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Full ground references

ground reference cells
Dynamic allocation on the heap:
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Full ground references

Full ground reference cells
Dynamic allocation on the heap:
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» linked lists;

ie.:

> trees;

» graphs; etc.

Ohad Kammar, Paul B. Levy, Sean K. Moss, and Sam Staton A monad for full ground reference cells



Kripke semantics for local state

Semantics for full ground storage

» Sets-with-structure and structure preserving functions
» Monad over a bi-CCC

Extending the line of work of:

» Reynolds and Oles’'82 » Ghica'97

» Moggi'90 » Plotkin-Power’'02
» O'Hearn and Tennent'92, > Levy'02

» Stark'94
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The challenge

Variance
Kripke semantics is functorial in the shape of the heap.
But the collection of heaps is not functorial:

c H) € H{/; : ptr} c H{l1,ls: ptr}

(o> 7777 @
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Contribution

» Heaps functor over initialisations.

v

A hiding/encapsulation monad over initialisations.

v

A full ground references monad.

v

Its decomposition into a global state transformation on the
hiding monad.
Evaluation:
» An effect masking property.
» Adequate semantics for a call-by-value calculus for full ground
references.

» Validation of the local state equations.
[Plotkin-Power'02, Staton’'10, Melligs'14]
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Full ground types

Full ground signature (S, ctype )

» Countably many ¢ € S cell sorts

which determine the full ground types v € G are:

Yu=0|y+y2 1]y *72 | refe
» A content type function ctype : S — G
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Full ground types

Full ground signature (S, ctype )

» Countably many ¢ € S cell sorts

which determine the full ground types v € G are:

yu=0]7+752 | 1|y x| ref.

» A content type function ctype : S — G
Example

S = {ptr}
ctype ptr = ref, @
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Full ground types

Full ground signature (S, ctype )

» Countably many ¢ € S cell sorts

which determine the full ground types v € G are:

yu=0]7+752 | 1|y x| ref.

» A content type function ctype : S — G
Example

S := {ptr,data,linked list,list cell}

ctype ptr =ref,

ctype data = bool

ctype 1linked list = 1 + refiigt cern

ctype list_cell =refgara * refiinked 1ist

inie}-(@ ol
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Worlds and injections

The category W

Objects: Heap layouts/worlds
’U):{El 261,...,€n:cn}.

Morphisms p : w — w': label preserving injections p : w — w’
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Worlds and injections

The category W

Objects: Heap layouts/worlds
’U):{El 261,...,€n:cn}.

Morphisms p : w — w': label preserving injections p : w — w’

Interpreting full ground types
Set W := [W, Set] and define:

[0] =0 [v1 4+ 2] =[]+ [r2]
[1]:=1 [y +12] = [n] x ]

[ref.]w = {{ € ww(¢) = ¢} [ref.] p(¢) := p(¥)
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Heaplets
Define H : W x W — Set:

H(w ,w") = H [ ctype c]w™
(L:e)ew™

Heaps

Hw = H(w, w)
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Combining heaplets

Independent coproducts [Slmpson MFPS 17]

We have morphisms: wq —> w1 @ wa <— wo in W

Canonical isomorphisms

» H: 15 H(D, w)
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Defragmentation

Complements
For p : w1 — wy, set pB T w9 © p — wo as the inclusion:

wa \ plwi] C we

p(ﬁl) : . : L?el
: : Liegg

/
3

p(l2) : — Sl
. Y
;* 44
5° Ly b

H(wy, w) 2 H(wy & (w2 & p), w)

A monad for full ground reference cells
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Initialisations

The category E of initialisations

Objects: Heap layouts/worlds w

Morphisms ¢ : w — w': pairs € = (ue,n.) of:

> injection ue : w — w’ ue(ly) s
ue €3

» initialisation data 7. € H(w' & ue, w'’)
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Initialisations

The category E of initialisations

ue(ly)
Objects: Heap layouts/worlds w
Morphisms ¢ : w — w': pairs € = (ue,n.) of:
> injection ue : w — w’ U5§52; R—
ue(ls) 5

» initialisation data 7. € H(w' & ue, w'’)

Composition

O
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Initialisations

The category E of initialisations

Objects: Heap layouts/worlds w

Morphisms ¢ : w — w': pairs € = (ue,n.) of:

» injection ue : w — w’ ue(ly
ue £3

» initialisation data 7. € H(w' & ue, w'’)
Heap functor

Hw = H(w,w) 2 E(D, w)

so H is a representable functor in E := [, Set]
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The hiding monad P: E — E

Comma category
For the forgetful u : E — W, the comma w | u is:
Objects: W-morphisms p : w — w’

. wy e w IRTIT ;) € /
Morphisms (mu%l) — (p2u%2). Initialisations w] — w} s.t.
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The hiding monad P: E — E

ot
| w? _ lu
ObJ.ect map =3,
Define for A € E = [E, Set]: w2

w—w' ewlu
PAw ::/ A

=Y Aw)/~

w—w Ewlu

In [p:w— w,z] € PAw the locations in w’ & p are private to x

€ PH{/: data} € PH{/:linked list}
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The hiding monad P: E — E

=
Functorial action of P4 vl
unctoria act|or? o) P
For e : w1 — wy in E: w2
PAe - PAw — PAws
o w1 — w',a] = [, Ap*e) (a)]
where
wy T Me o
w < > Freeed |
1 > W2 \__J
pl = lEP w/i___! np*€"",
/ > 0 Dy WUE o |
v pre g L:l jeeeeed
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The hiding monad P: E — E

ot
. . w _ luz-:
Functorial act|or? of PA pg\)
For e : w1 — wy in E: wa
PAe - PAw — PAws
[p s wi = w'ya] > [*p, A(p*e)(a)
where
w1 [t Ne [FEEeey
w g _ }._1 |
! - W
pl = lEP w/i___! np*€"",
/ > 0 Dy WUE T |
w ,O*E p )___‘ tT_‘

See paper for return, bind, etc.
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State transformer

Enrichment
E = [E, Set] is enriched over W = [W, Set] with tensors:

XOA=(Xou)x A
(A — B)w ::/ Aw' = (Bw')

w—w Ewlu
(directly/as a W-actegory [Gordon-Power'97, Janelidze-Kelly'01])

A monad for full ground storage (following [Egger et al.'14])
Take T':=H — P(— © H)

-oOH
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Full ground storage monad

For every X € W = [W, Set]:

TXwC ] ]Hw’:>( > Xw”x]Hw“)/N

w—w' EW w' —w" €W

The monad

w' —w'" ewlu
(TX)w = / Huw' = / X ouw” x Hw”
w—w' ewlu
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Contribution

» Heaps functor over initialisations.

v

A hiding/encapsulation monad over initialisations.

v

A full ground references monad.

v

Its decomposition into a global state transformation on the
hiding monad.
Evaluation:
» An effect masking property.
» Adequate semantics for a call-by-value calculus for full ground
references.

» Validation of the local state equations.
[Plotkin-Power'02, Staton’'10, Melligs'14]
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Garbage collection

Constant functors
Functors X € W whose action Xp is a bijection.

Theorem (effect masking)

For every pair of constant functors I'; X € W, every morphism
f: T = TX factors uniquely through the monadic unit:

Interprets a multi-monadic-metalanguage with a runST
construct [Launchbury-Peyton Jones'94]
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Garbage collection

Proof.
1—H-—-PXOH) inW
H— P(XoH) in E
H— X ®PH by lemma
E® -) — X ®PH in E
1 — (X ®PH) in Set, by Yoneda
11— X0 by lemma
1— X in W
and chase a generic morphism upwards. O
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