an action,
evaluation is equivariant, and currying and uncurrying preserve equivariance.

Proof
Indeed, the action axioms hold by calculating with the correct indices as in the ordinary case.
Similarly for evaluation:

eval (𝑔 ⊛𝛾 𝑓 , 𝑥)𝑔⊛𝛾,𝑥 ↦→𝑔⊛𝛾𝑎
= 𝑔 ⊛ 𝑓 (𝑔−1 ⊛ 𝑔 ⊛ 𝑎) = 𝑔 ⊛ 𝑓 𝑎 = 𝑔 ⊛ eval (𝑓 , 𝑥)𝛾,𝑥 ↦→𝑎

The bijective correspondence is given as in the set-theoretic case. If 𝑡 is equivariant, then:

(𝑥 : 𝐴 ↦→ 𝑡)𝑔⊛𝛾𝑎 = 𝑔 ⊛ 𝑡𝑔⊛𝛾,𝑥 ↦→𝑎 = 𝑔 ⊛ 𝑡𝑔⊛𝛾,𝑥 ↦→(𝑔⊛ (𝑔−1⊛𝑎) )
equivariance

↓
= 𝑔 ⊛ 𝑔 ⊛ 𝑡𝛾,𝑥 ↦→(𝑔−1⊛𝑎) = (𝑔 ⊛ (𝑥 : 𝐴 ↦→ 𝑡)𝛾 )𝑎

Therefore (𝑥 : 𝐴 ↦→ 𝑡)𝑔⊛𝛾 = (𝑔 ⊛ (𝑥 : 𝐴 ↦→ 𝑡)𝛾 ).
Conversely, if (𝑥 : 𝐴) ↦→ 𝑡 is equivariant, then since eval ⟨−, 𝑥⟩ is equivariant, 𝑡 is. ■
We now turn to prove the indexed counterpart to the w.l.o.g. Representation Theorem 2.13:

Proof of Theorem 3.12
We can prove this theorem directly, but it may be more interesting to reduce it to the ordinary
representation theorem. Applying the Grothendieck construction to the situation, we have:
• 𝐺-actions ∐

Γ 𝐴 and
∐

Γ,𝑥 :𝐴 𝐵;
• canoniser 𝑐′ B ⟨𝛾, 𝑎⟩ ↦→ 𝑐𝛾𝑎 :

∐
Γ 𝐴→ 𝐺 ;

• below we show that Can 𝑐′ = {⟨𝛾, 𝑎⟩ | 𝑎 ∈ Can 𝑐,𝛾} C∐
Γ Can 𝑐;

• core function 𝑓 ′ B
(
⟨𝛾, 𝑎⟩ ↦→

〈
(𝛾, 𝑥 ↦→𝑎), 𝑓𝛾𝑎

〉)
: Can 𝑐′ →∐

Γ,𝑥 :𝐴 𝐵;
• we have that wlog(𝑐′, 𝑓 ′; ⟨𝛾, 𝑎⟩) =

〈
(𝛾, 𝑥 ↦→𝑎),wlog(𝑐, 𝑓 )𝛾𝑎

〉
;

• the core function 𝑓 ′ is equivariant iff 𝑓 is (by Example C.1);
• below we show that wlog(𝑐′, 𝑓 ′) is equivariant iff wlog(𝑐, 𝑓 ) is equivariant;
• below we show that the function term Γ ⊢ 𝑔 :

(
𝑥 : 𝐴

)
→ 𝐵 extends 𝑓 along Γ ⊢ Can 𝑐 ⊆ 𝐴 iff

the function ⟨𝛾, 𝑎⟩ ↦→ ⟨(𝛾, 𝑥 ↦→𝑎), 𝑔𝛾𝑎⟩ :
∐

Γ 𝐴→
∐

Γ,𝑥 :𝐴 𝐵 extends 𝑓 ′ along Can 𝑐′ ⊆ ∐
Γ 𝐴.
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The theorem follows by unpacking and re-packing definitions in both directions. Let’s discharge
the outstanding proof obligations.

Let ⟨𝛾, 𝑎⟩ be canonical for 𝑐′, so ⟨𝛾, 𝑎⟩ = (𝑐𝛾𝑎′)⊛⟨𝛾 ′, 𝑎′⟩. Then𝛾 ′ = (𝑐𝑎′)−1⊛𝛾 and𝑎′ ∈ 𝐴 (𝑐𝑎′ )−1⊛𝛾 ,
so 𝑎 ∈ (Can 𝑐)𝛾 , and so ⟨𝛾, 𝑎⟩ ∈ ∐

Γ Can 𝑐 . These implications are invertible, proving the converse.
Next, we show that the Grothendieck construction preserves the w.l.o.g. extension:

wlog(𝑐′, 𝑓 ′; ⟨𝛾, 𝑎⟩) = (𝑐′ ⟨𝛾, 𝑎⟩)−1 ⊛ 𝑓 ′ ((𝑐′ ⟨𝛾, 𝑎⟩) ⊛ ⟨𝛾, 𝑎⟩)

=
(
𝑐𝛾𝑎

)−1 ⊛ 𝑓 ′ ((𝑐𝛾𝑎) ⊛ ⟨𝛾, 𝑎⟩)

=
(
𝑐𝛾𝑎

)−1 ⊛ 𝑓 ′
〈
(𝑐𝛾𝑎) ⊛ 𝛾, (𝑐𝛾𝑎) ⊛ 𝑎

〉
=

(
𝑐𝛾𝑎

)−1 ⊛ 〈(
(𝑐𝛾𝑎) ⊛ 𝛾, 𝑥 ↦→((𝑐𝛾𝑎) ⊛ 𝑎)

)
, 𝑓(𝑐𝛾𝑎)⊛𝛾 (𝑐𝛾𝑎) ⊛ 𝑎

〉
=

〈
(𝛾, 𝑥 ↦→𝑎),

(
𝑐𝛾𝑎

)−1 ⊛ 𝑓(𝑐𝛾𝑎)⊛𝛾 (𝑐𝛾𝑎) ⊛ 𝑎

〉
=

〈
(𝛾, 𝑥 ↦→𝑎),wlog(𝑐, 𝑓 )𝛾𝑎

〉
In addition, by Example C.1, one w.l.o.g. extension is equivariant iff the other is equivariant.

The final bullet point follows by functoriality of the Grothendieck construction. ■
We now establish the bread-and-butter properties facilitating smooth dependently-typed sym-

metric programming and symmetric propositional reasoning. We start with dependent-function
abstraction:

Lemma C.3 (abstraction). Function abstraction of an equivariant term Γ, 𝑥 : 𝐴 ⊢ 𝑡 : 𝐵 is both:
• an equivariant term Γ ⊢ ((𝑥 : 𝐴) ↦→ 𝑡) : (𝑥 : 𝐴) → 𝐵.
• an equivariant function Γ ⊢ ((𝑥 : 𝐴) ↦→ 𝑡) : (𝑥 : 𝐴) ⊛→ 𝐵.

Proof
Calculate, ignoring indices (as those type-check):

(𝑔 ⊛ (𝑥 : 𝐴 ↦→ 𝑡))𝛾 𝑎

action on

dep. functions
↓
= 𝑔 ⊛ ((𝑥 : 𝐴 ↦→ 𝑡) (𝑔−1 ⊛ 𝑎))

abstraction def
↓
= 𝑔 ⊛ 𝑡𝛾,𝑥 ↦→(𝑔−1⊛𝑎)

𝑡 equivariant

↓
= 𝑡𝑔⊛𝛾,𝑥 ↦→(𝑔⊛𝑔−1⊛𝑎)

= 𝑡𝑔⊛𝛾,𝑥 ↦→𝑎 = (𝑥 : 𝐴 ↦→ 𝑡)𝑔⊛𝛾𝑎

showing abstraction is an equivariant term. It is also an equivariant function, for:

(𝑥 : 𝐴 ↦→ 𝑡)𝑔⊛𝛾 (𝑔 ⊛ 𝑎)

abstraction def
↓
= 𝑡𝑔⊛𝛾,𝑥 ↦→𝑔⊛𝑎

𝑡 equivariant

↓
= 𝑔 ⊛ 𝑡𝛾,𝑥 ↦→𝑎

as we wanted. ■
Substitution using an equivariant substitution preserves equivariance:

Lemma C.4 (reindexing and substitution). Reindexing by an equivariant function 𝜃 : Γ → Δ sends
equivariant terms Δ ⊢ 𝑠 : 𝐵 to equivariant terms Γ ⊢ 𝑠 [𝜃 ] : 𝐵 [𝜃 ], and moreover every equivariant
term Γ ⊢ 𝑡 : 𝐵 [𝜃 ] induces an equivariant substitution (𝜃,𝑦 ↦→𝑡) : Γ ⊛→ (Δ, 𝑦 : 𝐵).

Proof
Calculate:

𝑔 ⊛ 𝑠 [𝜃 ]𝛾

reindexing def

↓
= 𝑔 ⊛ 𝑠𝜃𝛾 =

↑
𝑠 equivariant

𝑠𝑔⊛𝜃𝛾

𝜃 equivariant

↓
= 𝑠𝜃 (𝑔⊛𝛾 ) = 𝑠 [𝜃 ]𝑔⊛𝛾
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and so 𝑠 [𝜃 ] is equivariant. Next, calculate:

(𝜃,𝑦 ↦→𝑡) (𝑔 ⊛ 𝛾)

substitution def
↓
= (𝜃 (𝑔 ⊛ 𝛾), 𝑦 ↦→𝑡𝑔⊛𝛾 )

𝑡 equivariant

↓
= (𝜃 (𝑔 ⊛ 𝛾), 𝑦 ↦→𝑔 ⊛ 𝑡𝛾 )

action on context extension
↓
= 𝑔 ⊛ (𝜃𝛾,𝑦 ↦→𝑡𝛾 )

= 𝑔 ⊛ ((𝜃,𝑦 ↦→𝑡)𝛾)

and so (𝜃,𝑦 ↦→𝑡) : Γ ⊛→ (Δ, 𝑦 : 𝐵). ■
Dependent pairing also preserves equivariant terms:

Lemma C.5 (dependent pairing). Two equivariant terms Γ ⊢ 𝑡 : 𝐴 and Γ ⊢ 𝑠 : 𝐵 [𝑥 ↦→𝑡] induce an
equivariant term Γ ⊢ 𝑡 , 𝑠 : (𝑥 : 𝐴) × 𝐵.

