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Statistical probabilistic programming

[—] : programs — distributions

» Continuous types: R, [0, 0]

» Probabilistic effects:

normally
distributed sample(u,0) : R
sample

[sample(0,2)]
0.6 \ \ T
0.5 - prior ——-- ||
0.4 ~ posterior [l
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prior

scale
distribution
by r

r: [0, 00

SCOI'e(?") -1 conditioning/fitting

to observed data

let z=sample(0,2)

inscore(normal Pdf(1.1] x %))7
score(normal Pdf (1.9|2z 4))
score(normal Pdf (2.7|3x, 1 ))

x

posterior j
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Statistical probabilistic programming

Exact Bayesian inference
using disintegration
[Shan-Ramsey'17]

> Commutativity/exchangability/Fubini\j\

letx = K in lety =L inf| [[K](dz)[[L](dy)f(z,v)
lety =L in||=|letx = Kin =

f(z,y) f@,y) JIL] (dy) [ [K] (dz) f(z,y)
probabilitity o-finite arbitrary
distributions _distributions distributions
4 4 X
s-finite(—/_\
distributions L
not closed under v full definability

push-forward

[Staton'17]
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Statistical probabilistic programming

Express continuous distributions using:

» Higher-order functions

A —

piecewise(random-constant) piecewise(random-linear)

example: generative random function models
[Heunen et al.’17]

measurable cones

measure theory and stable quasi-Borel spaces
X measurable functions v
Theorem (Aumann’61) ‘/ [Ehrhard-Pagani-Tasson'18]

No o-algebra over Meas(R, R) with measurable evaluation:

eval : Meas(R,R) x R — R
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Statistical probabilistic programming

Express continuous distributions using: ,
Scibior et al."18a+b

» Inductive types and bounded iteration

resamples ——\particles\f\ moves

rmsmc k n t =

marginal . finish . compose k (
advance . hoistS (
compose t mhStep . hoistT resample

)

) . hoistST (spawn n >>)

Sam Sam I ?Dam Sam
————— | [resamplé] op P S S
spawn n| - op [Sam| am
— || hoistT 7thtep*> Tr Pop Saml
hoistST |_| hoistS _ladvance] N _|marginal| | [Pop|

see Adam Scibior's talk
Monday 17:02-17:25
Functional Programming for Modular Bayesian Inference
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Statistical probabilistic programming

Express continuous distributions using:

[Ehrhard-Pagani-Tasson'18]
» Term recursion(—/_

rw(z,o) = X(). // thunk
let y = sample(z, o) .
in (z,rw (y,0))

00 05 10 15 20 25 30 35 40 45 50 55 60

Gaussian random walk

» Type recursion and dynamic types
WebPPL

ChurCh @ Venture
this talk
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Iso-recursive types: FPC
type variable contexts N~——

A={a,...,an} [Fiore-Plotkin'94]

k/A,a Fi 7 type

A by po.T : type

Lam = pio.{Bool{True | False} type recursion
}App(oz * Q)
}Abs(a —a)}
T = po.o
Fl—tza[ar—fﬁl—t:; ml—s:p
I'Frroll(t): T I' - matchtwithrollx = s : p
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Iso-recursive types: FPC

type variable contexts [Fiore-Plotkin'94]
A={ay,...,an}

/L/A,a Fi 7 type

A by pa.T : type

wCpo-enriched

category of type recursion
domains

\_///_\C/op)n %

[AFy 7 type] : (

[A by po.t @ type] = minjmal invariants

locally continuous

[Freyd'91,92, functor
Pitts'96]
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Challenge

> probabilistic powerdomain
» commutativity/Fubini Cﬁff;’;gf’;@fk?mg'gfis

open problem
» domain theory [Jung-Tix'98]

> higher-order functions

traditional approach:

domain — Scott-open sets — Borel sets — distributions/valuations
as in

[Ehrhard-Pagani-Tasson'18]

our approach:

(domain, quasi-Borel space) > distributions

separate
but compatible
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Contribution

» wQDbs: a category of pre-domain quasi-Borel spaces

» M: commutative probabilistic powerdomain over wQbs

Theorem (adequacy)
M adequately interprets:
» Statistical FPC
» Untyped Statistical \-calculus

This talk
> wQbs

» a powerdomain over wQbs

» a domain theory for wQbs
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Rudimentary measure theory

Borel sets 1 dimensional Example

> [a,b] Borel Lebesgue measures:

Ma,bl =b—aon R

A @A) ([a,b] x [c,d]) =
(b—a)(d—c) onR?

