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Gifford-style types and effects

Effect systems

{1 = 1;
fz = deref(fg)
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Gifford-style types and effects

Effect systems
F4 =1,
0y := deref(¢3) : () ! {lookup, update}

3

FrN-=M:Ale

Effect-dependent optimisations [Benton et al.]
Swap: M () lej, My; Ma; N

g;i C {lookup} My: /\_/,1; N
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A language a paper

» N. Benton and A. Kennedy. Monads, effects and
transformations, 1999.

» N. Benton, A. Kennedy, L. Beringer, M. Hofmann. Reading,
writing and relations, 2006.

» N. Benton and P. Buchlovsky. Semantics of an effect analysis
for exceptions, 2007.

» N. Benton, A. Kennedy, L. Beringer, M. Hofmann. Relational
semantics for effect-based program transformations with
dynamic allocation, 2007.

» N. Benton, A. Kennedy, L. Beringer, M. Hofmann. Relational
semantics for effect-based program transformations:
higher-order store, 2009.

» J. Thamsborg, L. Birkedal. A kripke logical relation for
effect-based program transformations, 2011.
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Contribution

Craft

case by case treatment

4

Science
general semantic account of Gifford-style effect type systems

\
Engineering

> results: validate optimisations that occur in practice
> tools: to assist validation and instrumentation, e.g.
optimisation tables

» methods: for overcoming difficulties, e.g. equational reasoning
for modular validation
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Marriage of effects and monads [Wadler and Thiemann]

Observation [Wadler]

Change notation:
NMN-M:Ale = TFM:TA

an indexed family T.A of monadic types.

€4 T€4
2
€2 g3 = T, Te,
© ¢
€1 Tg1
effect monad
inclusions morphisms
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Suggested monads for global state

T{lookup,update} 2 X A

AN

T{lookup} A) A? T{update}(A 1 + 2) x A

N

To(A) =
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Algebraic theory of effects [Plotkin and Power]

An interface to effects:
Effect operations ¥ e.g.: lookup : 2, update : 1(2)
lookup update; wupdate;

/N
X X1

X X
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Algebraic theory of effects [Plotkin and Power]

An interface to effects:

Effect operations ¥ e.g.: lookup : 2, update : 1(2)
Effect equations £ e.g.:

update lookup
| / \ lookup
update; = update; lookup lookup = / \
| | A AN
X X X00 X01 X10 X11

Each theory (¥, E) generates a monad T (free model).
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Algebraic view

Key observation
€ as an algebraic signature.

Global state
For X := {lookup : 2,update : 1(2)},

¢ =(),{lookup}, {update}, {lookup, update}

A novel banality.
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Conservative restriction

Global state

E =
update, )
|
update,, — update, ,
| |
X X
lookup

s ~

Theory update, update; — X,
| |

x X
update, update,,
|
lookup =
/7 N\
X0 X1 Xp
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Conservative restriction

Global state
E. ={s=te€ E|s, t are e-terms}

E{lookup,update} E{lookup,update} =
G
E{lookup} E{update} ( uptheb
\\> (// update,, — wupdate, ,
Ey x x
lookup

s ~

Theory update, update; = X,
I I

X x
uptheb update,
lookup =
AN
\ X0 X1 Xp
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Conservative restriction

Global state
E. ={s=1t € E|s, t are e-terms}

E{lookup,update} E{lookup} =
N
E{IOOkUP} E{update} lookup lookup
\\> (// lookup lookup = / \ y
/7 N\ /7 N\
E@ Theory X00 X01  X10 X11 X00 X11

lookup
/v =X
X X
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Conservative restriction

Global state
E. ={s=1t € E|s, t are e-terms}

E{lookup,update} E{lookup} =
G
E{IOOkUP} E{update} lookup lookup
7 N
\\> (// lookup lookup = / \ y
VAN /A
E@ Theory X00 X01  X10 X11 X00 X11
lookup
/v =X
Reminder: o
E =
updzlite b lookup update, update,
7 ~
Theory updetteb/ = updalteb/’ update, update, = X, lookup =
| | 7N
X X x x X0 X1 Xb
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Conservative restriction