Proof
Calculate:

(𝑔 ⊛ (𝑡 , 𝑠))𝛾 = (𝑔 ⊛ 𝑡𝛾 , 𝑔 ⊛ 𝑠𝛾,𝑥 ↦→𝑡𝛾 )

𝑡 , 𝑠 equivariant

↓
= (𝑡𝑔⊛𝛾 , 𝑠𝑔⊛𝛾,𝑥 ↦→(𝑔⊛𝑡𝛾 ) )

as we wanted. ■
We now turn to propositions:

Lemma C.6 (subfamilies). Each equivariant proposition Γ, 𝑥 : 𝐴 ⊢ 𝜑 : Prop induces an indexed action
on the subfamily Γ ⊢ {𝑥 : 𝐴 | 𝜑} that lifts 𝐴 along the subset inclusions. Equivariant terms Γ ⊢ 𝑡 : 𝐴
satisfying 𝜑 lift to equivariant terms inhabiting the associated subspace i.e., Γ ⊢ lift 𝑡 : {𝑥 : 𝐴 | 𝜑}.

Proof
Equivariance means that if 𝑎 ∈ 𝐴

𝛾
satisfies 𝜑 , then so does 𝑔 ⊛ 𝑎. Therefore 𝑔 ⊛𝛾 𝑎 ∈ {𝑥 : 𝐴 | 𝜑},

and the action lifts. For equivariance of the lifted term, use injectivity of the coercion function
Γ ⊢ coerce B 𝑎 ↦→ 𝑎 : {𝑥 : 𝐴 | 𝜑} ⊛→ 𝐴:

coerce𝑔⊛𝛾 (𝑔 ⊛ (lift 𝑡)𝛾 )

coerce equivariance

↓
= 𝑔 ⊛ coerce𝛾 lift 𝑡𝛾

coercion
↓
= 𝑔 ⊛ 𝑡𝛾

𝑡 equivariant

↓
= 𝑡𝑔⊛𝛾 = coerce𝑔⊛𝛾 (lift 𝑡)𝑔⊛𝛾

and so 𝑔 ⊛ (lift 𝑡)𝛾 = (lift 𝑡)𝑔⊛𝛾 . ■
We use these facts implicitly when conducting reasoning:

LemmaC.7. The logical connectives are equivariant (∧), (∨) : Prop2 ⊛→ Prop, (¬) : Prop ⊛→ Prop,
as well as the quantifiers ∀, ∃ : (𝐴→ Prop) ⊛→ Prop.

Proof
The logical connectives operate between trivial actions hence equivariant. For the quantifiers,
assume ∀𝑡 = True, and so, for each 𝑎 ∈ 𝐴

𝛾
, we have 𝑡 (𝑔−1 ⊛ 𝑎) = True, i.e.:

∀(𝑔 ⊛ 𝑡) = ∀𝑥 .𝑡 (𝑔−1 ⊛ 𝑥) = True

Conversely, if ∀(𝑔 ⊛ 𝑡), then by instantiating with 𝑔 ⊛ 𝑎 we have that 𝑡𝑎 = 𝑡 (𝑔−1 ⊛ 𝑔 ⊛ 𝑎) = True.
Therefore ∀𝑡 = ∀𝑔 ⊛ 𝑡 . A similar argument holds for ∃, or by use of de Morgan. ■

We conclude our treatment of propositions by explicating how symmetric reasoning w.l.o.g.
often manifests—via a property invariant under the symmetry of interest:
Proof of Lemma 3.17
Take canonical 𝑎 and 𝑔 ⊛𝛾 𝑎. By type-checking, 𝑔 ⊛ 𝑓𝛾𝑎, 𝑓𝛾 (𝑔 ⊛ 𝑎) prove the same proposition,
namely 𝜑𝑔⊛𝛾,𝑥 ↦→(𝑔⊛𝑎) . Therefore, 𝑔 ⊛ 𝑓𝛾𝑎 = 𝑓𝛾 (𝑔 ⊛ 𝑎). ■
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In some concrete cases, working with the entire group of permutations incurs a combinatorial
explosion. Group theorists often generate the group from a smaller set of symmetries, and then
only work with those. As we briefly mentioned in the main text, a group𝐺 is generated by a subset
𝑆 ⊆ 𝐺 when𝐺 is the smallest subgroup of 𝐺 containing 𝑆 , equivalently, when every𝐺-element is
the multiplication of𝐺-elements or their inverses. For example, the symmetry group S3 is generated
by the two transpositions (1 2) and (2 3). We have an indexed variation of a well-known lemma:

LemmaC.8. Let Γ ⊢ 𝐴 and Γ, 𝑥 : 𝐴 ⊢ 𝐵 be indexed𝐺-actions. If 𝑆 generates𝐺 and Γ ⊢ 𝑓 :
(
𝑥 : 𝐴

)
→𝐵

is equivariant w.r.t. symmetries in 𝑆 , then 𝑓 is equivariant Γ ⊢ 𝑓 : (𝑥 : 𝐴) ⊛→ 𝐵. When 𝐵 = Prop and
[𝑆]−1 ⊆ 𝑆 , it suffices to show lax/oplax equivariance, i.e.:

(∀𝑔 ∈ 𝑆,∀𝑥 .𝑓 (𝑔 ⊛ 𝑥) =⇒ 𝑓 𝑥) ∨ (∀𝑔 ∈ 𝑆,∀𝑥 .𝑓 (𝑔 ⊛ 𝑥) ⇐= 𝑓 𝑥)

Proof of Lemma C.8
Let 𝐻 ⊆ 𝐺 be the set of symmetries that 𝑓 respects. Then 𝑆 ⊆ 𝐻 . Since 𝑓 (𝑒 ⊛ 𝑎) = 𝑓 𝑎 = 𝑒 ⊛ (𝑓 𝑎),
we have: 𝑒 ∈ 𝐻 . Take ℎ ∈ 𝐻 we have:

𝑓 (ℎ ⊛ 𝑎) = ℎ ⊛ (𝑓 𝑎) =⇒ 𝑓 (ℎ−1 ⊛ 𝑎) = ℎ−1 ⊛ 𝑓 (ℎ ⊛ (ℎ−1 ⊛ 𝑎)) = ℎ−1 ⊛ (𝑓 𝑎)

so ℎ−1 ∈ 𝐻 . Take 𝑔, ℎ ∈ 𝐻 and then:

𝑓 ((𝑔 ∗ ℎ) ⊛ 𝑎) = 𝑓 (𝑔 ⊛ (ℎ ⊛ 𝑎)) = 𝑔 ⊛ (𝑓 (ℎ ⊛ 𝑎)) = 𝑔 ⊛ (ℎ ⊛ (𝑓 𝑎)) = (𝑔 ∗ ℎ) ⊛ (𝑓 𝑎)

so 𝑔 ∗ ℎ ∈ 𝐻 . Thus 𝐻 ⊆ 𝐺 is a subgroup containing 𝑆 , and so 𝐻 =𝐺 .
When 𝐵 = Prop and [𝑆]−1 ⊆ 𝑆 , by substituting 𝑥 ↦→𝑔−1 ⊛ 𝑎 we have:

𝑓 𝑥 ⇐⇒ 𝑓 (𝑔−1 ⊛ (𝑔 ⊛ 𝑥))

[𝑆 ]−1 ⊆ 𝑆

↓
=⇒ 𝑓 (𝑔 ⊛ 𝑥)

For the left disjunct, 𝑓 is in fact equivariant for symmetries in 𝑆 . Similarly for the right disjunct. ■
We now turn to study equivariant canonisers. It turns out that the indexed setting is fruitful

for this purpose. We first show that the indexed action of distinguishable symmetries 𝐺/𝐴 from
Definition 3.18 is well-defined:

Lemma C.9. Let 𝐴 be a 𝐺-action. The action over distinguishable symmetries 𝐺/𝐴 is congruent
w.r.t. indistinguishability, hence is well-defined.

Proof
Assume 𝑠1

𝑎∼ 𝑠2. Calculate:

(𝑠1 ∗ 𝑔−1) ⊛ (𝑔 ⊛ 𝑎) = 𝑠1 ⊛ 𝑎 = 𝑠2 ⊛ 𝑎 = (𝑠2 ∗ 𝑔−1) ⊛ (𝑔 ⊛ 𝑎)

and so 𝑠1 ∗ 𝑔−1
𝑔⊛𝑎∼ 𝑠2 ∗ 𝑔−1, and the action is well-defined. ■

In §3.4 we mentioned in passing the stabiliser family alongside the indexed actions of the orbits
and the indistinguishable symmetries. The stabilisers also form an indexed action:

Example C.10. The stabiliser family has all the symmetries fixing an index 𝑎 ∈ 𝐴 as the fibre over
it: 𝑎 : 𝐴 ⊢ 𝐺𝑎 B

{
𝑠 ∈ 𝐺

�� 𝑠 ⊛ 𝑎 = 𝑎
}
. The stabiliser has an 𝐴-indexed action:

𝑔 ⊛𝑎 𝑠 B 𝑠 ∗ 𝑔−1 ∈ 𝐺𝑔⊛𝑎 since 𝑠 ∗ 𝑔−1 ⊛ (𝑔 ⊛ 𝑎) = 𝑠 ⊛ 𝑎 = 𝑎 □
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We now prove our reformulation of the famous Orbit-Stabiliser Theorem 3.20:
Proof of Theorem 3.20
The bijectivity of 𝜑 is the well-known theorem. We show equivariance:

𝜑𝑔⊛𝑥 (𝑔 ⊛𝑥 [ℎ]𝑥∼)

action on𝐺/𝐴
↓
= 𝜑𝑔⊛𝑥 ( [ℎ ∗ 𝑔−1]𝑔⊛𝑥∼

) = (ℎ ∗ 𝑔−1) ⊛ (𝑔 ⊛ 𝑥) = ℎ ⊛ 𝑥

action on𝐺 ⊛ [𝑥 ]
↓
= 𝑔 ⊛𝑥 (ℎ ⊛ 𝑥)

= 𝑔 ⊛𝑥 𝜑𝑥 [ℎ]𝑥∼

and we conclude as inverses of equivariant functions are equivariant. ■
Next, we characterise equivariant canonisers as those for which stable and equivariant core

functions coincide. First, an observation:

Lemma C.11. Let 𝑐 : 𝐴 → 𝐺 be an equivariant canoniser for a 𝐺-action 𝐴. For every canonical
element 𝑎 ∈ Can 𝑐 , we have 𝑐𝑎 𝑎∼ 𝑒 .