» A Borel — AL Borel

> (An),c Borel —
Unen An Borel

Measurable functions f:R — R
fY[A] Borel <= A Borel 2 dimensional

Measures 4 : Borel — [0,00] ~ Push-forward measure
(4) = p (F71A4])

[kt
» monotone: L___ Borel set
ACB — M(A) < M(B) measure
» Scott-continuous: f:R—R

AogAlg —

1 (Up An) =V, 1(An)
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Quasi-Borel pre-domains

subset of functions

set partial order on X R— X

w-qbs: k_/_\/ J, \[\‘random elements
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Quasi-Borel pre-domains

subset of functions

set partial order on X ) dﬂ?ﬁlé }
W'qu: k_/—\/ \L \[\‘ran om elements
X <Xa MX)
w-Ccpo
oxpg <z <2<l — 3V,
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Quasi-Borel pre-domains

set partial order on X R— X

w-qbs: k_/_\/ J, \[\fandom elements”

w-cpo ‘&;_ quasi-Borel

space

o \.x € My . R
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Quasi-Borel pre-domains

set partial order on X R— X

w-qbs: k_/_\/ J, \[\fandom elements”

w-cpo ‘&;_ quasi-Borel

space

)
R = Borel R

o Az e My o (M o
R P
ea€ My = aopé€ My
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Quasi-Borel pre-domains

set partial order on X R— X

w-qbs: k_/_\/ J, \[\fandom elements”

w-cpo ‘&;_ quasi-Borel

space

)
R = Borel R

e \_x € Mx
eac My = aopec My :
o (ay € Mx),cpy = [r € Sp.a(r)] € Mx

[Sn.an]
e

Borel measurable
countable partition

R= LﬂnEN Sn
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Quasi-Borel pre-domains

subset of functions
set partial order on X R—X

. “random elements”
w-qbs: k_/—\/ ¢ ¢
Xa MX)

w-Ccpo ﬂ}_ quasi-Borel
space

)
R = Borel R

e \_x € Mx
seace My — aope Mx
o (ay € Mx),cpy = [r € Sp.a(r)] € Mx

pointw.ise Borel measurable pointwise
ot w-chain countable part|t|on lub
L \‘—’_\/ . [Rf neN
(an) € Mg an € Mx

Ohad Kammar, Matthijs Vakar, and Sam Staton A domain theory for statistical probabilistic programming



Quasi-Borel pre-domains

subset of functions
set partial order on X R—X

. “random elements”
w-qbs: k_/—\/ ¢ ¢
Xa MX)

w-Ccpo ﬂ}_ quasi-Borel
space

)
R = Borel R

e \_x € Mx
seace My — aope Mx
o (ay € Mx),cpy = [r € Sp.a(r)] € Mx

pointw.ise Borel measurable pointwise
) w-chain countable partition lub
S.t.. \\_’_» _ E_JHEN Sn
w ]
(o) € MY — \/anEMX
n
Morphisms f : X — Y: Scott continuous gbs maps
A_—
~ monotone and Va € Mx.
INVwan =V, fan foae My
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Quasi-Borel pre-domains

Example
S = (8,Xs) measurable space

(S,=,{a: R — S|a Borel measurable})

so R € wQbs

Reminder wabs: X = (X, <x, Mx)

e \_x € Mx
sacMx = aopc Mx
o (an € Mx), oy = [r € Sn.a(r)] € Mx
s.t.:
(an) € Mg = \/aneMX

Ohad Kammar, Matthijs Vakar, and Sam Staton A domain theory for statistical probabilistic programming



Quasi-Borel pre-domains

lubs of
Example step functions

P = (P,<p) w-cpo

(P, <p, {\/[ € Sk.ak]

k

Vk.R = Usk})

so L = ([0,00], <, {ar: R — [0, 00]|cx Borel measurable}) € wQbs

Reminder wabs: X = (X, <x, Mx)

e \_x € Mx
ea€ Mx — aoyp€ Mx
o (an € Mx), o,y = [r € Sn.a(r)] € Mx
s.t.:
(an) € MY = \/ an € Mx

n

Ohad Kammar, Matthijs Vakar, and Sam Staton A domain theory for statistical probabilistic programming



Quasi-Borel pre-domains

Example
X w-qgbs

X, = ({L} £ X, <X, {[S.J_, Sc.a]‘a € My, S Borel})

Reminder wabs: X = (X, <x, Mx)

e \_x € Mx
sacMx = aop€ Mx
o (an € Mx), oy = [r € Sn.ar)] € Mx
s.t.:
(an) € M} = \/an € Mx
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Quasi-Borel pre-domains

Products

X1 xXo=X; xX, <y < Viz; <y
MX1><X2 = {(ozl,ozg) 'R —)Xl ><£2|Vi.ai (S MXi}

correlated
random elements
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Quasi-Borel pre-domains