Global state
E. ={s=1t € E|s, t are e-terms}

E{lookup,update} E{update} =
GO
E{lookup} E{update}
\\) (// updzliteb
Ey Theory upditebl = updalteb/

X X
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Conservative restriction

Global state
E. ={s=1t € E|s, t are e-terms}

E{lookup,update} EQ) = Theory 0
G
E{lookup} E{update}
PG
Ey
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Conservative restriction

Derived monads

T{lookup,update} 2 X A

AN

T{lookup} A) A? T{update}(A 1 + 2) x A

N

To(A) =
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Optimisations
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Structural properties

Valid for all T,
e.g.
> 3, i rules

> sequencing
(M; N); P = M;(N; P)

Practically

Bread and butter of optimisation, e.g.
> constant propagation
» common subexpression elimination
> loop unrolling

etc..
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Local algebraic properties

Single equations in E,, e.g.:

update, update,
|
lookup =
/N
X0 X1 Xp

become optimisations, e.g.:

{:=V: x:=V:
y < deref(x); =
N N[V /y]

note quantification over variables only (local property).
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Global algebraic properties

Algebraic characterisation
For all t(x1,...,%n):

/N =X
X.-.X

note quantification over terms too (global property).

Discard

M; return () = return ()
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Knowledge unification

Discard

B F

T'F.M:F.A T+, N:B

(coerceM)toxz: AN =N

B F

Ik. M:F.A

M to z : A.return.+ = return.x

T affine:
F ni 11— |Fel

has a continuous inverse

For all e-terms ¢:

t(x,...,x)=x
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Knowledge unification

oenreios

suonestundo 1ensqy <L amdg

istne Torm

ST S Condion |

Discard

FoMEA

P MiRA

1o IR

2 T T

For all e-terms ¢

read-only stte, comvex,
upper and lower

(coercelM) toz : A M toz: A ret s & continuous inverse o) =% semilatices
Tt toEA e Forall <-terms ¢
T, Ay AF, B - t(t(x11, .- X1n), exceptions, lifting,
Cony v coorcoll & ¥ M toziA M to yi A return. (z,4) PR eadonly sae,
aeehtoy iy L o wite-only state
coerceM to z: A. N [z/y] M to z: A. return, (z, ) =t %)
Forall c-erms ¢ any affne or relvant
) theory:litng,
W BT rreaiEa ek X0 exceptions, read-only
Cony coerce _— - ind wie-only e,
i Coereal toy 4N = Mtoz:AM 1ox e xa)) e e
coorcoM toy: AN =t x,) | e smtice theories
i Doy M By o MiiF, Ay TF ™ commute:
A x2: Ak N i L — q
Ttow A x m#2S%) | Tecc ranstatons commute STET T
Swap fr coerceli toziidr " Comreanr t?," A roturn, (1. 02) = = Wilh T, ., tranlaons e | . disinct glb
Coercals to 73: A3, CoorcelM to 13 A3 o e - e memory cells
Coercel; ta 71 AL N Coerce M| to 41 Ay return. (z1,42)
Forall e-terms £ = T, (t'),
Thoy My :Fo Ay The, o (m"txm2) N
r F A ) when T, is affine.
Weak aa, Y o (idxni?) = 1 read-only state and
R CoorcelM} to £y ,\‘ return.z, = . %)) = | cones. upper and lower
’ (same as Swap) coercol o 131 o (m*1 xm*3) ) comex.
Coerceir; to s} Al return. s, o Gaxntt) x),
*n))
Dhoy My Foy Ay They My Foydy (mt xm2
rh M . o) e 7 i
Isolated o (nfl xni2) = 4 ety sate
_— Lo B rotun,+ = : st Come,upper and lower
(same as Swap) I3 to 7 Geo (mtxm2) Semilatticen
” KSR B reurnes P, s(t(x. e
o (m' xm?)
tx,
s e s,
ThoMF0i=1,2 all threesemilatc
Unique [ R (same as wtlitarian form) F.0=0.1 T equates all -constants theorics, a single
A= unparameteised
excepion, lfing
T M:F.A Tx: AF, B T'F. M:F.A
e | . all cterms are cqual 0 the empry theory,
Hoist retur: hunk \cacrcc.’ll tor: A N) rcturn thunk M= \Few| variables in 7. inconsistent theories
S tows A veturn, thunk N Mo eturn. thunk return.x
Fh.M:FEA Dor . The M:F.A
_— | .. . al e-erms are cither all theories contining
Hoist  [pr M to A P Mt L5 (0" id) = st 05