Proof
Since 𝑎 is canonical, there is some 𝑏 ∈ 𝐴 such that 𝑎 = (𝑐𝑏) ⊛ 𝑏. Since 𝑐 is equivariant, we have:

𝑐𝑎 = 𝑐 ((𝑐𝑏) ⊛ 𝑏) 𝑎∼
↑

equivariance
(𝑐𝑏 ) ⊛ 𝑏 = 𝑎

(𝑐𝑏) ∗ (𝑐𝑏)−1 = 𝑒

as we wanted. ■
Now, for the proof:

Proof Theorem 3.25
First, assume 𝑐 : (𝑎 : 𝐴) ⊛→ (𝐺/𝐴)𝑎 is equivariant, and consider any stable core function
𝑓 : Can 𝑐 → 𝐵. We show that 𝑓 is equivariant.
Consider any canonical 𝑔 ⊛ 𝑎, 𝑎 ∈ Can 𝑐 . Since 𝑐 is equivariant, by Lemma C.11, we have 𝑐𝑎 𝑎∼ 𝑒

and so 𝑐𝑎 ∈ 𝐺𝑎 . By equivariance, we have:

𝑔 ⊛𝐺/𝐴 [𝑐𝑎] 𝑎∼ = [𝑐 (𝑔 ⊛ 𝑎)]𝑔⊛𝑎∼

Lemma C.11 for 𝑔⊛ 𝑎

↓
= [𝑒]𝑔⊛𝑎∼

=⇒ [𝑐𝑎] 𝑎∼ = 𝑔−1 ⊛ [𝑒]𝑔⊛𝑎∼
= [𝑔] 𝑎∼

and so 𝑔 𝑎∼ 𝑐𝑎 ∈ 𝐺𝑎 and so 𝑔 ∈ 𝐺𝑎 ⊆ 𝐺 𝑓 𝑎 . Therefore:

𝑓 (𝑔 ⊛ 𝑎)

𝑔 ∈ 𝐺𝑎

↓
= 𝑓 𝑎 =

↑
𝑔 ∈ 𝐺𝑓 𝑎

𝑔 ⊛ 𝑓 𝑎

and so 𝑓 is equivariant.
Conversely, assume that every stable core function is equivariant. We need to show the canoniser

is equivariant. The proof adapts the argument in Theorem 2.17. Since we now have the indexed
action vocabulary, the proof simplifies somewhat.

Take the 𝐴-indexed action 𝐵 B 𝐺/𝐴, and the following core function:

𝑓 : (𝑥 : Can 𝑐) → (𝐺/𝐴)𝑥 𝑓 𝑎 B [𝑒] 𝑎∼
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It is stable. Indeed, take any canonical 𝑎 ∈ Can 𝑐 and a stabilising symmetry 𝑔 ∈ 𝐺𝑎 . Since 𝐺𝑎 is a
sub-group, 𝑔−1 ∈ 𝐺𝑎 , and so [𝑔−1] 𝑎∼ = [𝑒] 𝑎∼. Calculate:

𝑔 ⊛𝐺/𝐴
𝑎 (𝑓 𝑎) = 𝑔 ⊛𝐺/𝐴

𝑎 [𝑒] 𝑎∼ =
[
𝑒 ∗ 𝑔−1

]
𝑔⊛𝑎∼

𝑔 ∈ 𝐺𝑎

↓
=

[
𝑔−1

]
𝑎∼ = [𝑒] 𝑎∼ = 𝑓 𝑎

Therefore 𝑔 ∈ 𝐺 𝑓 𝑎 , and so 𝐺𝑎 ⊆ 𝐺 𝑓 𝑎 , and so 𝑓 is stable.
By assumption, 𝑓 is equivariant, and by the Indexed Representation Theorem 3.12 we have

an equivariant wlog(𝑐, 𝑓 ) : (𝑥 : 𝐴) ⊛→ (𝐺/𝐴)𝑥 . We will show that wlog(𝑐, 𝑓 ) =
(
𝑎 ↦→ [𝑐𝑎] 𝑎∼

)
and

therefore 𝑐 is equivariant.
Take any 𝑎 ∈ 𝐴 and calculate:

wlog(𝑐, 𝑓 )𝑎 = (𝑐𝑎)−1 ⊛ 𝑓 (𝑐𝑎 ⊛ 𝑎) = (𝑐𝑎)−1 ⊛ [𝑒]𝑐𝑎⊛𝑎∼
=

[ (
(𝑐𝑎)−1

)−1]
( (𝑐𝑎)−1 )⊛𝑐𝑎⊛𝑎∼

= [𝑐𝑎] 𝑎∼

Therefore wlog(𝑐, 𝑓 ) = [𝑐𝑎] 𝑎∼, as we wanted. ■
We conclude this section by proving that every action has an equivariant canoniser. Recall that a

transversal of an action is a (dependent) function 𝑡 : (𝑎 : 𝐴) → 𝐺 ⊛ [𝑎] that picks a representative
for the orbit of its input: 𝑡𝑎 = 𝑡𝑏 iff 𝐺 ⊛ [𝑎] =𝐺 ⊛ [𝑏].
Proof Theorem 3.26
Consider the family of orbits 𝑥 : 𝐴 ⊢ 𝐺 ⊛ [𝑥], and use the axiom of choice to choose a transversal:
𝑡 : (𝑥 : 𝐴) → 𝐺 ⊛ [𝑥]. For each 𝑎 ∈ 𝐴, the elements 𝑎 and 𝑡 𝑎 ∈ 𝐺 ⊛ [𝑎] are symmetric, and so
there is some symmetry 𝑔 ∈ 𝐺 such that 𝑔⊛ 𝑎 = 𝑡 𝑎. Use the axiom of choice to choose a canoniser
𝑐 : 𝐴→ 𝐺 such that 𝑐𝑎 ⊛ 𝑎 = 𝑡 𝑎. We will show this canoniser is equivariant.

Take any element 𝑎 ∈ 𝐴 and symmetry 𝑔 ∈ 𝐺 . Then 𝑔 ⊛ 𝑎 and 𝑎 are in the same orbit, and
therefore 𝑡 (𝑔 ⊛ 𝑎) = 𝑡 𝑎. Calculate:

(𝑐 (𝑔 ⊛ 𝑎) ∗ 𝑔) ⊛ 𝑎 = 𝑐 (𝑔 ⊛ 𝑎) ⊛ (𝑔 ⊛ 𝑎) = 𝑡 (𝑔 ⊛ 𝑎) = 𝑡 𝑎 = 𝑐𝑎 ⊛ 𝑎

Therefore, 𝑐 (𝑔 ⊛ 𝑎) ∗ 𝑔 𝑎∼ 𝑐𝑎, and so [𝑐 (𝑔 ⊛ 𝑎) ∗ 𝑔] 𝑎∼ = [𝑐𝑎] 𝑎∼. Calculate:

[𝑐 (𝑔 ⊛ 𝑎)]𝑔⊛𝑎∼
=

[
𝑐 (𝑔 ⊛ 𝑎) ∗ 𝑔 ∗ 𝑔−1

]
𝑔⊛𝑎∼

= 𝑔 ⊛ [𝑐 (𝑔 ⊛ 𝑎) ∗ 𝑔] 𝑎∼ = 𝑔 ⊛ [𝑐𝑎] 𝑎∼

and so 𝑐 is equivariant. ■

D Algebraic data types: further details
In some sense, the theoretical development in this section is a special case of the proceedings two
sections. However, it requires some additional abstractions that make the material less accessi-
ble: indexed families (Appendix E), or monadic adjunctions and distributive laws (Appendix F).
Therefore, we decided to include more specialised proofs for the simply-typed case, that use less
categorical reasoning and mostly concern sets and functions.

We start by proving that every Cartesian strength is a 𝐺-strength (cf. Remark 4.3).

Lemma D.1. Let st : 𝑋 × 𝐹𝑌 → 𝐹 (𝑋 × 𝑌 ) be a Cartesian strength for a functor 𝐹 : Set→ Set. Then
st
𝐺,𝑋

: 𝐺 × 𝐹𝑋 → 𝐹 (𝐺 × 𝑋 ) is a 𝐺-strength.