Products

X1 xXo=X; xX, <y < Viz; <y
MX1><X2 = {(ozl,ozg) 'R —)Xl ><£2|Vi.ai (S MXi}

correlated
Theorem random elements

wQbs — wCpo x Qbs creates limits
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Quasi-Borel pre-domains

Products

X1 xXo=X; xX, <y < Viz; <y
MX1><X2 = {(ozl,ozg) 'R —)Xl ><£2|Vi.ai (S MXi}

correlated
random elements

Exponentials

» YX = {f: X — Y|f Scott continuous qbs morphism}
= Qbs(X,Y)

. f<g e Voe X5 < o)

uncurry . : Rx X =Y }

» Myx = a:R— yX ) .
Scott continuous gbs morphism

so YR = My
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Fundamentals of measure theory

s-finite measures

» 1 bounded: u(R) < oo
» u s-finite: p= >, [n. ftn bounded

Randomisation Theorem
Every s-finite measure is a push-forward of Lebesgue:

u s-finite = pu = fA forsome f: R — R,

Transfer principle

(=23

T«A = A ® A for some measurable 7: R — R x R
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Randomisation monad structure

> (X)F
» returny : 7 € [0,1] — x

> (a»:f):IRL)[RX[R—\aXid evalf xid

(YR xR 2Ly

R— X, X—)(XL)[R

monad laws fall
(associativity)
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Lebesgue integration

Lebesgue
Dom (a) measure

« T 7fi( = f o« lBorel — f o) a(x)}\.(dﬂf)
X 77L

L Dom («)
/ Borel maps and _j

natural order
Dom («) Borel
X
/ (X )R — 1t

preserves monad structure

continuation
monad
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A probabilistic powerdomain

(X )R S NI

N =
MX

M X: randomisable integration operators
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A probabilistic powerdomain

lubs of lubs of ...

f images pointwise order

(€, M) := (densely strong epi, full mono) factorisation system
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A probabilistic powerdomain

£ = densely strong epis closed under:

» products: e, €& = e1 Xex €E
> lifting: ecf = e €&
» random elements: ccf = Reg

= M strong monad for sampling + conditioning

[Kammar-McDermott'18]
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A probabilistic powerdomain

(X)) ———— 1

N =
MX

» M locally continuous = may appear in domain equations

» M commutative — satisfies Fubini

» M models synthetic measure theory - R . > ‘
M3 nen Xn = [lnen MXn / - ‘
[Kock'12,
SC|b|ocr)cet al.'18] - >
L B *

W is s—finite} generalises valuations

> MX%{

H ‘ Scott opens

standard Borel space
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Axiomatic domain theory

[Fiore-Plotkin'94, Fiore'96]

Structure

!

I

Total map category: wQbs

f— strong mono

Admissible monos: Borel-open map m : X — Y:
gbses

Ve My. B m[X]] € B(R)

take Borel-Scott open maps as admissible monos
Pos-enrichment: pointwise order

Pointed monad on total maps: the powerdomain

model axiomatic domain theory

solve recursive domain equations
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Axiomatic domain theory

Structure
D total map category
wQbs

f < g Pos-enrichment

pointwise order

admissible monos

Borel-Scott opens

T monad for effects
power-domain

m partiality encoding
m:—; =T, L—=0

Derived axioms/structure

pP® partial map category

— partiality monad

() the adjunction J + L
is locally continuous

(py) PP is wCpo-enriched

Mo

(1<) p® has a partial terminal

Ohad Kammar, Matthijs Va

r, and Sam Staton

Axioms

() every object has a partial
map classifier |y : X — X

(fup) every admissible mono is full (+)
and upper-closed

(H<) |—] is locally monotone )

(V) 9 is wCpo-enriched (xy)

(U)  w-colimits behave uniformly

(1) D has a terminal object (cr)
(1)

(®)  pD has partial products

(®y) (®) is locally continuous

(=) D has locally continuous
exponentials

(=) PD has locally continuous
partial exponentials

A domain theory for statistical proba

(—<) D has locally monotone

exponentials

locally continuous total
coproducts

0 — 1 is admissible

® has a locally
continuous products

D is cocomplete

T is locally continuous

(pCL) p® is cocomplete
(p+y) PD has locally continu-

ous partial coproducts

(BC) J:<pD is a bilimit

compact expansion

tic programming



Contribution

» wQDbs: a category of pre-domain quasi-Borel spaces

» M: commutative probabilistic powerdomain over wQbs

Theorem (adequacy)
M adequately interprets:
» Statistical FPC
» Untyped Statistical \-calculus

This talk Not in this talk

> wQbs » Operational semantics

» a powerdomain over wQbs a la Borgstrom et al. ['16]

» a domain theory for wQbs > Characterising wQbs
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