Proof
It’s more natural to use diagrammatic reasoning here:
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FX

1 × FX

G× FX

F (1 ×X)

F (G×X)

(x 7→ ⋆)

(x 7→ e)× id

⟨e,−⟩ F ⟨e,−⟩
F (x 7→ ⟨⋆, x⟩)

F ((x 7→ e)× id)

st1

stG

unit
axiom=

products
=

F (products)
=

strength naturality
=

(G×G)× FX

G× (G× FX) G× F (G×X)

F (G× (G×X))

F (G×X)G× FX

F ((G×G)×X)

a

st

st

F⧆(∗)× id

st

stG×G Fa

F ((∗)× id)

strength
pentagon
=

strength
nat=

products
=

as we wanted. ■
Next, we prove that a 𝐺-strength for 𝐹 and an 𝐺-action 𝐴 let us equip 𝐹𝐴 with a 𝐺-action:

Proof of Lemma 4.4
This definition is a 𝐺-action by straightforward calculation:

𝑒 ⊛ 𝑡 = 𝐹 (⊛) (st (𝑒, 𝑡))

first axiom
↓
= 𝐹 (⊛) (𝐹 (𝑥 ↦→ ⟨𝑒, 𝑥⟩)𝑡)

map fusion

↓
= 𝐹 (𝑥 ↦→ 𝑒 ⊛ 𝑥)𝑡 = 𝐹 (𝑥 ↦→ 𝑒 ⊛ 𝑥)𝑡 = 𝐹 (id)𝑡 = 𝑡

𝑔 ⊛ (ℎ ⊛ 𝑡) = 𝐹 (⊛) (st (𝑔, 𝐹 (⊛) (st (ℎ, 𝑡))))
strength nat.

↓
= 𝐹 (⊛) (𝐹 (⟨𝑔′, ℎ′, 𝑥⟩ ↦→ ⟨𝑔′, ℎ′ ⊛ 𝑥⟩)(st (𝑔, (st (ℎ, 𝑡)))))

map fusion

↓
= 𝐹 (⟨𝑔′, ℎ′, 𝑥⟩ ↦→ 𝑔′ ⊛ ℎ′ ⊛ 𝑥) (st (𝑔, (st (ℎ, 𝑡))))
= 𝐹 (⟨𝑔′, ℎ′, 𝑥⟩ ↦→ (𝑔′ ∗ ℎ′) ⊛ 𝑥) (st (𝑔, (st (ℎ, 𝑡))))

map fusion

↓
= 𝐹 (⊛) (𝐹 (⟨𝑔′, ℎ′, 𝑥⟩ ↦→ ⟨𝑔′ ∗ ℎ′, 𝑥⟩)(st (𝑔, (st (ℎ, 𝑡)))))

second axiom
↓
= 𝐹 (⊛) (st (𝑔 ∗ ℎ, 𝑡)) C (𝑔 ∗ ℎ) ⊛ 𝑡

and so we have an action.
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Let ℎ : 𝐴 ⊛→ 𝐵 be equivariant. Calculate:

𝐹 ℎ(𝑔 ⊛ 𝑡) = 𝐹 ℎ(𝐹 (⊛) (st (𝑔, 𝑡)))

map fusion

↓
= 𝐹 (⟨𝑔′, 𝑥⟩ ↦→ ℎ(𝑔′ ⊛ 𝑥)) (st (𝑔, 𝑡))

= 𝐹 (⟨𝑔′, 𝑥⟩ ↦→ 𝑔′ ⊛ ℎ(𝑥)) (st (𝑔, 𝑡))

map fusion

↓
= 𝐹 (⊛) 𝐹 (id × ℎ) (st (𝑔, 𝑡))

strength nat.

↓
= 𝐹 (⊛) st (𝑔, 𝐹 ℎ𝑡) = 𝑔 ⊛ 𝐹 ℎ𝑡

and so we have an equivariant map 𝐹 ℎ : 𝐹𝐴 ⊛→ 𝐹𝐵. ■
Next, we prove that𝐺-strengths for each component functor induce a𝐺-strength for the coprod-

uct functor:
Proof Proposition 4.7
Follows by Set’s distributivity: the natural isomorphism 𝐺 × (𝑋 + 𝑌 ) � (𝐺 × 𝑋 ) + (𝐺 × 𝑌 ). ■
The following technical result is the workhorse that allows us to both derive the action on the

data type from its strength, and to reason about properties of parameterised maps. It is prevalent in
Fiore et al.’s work on abstract syntax [33, 34, 36], originally proposed by Bird and Paterson [13].
Here we use the following special case.

Theorem D.2 (parameterised initiality). Let 𝐴 be a set, 𝐹 : Set→ Set a functor, roll : 𝐹𝝁𝐹 → 𝝁𝐹
an initial algebra, and st : 𝐴 × 𝐹𝑋 → 𝐹 (𝐴 × 𝑋 ) a natural transformation in 𝑋 . For every 𝐹 -algebra
𝑓 : 𝐹𝑋 → 𝑋 there is a unique 𝐴-parameterised homomorphism pfold 𝑓 : ⟨𝝁𝐹, roll⟩ → ⟨𝑋, 𝑓 ⟩, i.e., a
function pfold 𝑓 : 𝐴 × 𝝁𝐹 → 𝑋 satisfying:

pfold 𝑓 ⟨𝑎, roll 𝑡⟩ = 𝑓 (𝐹 (st (𝑎, 𝑡)))

Proof
Using both the given strength and the Cartesian-closed structure, define the following morphism:

A× F (XA) F (A×XA)

FXX

st

F eval

f

g B

Currying, we have ℎ B curry 𝑔 : 𝐹 (𝑋𝐴) → 𝑋𝐴, and so by ordinary initiality, there is a unique
homomorphism into 𝑋𝐴:

FµF F (XA)

XAµF

Fk

hroll

k

(∗)
=

We define the required parameterised traversal as the uncurried function:

pfold 𝑓 B uncurry 𝑘 : 𝐴 × 𝝁𝐹 id×𝑘−−−→ 𝐴 × 𝑋𝐴 eval−−−→ 𝑋

We need to show that it satisfies the required equation, and that it is the unique such function.
Calculate:
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A×XA

F (A×XA)

A× F (XA)

F (A× µF )A× FµF FX

XA× µF

id × roll

pfold f

st F (pfold f)

f

id × Fk

id × h

id × k

st

F evalF (id × k)

g
eval

id×(∗)
=

strength nat.
=

F (def)
=

currying
=

def
=

def
=

Now, take any map 𝑝 : 𝐴 × 𝝁𝐹 → 𝑋 that satisfies:

A× FµF FX

XA× µF

F (A× µF )

(∗∗)
=id × roll

p

st Fp

f

Let 𝑞 B curry 𝑝 : 𝝁𝐹 → 𝑋𝐴. Calculate:

F (A× µF )

A× FµF A× F (XA)

A×XAA× µF

F (A×XA)

FX

X

id × Fq

id × hid × roll

id × q

st

Fp
f

p

F (id × q) F eval

st

g

eval

strength nat.
=

F (currying)
=

def
=

currying
=

(∗∗)
=

and so, by the universal property of the exponential, 𝑞 satisfies (∗), and so 𝑞 = 𝑘 , hence:

𝑝 = uncurry 𝑞 = uncurry 𝑘 = pfold 𝑓

and we proved uniqueness. ■
We now lay the capstone in the theory of data types, the Equivariant Initiality Theorem 4.8:

Proof of Theorem 4.8
We have three things to do:

• show the unit axiom for (⊛).
• show the associativity axiom for (⊛).
• show that fold 𝑓 is equivariant when 𝑓 is equivariant.

All three are straightforward calculations, appealing to initiality or parameterised initiality.
For the unit axiom, appeal to initiality:
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µF µFFµF FµF

F (G× µF )

G× FµF

G× µF
⟨e, id⟩ (⊛)

roll roll

F ⟨e, id⟩ F (⊛)
⟨e, id⟩

id × roll

st

IH

products
=

strength
axiom=

(⊛)-def
=

and so, by initiality, 𝑒 ⊛ 𝑡 = 𝑡 .
For associativity, we appeal to parameterised initiality, for the composite strength:

(G×G)× FX G× (G×X)

G× F (G×X)

F (G× (G×X))F ((G×G)×X)

st2

a

id × st

st

Fa−1

B

via the calculation in Fig. 3. Therefore, (𝑔 ∗ ℎ) ⊛ 𝑡 = 𝑔 ⊛ (ℎ ∗ 𝑡), and we have an action. Note that
the defining property of (⊛) makes the initial algebra structure equivariant roll : 𝐹𝝁𝐹 ⊛→ 𝝁𝐹 .
Finally, take any equivariant algebra 𝑓 : 𝐹𝐴 ⊛→ 𝐴, and consider the unique 𝐹 -homomorphism

fold 𝑓 : 𝝁𝐹 → 𝐴. We appeal to parametrised initiality w.r.t. the 𝐺-strength, and calculate as in
Fig. 4. Therefore fold 𝑓 (𝑔 ⊛ 𝑡) = 𝑔 ⊛ (fold 𝑓 ), as we wanted. ■
The proofs from §4.3 are identical and special cases to their indexed variants, and do not use

abstract categorical concepts. We therefore only prove them in the indexed case (cf. Appendix E).

E Indexed data types
The theory of indexed data types has a few more moving parts. So in this case we do most of our
proofs more abstractly in Appendix F. In this appendix we establish the assumptions needed for
that development, prove a result about canonisers, who do not feature in the abstract account, and
state the indexed version of the Parameterised Initiality Theorem.
Proof Theorem 4.16
Let’s start with the left adjoint. It is an action by direct calculation:

𝑒⊛𝛾 ⟨𝑔, 𝑥⟩ B ⟨𝑒 ∗ 𝑔, 𝑥⟩ = ⟨𝑔, 𝑥⟩ 𝑔⊛ℎ⊛ ⟨𝑠, 𝑥⟩ B ⟨𝑔 ∗ (ℎ ∗ 𝑠), 𝑥⟩ = ⟨(𝑔 ∗ ℎ) ∗ 𝑠, 𝑥⟩ = (𝑔∗ℎ)⊛ ⟨𝑠, 𝑥⟩

Given any Γ-indexed 𝐺-action 𝐴 and a vertical map ℎ : 𝑋 → 𝐴, define:

ℎ† : (𝑔 : 𝐺) × 𝑔 ⊛ 𝑋 ⊛→ 𝐴 ℎ†𝛾 ⟨𝑔, 𝑥⟩ B
(
𝑔 ⊛

𝑔−1⊛𝛾
𝑥

)
∈ 𝑋𝛾

Indeed:

ℎ
†
𝑔⊛𝛾 (𝑔 ⊛ ⟨𝑠, 𝑥⟩) = ℎ

†
𝑔⊛𝛾 (⟨𝑔 ∗ 𝑠, 𝑥⟩) = (𝑔 ∗ 𝑠) ⊛ (ℎ𝑥) = 𝑔 ⊛ (𝑠 ⊛ (ℎ𝑥)) = 𝑔 ⊛ ℎ†𝛾 ⟨𝑠, 𝑥⟩
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(G×G)× µF

(G×G)× FµF

F ((G×G)× µF )

FµF

µF
F (G× µF )

F (G× µF )F (G× (G× µF ))

G× F (G× µF )

G× (G× FµF )

G× FµF

G× FµF

G× µF

G× µF

G× (G× µF )

(∗)×id (⊛)

a

id×(⊛)

(⊛)

id×(id×roll)

(id×id)×roll

st2

a

F ((∗)×id)

st

id×roll

(⊛)

roll
(∗)× id

Fa

st

F (id × (⊛))

id × F (⊛)

F (⊛)

st

id×roll

id×st

functoriality
=

a nat
=

G × (⊛)-def
=

strength
nat=

(⊛)-def
=

st2
def=

IHsecond
strength
axiom=

(⊛)-def
=

Fig. 3. associativity of the action over the initial algebra

G× FA

G× µF G× FµF F (G× µF )

F (G×A)

FA A

µF

G×A

FµF

(⊛) fold f

id×fold f

(⊛)

id×roll st

F (⊛)

F (fold f)

(⊛)

F (id×fold f)

F (⊛)

id×F (fold f)

st

id×f

roll

(⊛)-def
=

fold f def
=

IH
=

strength nat.
=

G × fold f def
=

f equivariance
=

Fig. 4. equivariance of the homomorphism into an equivariant algebra

Now, ℎ† extends ℎ along the unit, since:

ℎ† ⟨𝑒, 𝑥⟩ = 𝑒 ⊛ ℎ𝑥 = ℎ𝑥
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If ℎ : (𝑔 : 𝐺) × 𝑔 ⊛ 𝑋 ⊛→ 𝐴 is any other such extension, we have:

ℎ𝛾 ⟨𝑔, 𝑥⟩ = ℎ𝛾 (𝑔 ⊛ ⟨𝑒, 𝑥⟩)

equivariance

↓
= 𝑔 ⊛ ℎ𝑔−1⊛𝛾 ⟨𝑒, 𝑥⟩ =

↑
ℎ extends
the unit

𝑔 ⊛ ℎ𝑔−1⊛𝛾𝑥 = ℎ†𝛾 ⟨𝑔, 𝑥⟩

and so ℎ = ℎ†, as we wanted.
The monadicity result follows by an application of Beck’s monadicity theorem [57, Thm. VI.7.1].

Start with a split coequalier diagram, in which 𝐴 and 𝐵 are Γ-indexed actions, and 𝑓 , 𝑔 : 𝐴 ⊛→ 𝐵

are equivariant:

AB

B

B

C C

t g

s q
q f q= =

=

=

First, equip𝐶 with an indexed action:ℎ⊛𝛾𝑐 B 𝑞𝑔⊛𝛾 (ℎ⊛𝛾 𝑠𝛾𝑐). Indeed: 𝑒⊛𝛾𝑐 = 𝑞(𝑒⊛𝛾 𝑠𝑐) = 𝑞(𝑠𝑐) = 𝑐

and:

ℎ ⊛ 𝑘 ⊛ 𝑐 = 𝑞(ℎ ⊛ 𝑠 (𝑞(𝑘 ⊛ 𝑠𝑐))) = 𝑞(ℎ ⊛ (𝑘 ⊛𝛾 𝑠𝑐)) = 𝑞((ℎ ∗ 𝑘) ⊛ 𝑠𝑐) = (ℎ ∗ 𝑘) ⊛ 𝑐

The coequaliser Γ ⊢ 𝑞 : 𝐵 → 𝐶 in FamΓ is in fact equivariant Γ ⊢ 𝑞 : 𝐵 ⊛→ 𝐶:

ℎ ⊛ (𝑞 𝑏) = 𝑞(ℎ ⊛ (𝑠 (𝑞 𝑏))) = 𝑞(ℎ ⊛ (𝑓 (𝑡 𝑏))) = 𝑞(𝑓 (ℎ ⊛ (𝑡 𝑏))) = 𝑞(𝑔(ℎ ⊛ (𝑡 𝑏))) = 𝑞(ℎ ⊛ 𝑔(𝑡 𝑏))
= 𝑞(ℎ ⊛ 𝑏)

It is also a coequaliser in 𝐺-ActΓ . Given any coequalising equivariant map ℓ : 𝐵 ⊛→ 𝐷 , the
underlying family map ℓ : 𝐵 → 𝐷 is also coequalising. Therefore, the unique extension in FamΓ of
ℓ along 𝑞 is given by:

𝑟 : 𝐶
𝑠−→ 𝐵

ℓ−→ 𝐷

It is an equivariant map 𝑟 : 𝐶 ⊛→ 𝐷 . Indeed:

𝑟 (ℎ ⊛ 𝑐) = ℓ (𝑠 (ℎ ⊛ 𝑐)) = ℓ (𝑠 (𝑞(ℎ ⊛ 𝑠 𝑐)) = ℓ (𝑓 (𝑡 (ℎ ⊛ 𝑠 𝑐)) = ℓ (𝑔(𝑡 (ℎ ⊛ 𝑠 𝑐))) = ℓ (ℎ ⊛ 𝑠 𝑐)
= ℎ ⊛ (ℓ (𝑠 𝑐)) = ℎ ⊛ (𝑟 𝑐)

Therefore − lifts split coequalisers of parallel pairs to coequalisers.
Now, if 𝐶 already had an indexed 𝐴-action structure and 𝑞 was equivariant, then necessarily

ℎ ⊛ 𝑐 = ℎ ⊛ 𝑞(𝑠 𝑐) = 𝑞(ℎ ⊛ (𝑠 𝑐)), and so the action on 𝐶 must be the one we defined. Therefore, −
reflects split coequalisers of parallel pairs as coequalisers.

By Beck’s theorem, the free indexed action adjunction is monadic.
Turning to the right adjoint, we first prove it’s an action:

𝑒 ⊛𝛾 𝜑 B (ℎ ↦→ 𝜑 (ℎ ∗ 𝑒)) = (ℎ ↦→ 𝜑ℎ) = 𝜑

and:

(𝑔 ⊛ 𝑘 ⊛ 𝜑)ℎ = (𝑘 ⊛ 𝜑) (ℎ ∗ 𝑔) = 𝜑 ((ℎ ∗ 𝑔) ∗ 𝑘) = 𝜑 (ℎ ∗ (𝑔 ∗ 𝑘)) = ((𝑔 ∗ 𝑘) ⊛ 𝜑)ℎ
and so 𝑔 ⊛ 𝑘 ⊛ 𝜑 = (𝑔 ∗ 𝑘) ⊛ 𝜑 .
Next, take any Γ-indexed 𝐺-action 𝐴, and a vertical map Γ ⊢ 𝑓 : 𝐴→ 𝑋 . Define:

Γ ⊢ 𝑓 † : 𝐴 ⊛→
(
(𝑔 : 𝐺) → 𝑔−1 ⊛ 𝑋

)
𝑓 †𝛾 𝑎 B (𝑔 ↦→ 𝑓 (𝑔 ⊛ 𝑎)) ∈

(
𝑔 : 𝐺

)
→

(
𝑋𝑔⊛𝛾

)
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It is equivariant:

𝑓
†
ℎ⊛𝛾
(ℎ ⊛ 𝑎) = 𝑔 ↦→ 𝑓 (𝑔 ⊛ (ℎ ⊛ 𝑎)) = 𝑔 ↦→ 𝑓 ((𝑔 ∗ ℎ) ⊛ 𝑎) = ℎ ⊛ (𝑔 ↦→ 𝑓 (𝑔 ⊛ 𝑎)) = ℎ ⊛ 𝑓 †𝛾 𝑎

It lifts 𝑓 along eval ⟨−, 𝑒⟩:
eval

〈
𝑓 †𝑎, 𝑒

〉
= (𝑓 †𝑎)𝑒 = 𝑓 (𝑒 ⊛ 𝑎) = 𝑓 𝑎

Now if 𝑓 : 𝐴 ⊛→ (𝑔 : 𝐺) → 𝑔−1 ⊛ 𝑋 lifts 𝑓 along eval ⟨−, 𝑒⟩, then:

(𝑓 𝑎)𝑔 = (𝑓 𝑎) (𝑒 ∗ 𝑔) = (𝑔 ⊛ (𝑓 𝑎)) (𝑒) = eval
〈
𝑔 ⊛ (𝑓 𝑎), 𝑒

〉
= eval

〈
𝑓 (𝑔 ⊛ 𝑎), 𝑒

〉
= 𝑓 (𝑔 ⊛ 𝑎)

and so 𝑓 = 𝑓 †, and we have a right adjoint.
We use Beck’s theorem in its dual formulation. Consider a split equaliser, with 𝐴, 𝐵 actions:

AB

B

B

C C

t g

s q
q f q= =

=

=

Equip 𝐶 with the following indexed 𝐺-action structure: 𝑘 ⊛𝛾 𝑐 B 𝑠 (𝑘 ⊛𝛾 (𝑞 𝑐)). It is indeed an
action, for 𝑒 ⊛ 𝑐 = 𝑠 (𝑒 ⊛ (𝑞 𝑐)) = 𝑠 (𝑞 𝑐) = 𝑐 and:

𝑘 ⊛ ℎ ⊛ 𝑐 = 𝑠 (𝑘 ⊛ (𝑞(𝑠 (ℎ ⊛ (𝑞 𝑐))))) = 𝑠 (𝑘 ⊛ ℎ ⊛ (𝑞 𝑐)) = 𝑠 ((𝑘 ∗ ℎ) ⊛ (𝑞 𝑐)) = (𝑘 ∗ ℎ) ⊛ 𝑐

We need to show the structure maps 𝑞 and 𝑠 (but not 𝑡 !) are equivariant. For 𝑞:

𝑞(𝑘 ⊛ 𝑐) = 𝑞(𝑠 (𝑘 ⊛ (𝑞 𝑐))) = 𝑘 ⊛ (𝑞 𝑐)
For 𝑠:

𝑘 ⊛ 𝑠𝑏 = 𝑠 (𝑘 ⊛ (𝑞(𝑠 𝑏))) = 𝑠 (𝑘 ⊛ 𝑏)
Now, given an equalising equivariant map Γ ⊢ 𝑒 : 𝑋 ⊛→ 𝐵, by moving to families, we know the
mediating map is 𝑢 : 𝑋

𝑒−→ 𝐵
𝑠−→ 𝐶 , and therefore equivariant. Therefore − lifts equalisers of split

equalisers. Now, equip 𝐶 with any action that makes 𝑞 : 𝐶 → 𝐵 equivariant. We then have:

𝑘 ⊛ 𝑐 = 𝑠 (𝑞(𝑘 ⊛ 𝑐)) = 𝑠 (𝑘 ⊛ (𝑞 𝑐))
and so the action on 𝐶 is the lifted one, making 𝑞 : 𝐶 → 𝐵 a coequaliser, i.e., − reflects equalisers
that split in Γ-families. ■
Next, we justify not checking the second axiom of 𝐺-strengths in the cases 𝑔 = 𝑒 or ℎ = 𝑒:

Proof Lemma A.3
For ℎ = 𝑒:

𝐹 (⧆) (st (𝑔, st (𝑒, 𝑡)))

first axiom
↓
= 𝐹 (⧆) (st𝑋 (𝑔, 𝐹 (𝑥 ↦→ ⟨𝑒, 𝑥⟩)𝑡))

naturality

↓
= 𝐹 (⧆) (𝐹 (⟨𝑔′, 𝑥⟩ ↦→ ⟨𝑔′, 𝑒, 𝑥⟩) st (𝑔, 𝑡))

map fusion

↓
= (𝐹 (⟨𝑔′, 𝑥⟩ ↦→ ⟨𝑔′ ∗ 𝑒, 𝑥⟩) st (𝑔, 𝑡))
= st (𝑔, 𝑡) = st (𝑔 ∗ 𝑒, 𝑡)
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Next, for 𝑔 = 𝑒:

𝐹 (⧆) (st (𝑒, st (ℎ, 𝑡)))

first axiom
↓
= 𝐹 (⧆) (𝐹 (⟨ℎ′, 𝑥⟩ ↦→ ⟨𝑒, ℎ′, 𝑥⟩)(st (ℎ, 𝑡)))

map fusion

↓
= 𝐹 (⟨ℎ′, 𝑥⟩ ↦→ ⟨𝑒 ∗ ℎ′, 𝑥⟩)(st (ℎ, 𝑡))
= st (ℎ, 𝑡) = st (𝑒 ∗ ℎ, 𝑡)

as we wanted. ■
Next, we state the indexed analogue to the Parameterised Initiality Theorem D.2 for the indexed

setting:
Theorem E.1 (indexed parameterised initiality). Let Γ be a 𝐺-action, 𝐹 : FamΓ → FamΓ an
endofunctor equipped with a symmetry strength, and Γ ⊢ roll : 𝐹𝝁𝐹 → 𝝁𝐹 an initial 𝐹 -algebra. For
every 𝐹 -algebra 𝑓 : 𝐹𝑋 → 𝑋 , there is a unique parameterised homomorphism into ⟨𝑋, 𝑓 ⟩, i.e., a map
pfold 𝑓 : 𝐺 ⧆ 𝝁𝐹 → 𝑋 satisfying: (pfold 𝑓 ) (𝑔, roll 𝑢) = 𝑓 ◦ 𝐹 (pfold 𝑓 ) st (𝑔,𝑢).

We will prove this theorem and the Indexed Equivariant Initiality Theorem A.5 using the more
abstract tools of the next section.

The remainder of this section establishes the results concerning canonisers for indexed𝐺-strong
functors, which do not have a general counterpart. By ignoring the indices, they also generalise
the corresponding results from §4.3.
Lemma E.2. Let Γ be a𝐺-action, 𝐹 : FamΓ → FamΓ be a functor equipped with a symmetry strength
st : 𝐺 ⧆ 𝐹𝑋 → 𝐹 (𝐺 ⧆𝑋 ), and 𝑐 : 𝐹 → 𝐺 an indexed canoniser for 𝐹 . The canonical elements extend
to a functor Can 𝑐 : 𝐺-ActΓ → FamΓ given for Γ ⊢ ℎ : 𝐴 ⊛→ 𝐵 by:

(Can 𝑐) ℎ (𝑔 ⊛
𝛿
𝑢) B 𝑔 ⊛

𝛿
(𝐹ℎ𝑢) (𝑔 = 𝑐𝐴;𝛿𝑢,𝑔 ⊛ 𝛿 = 𝛾,𝑢 ∈ (𝐹𝐴)𝛿 )

Consequently, we have an equivariant function Γ ⊢ ((Can 𝑐) ℎ : (Can 𝑐)𝐴 ⊛→ (Can 𝑐)𝐴. The
inclusions Can 𝑐 ↩→ 𝐹 are natural.

Proof
First, since ℎ : 𝐴 ⊛→ 𝐵 is equivariant, 𝐹ℎ : 𝐹𝐴 ⊛→ 𝐹𝐵 is equivariant. Therefore:

(Can 𝑐)ℎ(𝑔 ⊛
𝛿
𝑢) B 𝐹ℎ(𝑔 ⊛

𝛿
𝑢) = 𝑔 ⊛

𝛿
(𝐹ℎ𝑢)

and so the equation in the lemma statement defines a family map𝑘 : (Can 𝑐)𝐴→ 𝐹𝐵, independently
of the representatives used.
The crux of the proof is that, by 𝑐’s naturality, 𝑐𝐵;𝛿 (𝐹 ℎ𝑢) = 𝑐𝐴;𝛿 (𝑢) = 𝑔. Therefore, 𝑔 ⊛

𝛿
(𝐹 ℎ𝑢)

is canonical, and (Can 𝑐)ℎ is well-defined by lifting 𝑘 : (Can 𝑐)𝐴 → 𝐹𝐵 along the inclusion
(Can 𝑐)𝐵 ↩→ 𝐹𝐵. Functoriality follows by routine calculation. For equivariance, take:

𝑔 ⊛
𝛿
𝑢 ∈ ((Can 𝑐)𝐴)𝛾 (𝑔 = 𝑐𝐴;𝛿𝑢,𝑔 ⊛ 𝛿 = 𝛾,𝑢 ∈ (𝐹𝐴)𝛿 )

𝑝 ⊛
𝜉
𝑣 ∈ ((Can 𝑐)𝐴)𝛾 (𝑝 = 𝑐𝐴;𝜉𝑣, 𝑝 ⊛ 𝜉 = 𝛾, 𝑣 ∈ (𝐹𝐴)𝜉 )

and 𝑟 ∈ 𝐺𝛾 ⊆ 𝐺 such that:
𝑟 ⊛𝛾 𝑔 ⊛𝛿

𝑢 = 𝑝 ⊛
𝜉
𝑣

We then have:

(Can 𝑐) ℎ (𝑝 ⊛
𝜉
𝑣) = 𝑝 ⊛

𝜉
(𝐹 ℎ 𝑣)

𝐹 ℎ : 𝐹𝐴 ⊛→ 𝐹𝐵

↓
= 𝐹 ℎ (𝑝 ⊛

𝜉
𝑣) = 𝐹 ℎ (𝑟 ⊛𝛾 𝑔 ⊛𝛿

𝑢) = 𝑟 ⊛𝛾 𝑔 ⊛𝛿
(𝐹 ℎ𝑢)

= 𝑟 ⊛𝛾 ((Can 𝑐) ℎ (𝑔 ⊛𝛿
𝑢))
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and so (Can 𝑐) ℎ is equivariant.
The naturality of the inclusions Can 𝑐 ↩→ 𝐹 amounts to the calculation:

(Can 𝑐)ℎ(𝑔 ⊛
𝛿
𝑢) B 𝑔 ⊛

𝛿
(𝐹ℎ𝑢) = 𝐹ℎ(𝑔 ⊛

𝛿
𝑢)

which holds by equivariance of 𝐹ℎ : 𝐹𝐴 ⊛→ 𝐹𝐵. ■
The following transformation lets us simultaneouslyworkwith canonical elements in a symmetric

fibre while carrying around their canonising symmetry.

Proposition E.3. The transformation𝛾 : Γ ⊢ canonise𝑐 B 𝑢 ↦→ ⟨(𝑐𝑢)−1, 𝑐𝑢⊛𝛾𝑢⟩ : 𝐹 ⇒ 𝐺⧆(Can 𝑐)
is natural.

Proof
More generally, for every 𝑔 ∈ 𝐺 , we have transformation:

𝛾 : Γ ⊢ (𝑔 ⊛𝛾 𝜂−) : 𝐴→ 𝐺 ⧆𝐴 𝑔 ⊛𝛾 𝜂𝑎 B ⟨𝑔,𝑔−1 ⊛𝛾 𝑎⟩ = 𝑔 ⊛
𝐺⧆𝐴

𝑔−1⊛𝛾

〈
𝑒, 𝑔−1 ⊛𝛾 𝑎

〉
Given an equivariant family map Γ ⊢ 𝑓 : 𝐴 ⊛→ 𝐵, we indeed have:

A ∋ a

B ∋ fγa ⟨g, g−1 ⊛γ fa⟩ = ⟨g, f(g−1 ⊛γ a)⟩ ∈ G⧆B

⟨g, g−1 ⊛γ a⟩ ∈ G⧆A

fγ (G⧆ f)γ

(g⊛γ)

(g⊛γ)

f equivariant
=

We now use the canoniser’s naturality:

canonise (𝐹 𝑓 𝑢) B
〈
(𝑐 (𝐹 𝑓 𝑢))−1, (𝑐 (𝐹 𝑓 𝑢)) ⊛ (𝐹 𝑓 𝑢)

〉𝑐 : 𝐹 → 𝐺 natural

↓
=

〈
(𝑐𝑢)−1, (𝑐𝑢) ⊛ (𝐹 𝑓 𝑢)

〉
𝐹 𝑓 : 𝐹𝐴 ⊛→ 𝐹𝐵

↓
=

〈
(𝑐𝑢)−1, 𝐹 𝑓 ((𝑐𝑢) ⊛ (𝑢))

〉( (𝑐𝑢 )−1 ⊛ 𝜂−) : 𝐶 → 𝐺 ⧆𝐶 natural
↓
= 𝐹 𝑓

(〈
(𝑐𝑢)−1, (𝑐𝑢) ⊛ 𝑢

〉)
C 𝐹 𝑓 (canonise 𝑢)

as we wanted. ■
We can use this transformation to express the w.l.o.g. construction:

Lemma E.4. We have:

Γ ⊢ wlog(𝑐, 𝑓 ) : 𝐹𝐴 canonise𝑐−−−−−−−→ 𝐺 ⧆ ((Can 𝑐)𝐴)
𝐺⧆𝑓
−−−−→ 𝐺 ⧆𝐴

(⊛ )
−−−→ 𝐴

Proof
Calculate:

𝑢
canonise𝑐↦−−−−−−−→

〈
(𝑐𝑢)−1, (𝑐𝑢) ⊛ 𝑢

〉 𝐺⧆𝑓
↦−−−−→

〈
(𝑐𝑢)−1, 𝑓 ((𝑐𝑢) ⊛ 𝑢)

〉 (⊛ )
↦−−−→ (𝑐𝑢)−1 ⊛ 𝑓 ((𝑐𝑢) ⊛ 𝑢)

= wlog(𝑐, 𝑓 )

as we wanted. ■
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The next result establishes a universal property for the intermediate step in the flog construction:
the extension of a core algebra to an 𝐹 -algebra.

Theorem E.5 (indexed equivariant algebra representation). Let Γ be a 𝐺-action, 𝐹 a Γ-indexed
𝐺-strong functor, and 𝑐 : 𝐹 ⇒ 𝐺 an indexed canoniser for 𝐹 , and consider an indexed equivariant
core-𝐹 algebra Γ ⊢ 𝑓 : (Can 𝑐)𝐴 ⊛→ 𝐴. Then the w.l.o.g. construction is the unique equivariant
𝐹 -algebra Γ ⊢ wlog(𝑐, 𝑓 ) : 𝐹𝐴 ⊛→ 𝐴 extending 𝑓 along the inclusion Can 𝑐 ↩→ 𝐹 .
Given two equivariant 𝐹 -algebras (𝐴, 𝑓 ) and (𝐵,𝑔) and an equivariant function Γ ⊢ ℎ : 𝐴 ⊛→ 𝐵,

it is an equivariant 𝐹 -homomorphism Γ ⊢ ℎ : (𝐴, 𝑓 ) ⊛→ (𝐵,𝑔) iff it is an equivariant core-Can 𝑐
algebra homomorphism.

Proof
Assume 𝑓 : (Can 𝑐)𝐴 ⊛→ 𝐴 is a core algebra. By the naturality of Can 𝑐 , 𝑓 is a core function for
the canoniser 𝑐𝐴 : 𝐹𝐴→ 𝐺 . This function is equivariant w.r.t. 𝑐𝐴 in the sense of the main paper iff
it is equivariant w.r.t. the canoniser 𝑐 for 𝐹 in the sense of Definition A.10.
If 𝑓 is equivariant, then by the Indexed Representation Theorem 3.12, wlog(𝑐, 𝑓 ) = wlog(𝑐𝐴, 𝑓 )

is equivariant extending 𝑓 . Covnersely, if ℎ : 𝐹𝐴 ⊛→ 𝐴 is an equivariant algebra, then by the
representation theorem, ℎ = wlog(𝑐𝐴, 𝑓 ) = wlog(𝑐, 𝑓 ), as we wanted.
Given another such equivariant algebra 𝑔 : 𝐹𝐵 ⊛→ 𝐵, and an equivariant map ℎ : 𝐴→ 𝐵. The

naturality and injectivity of the embedding Can 𝑐 ↩→ 𝐹 show that ℎ is an 𝐹 -algebra homomorphism
iff it is a Can 𝑐-algebra homomorphism. Indeed, consider the composite square:

(Can c)A FA A

(Can c)B FB B

(Can c)h Fh h

f

g

naturality
= (∗∗) (∗)

Our goal is to show that the inner square (∗∗) commutes—ℎ is an 𝐹 -algebra homomorphism—iff
the outer square (∗) commutes—ℎ is a Can 𝑐-algebra homomorphism. If (∗∗) commutes, the whole
diagram commutes. Assume (∗) commutes. We have that 𝑓 , 𝑔, and ℎ are equivariant, and the latter
also implies that 𝐹ℎ is equivariant. Therefore, the two sides of (∗∗) are equivariant extensions of
the outer face (∗) along the embedding (Can 𝑐)𝐴 ↩→ 𝐹𝐴. By the indexed representation theorem,
they coincide, i.e., (∗∗) commutes. ■

We conclude by proving the representation theorem for the indexed flog construction:
Proof
The proof assembles the previous results. First, by the indexed equivariant initiality theorem, the
initial algebra is equivariant roll : 𝐹𝝁𝐹 ⊛→ 𝝁𝐹 . By the algebra representation Theorem E.5, its
restriction along the embedding Can 𝑐 ↩→ 𝐹 is an equivariant algebra roll : (Can 𝑐)𝝁𝐹 → 𝝁𝐹 .
Now, given any equivariant core algebra 𝑓 : (Can 𝑐)𝐴 ⊛→ 𝐴, by the algebra representation

Theorem E.5, its w.l.o.g. construction is an equivariant algebra 𝑔 B wlog(𝑐, 𝑓 ) : 𝐹𝐴 ⊛→ 𝐴.
By the equivariant initiality theorem, the unique 𝐹 -homomorphism out of the initial algebra is
equivariant flog 𝑓 B fold 𝑔 : 𝝁𝐹 ⊛→ 𝐴. By the algebra representation Theorem E.5, it is also a
(Can 𝑐)-homomorphism.
Conversely, if ℎ : 𝝁𝐹 ⊛→ 𝐴 is any equivariant core algebra homomorphism, then by Theorem E.5,

it is an equivariant 𝐹 -homomorphism. By the equivariant initiality theorem, ℎ = fold 𝑔 = flog 𝑓 . ■

F Category theoretic development
The amount of details in the theory of indexed symmetric data types is high, but a few categorical
abstractions keep the development relatively clean.We start by recasting the parameterised initiality
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theorems in this setting. Much of this is known but appears in different places in the work of Fiore
et al. [35], and especially in the more recent work with Szamozvancev [33, 34, 87]. We provide
references where available.

Lemma F.1. Let 𝑃, 𝐹 : C → C be two endofunctors, and st : 𝑃𝐹 → 𝐹𝑃 a natural transformation.
Then 𝐹 lifts along the forgetful functor ⟨𝑥, 𝑎⟩ ↦→ 𝑥 to an endofunctor over 𝑃-algebras:

⟨𝑥, 𝑎 : 𝑃𝑥 → 𝑥⟩ ↦→
〈
𝐹𝑥, 𝑎𝐹 : 𝑃𝐹𝑥

st−→ 𝐹𝑃𝑥
𝐹𝑎−−→ 𝐹𝑥

〉
(
⟨𝑥, 𝑎⟩ ℎ−→ ⟨𝑦,𝑏⟩

)
↦→

(
⟨𝐹𝑥, 𝑎𝐹 ⟩

𝐹ℎ−−→ ⟨𝐹𝑦, 𝑏𝐹 ⟩
)

The proof is by direct calculation, see Prop. 3.1.2 in Szamozvancev’s thesis. This type of result is
known from the early days of the concept, as in Beck’s work [11].

When 𝑃 is a left adjoint 𝑃 ⊣ 𝐸, we can swap 𝑃-strengths for an endofunctor 𝐹 with 𝐸-costrengths
for the same endofunctor7:

Lemma F.2 (strength-costrength). Consider endofunctors 𝑃, 𝐸, 𝐹 : C → C. Let 𝑃 ⊣ 𝐸 with unit
𝜂 : Id → 𝐸𝑃 and counit 𝜀 : 𝑃𝐸 → Id. TFAE:

• 𝑃-strengths for 𝐹 , i.e., natural transformations st : 𝑃𝐹 → 𝐹𝑃 .
• 𝐸-costrengths for 𝐹 , i.e., natural transformations costrength : 𝐹𝐸 → 𝐸𝐹 .

The equivalence is given by the following relationships:

FEx EPFEx

EFPExEFx

costrength

η

E st

EFε

B

FPx PEFPx

PFEPxPFx

st

ε

P costrength

PFη

B

and moreover satisfy:

Fx FEPx

EFPxEPFx

Fη

costrengthη

E st

=

Fx FPEx

PFExPEFx

Fε

stε

P costrength

=

Proof
By duality, we only need to show:

• That costrength is natural.
• That the strength associated with costrength is st.
• The diagram involving the units only (𝜂 and 𝐹𝜂).

The costrength is natural: it is a composition of natural transformations.
We substitute the definition of costrength into the definition of st and show it recovers st:

7We learned this fact from Marcelo P. Fiore in private communication.
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FPx PEFPx

PFEPxPFx

PEPFEPx

FPEPx PEFPEx

PFEPx
FPx

st

ε

P costrength

PFη

st

FPη

Fε

Pη

ε

st PE st

ε

PEFε

ε nat
=

P (C)
=

ε-nat
=

F (adjunction)
=

st-nat
=

=

The diagram involving units only amounts to straightforward calculation:

Fx FEPx

EFPxEPFx

EPFEPx

EFPEPx

EFPx

Fη

costrengthη

E st

EPFη

η

E st

E st

EFPη EFε

η-nat
=

E(st-nat)
= EF (adjunction)

=

C

=

■
We now prove a general version of parameterised initiality, already prevalent in Fiore et al.’s

work on abstract syntax [33, 34, 36], originally proposed by Bird and Paterson [13].

Definition F.3. Let 𝑃, 𝐹 : C → C be endofunctors. An initial 𝐹 -algebra roll : 𝐹𝝁𝐹 → 𝝁𝐹 is
𝑃-initial when every 𝐹 -algebra 𝑓 : 𝐹𝑥 → 𝑥 has a unique morphism pfold 𝑓 : 𝑃𝝁𝐹 → 𝑥 satisfying:

PFµF Fx

xPµF

FPµF

P roll

pfold f

st F (pfold f)

f=

Theorem F.4 (generalised parameterised initiality). Let 𝑃 ⊣ (𝐸 : C → C) be an adjunction over a
category C, with unit 𝜂 : Id → 𝐸𝑃 and counit 𝜀 : 𝑃𝐸 → Id. Every initial algebra roll : 𝐹𝝁𝐹 → 𝝁𝐹 ,
for an endofunctor 𝐹 : C → C equipped with a natural transformation st : 𝑃𝐹 → 𝐹𝑃 , is 𝑃-initial.

For completeness, we include the proof of this result in this formulation.
Proof
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Let 𝑓 : 𝐹𝑥 → 𝑥 be any 𝐹 -algebra. We equip 𝐸𝑥 with an 𝐹 -algebra structure. It is more direct to
work with the costrength:

𝑔 : 𝐹𝐸𝑥
costrength
−−−−−−−→ 𝐸𝐹𝑥

𝐸𝑓
−−→ 𝐸𝑥

and so, by initiality, we have a unique morphism ℎ B fold 𝑔 : 𝝁𝐹 → 𝐸𝑥 satisfying:

FµF FEx

ExµF

roll

h

Fh

g=

Now take the mate of this morphism:

pfold 𝑓 : 𝑃𝝁𝐹
𝑃ℎ−−→ 𝑃𝐸𝑥

𝜀−→ 𝑥

This morphism satisfies the required property:

PFµF Fx

xPµF

FPµF

FPEx

PFEx

PEx

PEFx

P roll

pfold f

st F (pfold f)

f

PFh

st

FPh Fε

P costrength

ε

PEf

εPh

Pg
ε nat
=

Strength-Costrength
Lemma=

F (B)
=

P (B)
=

P (h-def)
=

st-nat
=

B

Now consider any morphism 𝑘 : 𝑃𝝁𝐹 → 𝑥 making the following diagram commute:

PFµF Fx

xPµF

FPµF

P roll

k

st Fk

f(∗)
=

We will show that its mate must be ℎ, i.e.: ℎ : 𝝁𝐹
𝜂
−→ 𝐸𝑃𝝁𝐹

𝐸𝑘−−→ 𝐸𝑥 . Calculate:
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FµF FEx

ExµF EPµF

FEPµF

EFPµF EFxEPFµFroll

η Ek

Fη FEk

g

η

EP roll

E st

costrength

EFk

costrength

Ef
η-nat
=

E(∗)
=

costrength nat
=

Strength-Costrength
lemma=

C

By universality, ℎ is the mate of 𝑘 , and so 𝑘 = pfold 𝑓 . ■
Therefore, if an endofunctor 𝐹 over Γ-indexed families has a (𝐺 ⧆ −)-strength, then its initial

algebras are both (𝐺 ⧆ −)-initial and (𝐺 ⧆𝐺 ⧆ −)-initial.

Definition F.5. Let 𝑃 = ⟨𝑃 : C → C, 𝜂, 𝜇⟩ be a monad, and 𝐹 : C → C an endofunctor over C. A
𝑃-strength for 𝐹 is a natural transformation st : 𝑃𝐹 → 𝐹𝑃 satisfying:

Fx

PFx

FPx

η st

Fη

=

P 2Fx FP 2x

PFx FPx

PFPx
P st st

Fµµ

st

=

This notion is sometimes called: a distributive law between a monad and a functor; a module; or
a monad endomorphism.
The following notion generalises equivariant 𝐹 -algebras as algebras of the lifting of 𝐹 to 𝑃-

algebras:

Definition F.6. Let 𝑃 = ⟨𝑃 : C → C, 𝜂, 𝜇⟩ be a monad over C, and 𝐹 : C → C an endofunctor
equipped with a 𝑃-strength st 𝑃 : 𝑃𝐹 → 𝐹𝑃 . A 𝑃-linear 𝐹 -algebra ⟨𝑥, 𝑓 , 𝑎⟩ consists of:
• an 𝐹 -algebra 𝑓 : 𝐹𝑥 → 𝑥 ; and
• a 𝑃-algebra 𝑎 : 𝑃𝑎 → 𝑎;

such that 𝑓 is 𝑃-linear 𝑓 : ⟨𝐹𝑥, 𝑎𝐹 ⟩ → ⟨𝑥, 𝑎⟩. A homomorphism ℎ : ⟨𝑥, 𝑓 , 𝑎⟩ → ⟨𝑦,𝑔, 𝑏⟩ of 𝑃-linear
𝐹 -algebras is a morphism ℎ : 𝑥 → 𝑦 that is simultaneously an 𝐹 -algebra homomorphism and a
𝑃-algebra homomorphism.

Since a (𝐺 ⧆ −)-algebra is precisely a Γ-indexed 𝐺-action and a (𝐺 ⧆ −)-linear map between
them is precisely an equivariant function, we have that the (𝐺 ⧆ −)-linear 𝐹 -algebras are precisely
the equivariant 𝐹 -algebras. The capstone of this development is the following theorem:

Theorem F.7 (general representation theorem). Let 𝑃 = ⟨𝑃 : C → C, 𝜂, 𝜇⟩ be a monad over C,
and 𝐹 : C → C an endofunctor equipped with a 𝑃-strength st : 𝑃𝐹 → 𝐹𝑃 . If an initial 𝐹 -algebra
roll : 𝐹𝝁𝐹 → 𝝁𝐹 is both 𝑃-initial and 𝑃2-initial, then it is also the initial 𝑃-linear 𝐹 -algebra.
Its 𝑃-algebra structure is given by 𝑃-initiality as alg B pfold roll : 𝑃𝝁𝐹 → 𝝁𝐹 and the unique
𝐹 -homomorphism fold 𝑓 : 𝝁𝐹 → 𝑥 into any other 𝑃-linear 𝐹 -algebra ⟨𝑥, 𝑓 , 𝑎⟩ is 𝑃-linear.

We chose this formulation as its proof follows our proof in the simply-typed case more closely,
which itself follows the argument in abstract syntaxwith binding and substitution [35]. Our situation
is semantically well-behaved, and there are alternative theorems we could use. For example, since
Γ-indexed 𝐺-actions are 𝐸 B (𝐺 −⧆ −)-algebras, we could use Szamozvancev’s Prop. 3.3.1
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instead [34]. Whichever formulation we use, it is clear it proves the Indexed Representation
Theorem A.5.
Proof
We show that:

• alg : 𝑃𝝁𝐹 → 𝝁𝐹 is a 𝑃-algebra;
• roll is 𝑃-linear by the defining property of 𝑃-initiality;
• each fold 𝑓 is 𝑃-linear.

We show the 𝑃-algebra unit axiom:

µF µF

PµF

η alg
=

by recourse to mere initiality:

µF µF

PµF

FµF FµF

FPµF

PFµF

η alg

roll roll
Fη Falg

η

P roll

st

η-nat
=

P -strength
=

IH

alg-def by
P initiality

=

=

We show the 𝑃-algebra multiplication axiom:

P 2µF PµF

µFPµF

µ

alg

Palg

alg=

by recourse to 𝑃2 initiality:
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PFµF

PFµF

P 2µF

P 2FµF

PFPµF

FP 2µF

FµF

µF

PµF

PµF

FPµF

FPµF

Palg

µ

alg

alg

P 2 roll

P st

st

roll

µ

P roll

Fµ

FalgFPalg

Falg

PFalg

P roll

st

st

P (alg def)
=

st nat
=

IH

alg-def
=

alg-def
=

µ nat
=

P -strength
=

Finally, take any 𝑃-linear 𝐹 -algebra ⟨𝑥, 𝑓 , 𝑎⟩. By initiality there is atmost one 𝑃-linear 𝐹 -homomorphism,
and exactly one 𝐹 -homomorphism, into it. We show:

PµF Px

xµF

P (fold f)

aalg

fold f

=

by recourse to 𝑃-initiality:

PFx

PµF Px

xµF

PFµF

FPµF

FxFµF

FPx

P (fold f)

aalg

fold f

P roll

st

Falg

F (fold f)
f

FP (fold f)

Fa

roll

PF (fold f)

st

Pf

IHalg-def
=

P (fold f -def)
=

st-nat
=

P -linear
F -alg
=

(fold f)-def
=

concluding the proof. ■
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