hunk (coerce ) to =

AN)
Alreturn, thunk N

St

u..mk roturn. (x, thunk M)

Mg

nk return. (r, thunk return.z)

bl o ndepéndent of
ther variables via 7.
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Global algebraic properties

Algebraic characterisation

For all ;-term t(x1,...,%,), and ex-term s(x1,...,%Xm):

S S = t t
/7 N\ /7 N\ ’ N ’ N
X11 ...X1m Xpl ...Xnpm X11 ... Xp1 Xim..-Xnm

Swap

X < Mi;y < My; return (x,y)

y < Ms; x < My; return (x,y)
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Global algebraic properties

Algebraic characterisation

For all e1-term t(x1,...,%,), and ex-term s(x1,...,%Xm):
t S
N B PN
s s = t t
/ N / N 7’ N\ 7’ N
X . X X . X X L. X X . X

Isolated swap

M:N=N:M

Applicable for more effects.
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Additional contributions

Details in the paper, and:

» An extended example:

Exceptions + (Read Only ® Write Only ® Read-Write ®
(Rollback Exceptions + Input + Output+
(Non-determinism ® Lifting)))

(2° = 512 effect sets).
» Modular validation of optimisations.
» Guaranteeing optimisation soundness.

» Optimisation tables.
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No effect inference.

v

v

Not a rich logic (equational only).

v

Only algebraic effects.

v

Did not cover all optimisations.
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» N. Benton and A. Kennedy. Monads, effects and
transformations, 1999.

» N. Benton, A. Kennedy, L. Beringer, M. Hofmann. Reading,
writing and relations, 2006.

» N. Benton and P. Buchlovsky. Semantics of an effect analysis
for exceptions, 2007.

» N. Benton, A. Kennedy, L. Beringer, M. Hofmann. Relational
semantics for effect-based program transformations with
dynamic allocation, 2007.

» N. Benton, A. Kennedy, L. Beringer, M. Hofmann. Relational
semantics for effect-based program transformations:
higher-order store, 2009.

» J. Thamsborg, L. Birkedal. A kripke logical relation for
effect-based program transformations, 2011.
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Summary

» Category theory was crucial to this formulation.

» The categorical characterisations connected to Fiihrmann,
Jacobs, Kock and Wraith.
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Contribution

Craft

case by case treatment

4

Science
general semantic account of Gifford-style effect type systems

\
Engineering

> results: validate optimisations that occur in practice
> tools: to assist validation and instrumentation, e.g.
optimisation tables

» methods: for overcoming difficulties, e.g. equational reasoning
for modular validation
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Appendices

» High-level view
> IR syntax
» Signature
» Types and terms
» Type system
» IR semantics
» Optimisation soundness
> Atkey
» Further work
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Appendix |: Bird's Eye

monadic source language

4

multi-monadic intermediate language

4

semantics

4

optimisations (logic)
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Signature
Y ={op:a(p)} parametrises the language.
Global state
State: lookup : 2 (lookup:2(1)), wupdate:1(2)
Exceptions: DivideByZero : 0
Input: input : 128, output : 1 (128)

Already 25 = 32 different languages!

Ohad Kammar, Gordon Plotkin
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Types and terms

AB,... == n|A=B |T.A
M;N,... == x|i|XxM | M N
| return. M | x + M; N
| oppy N M

where ¢,¢/ C ¥
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Type system

Nx:AFM:B r’-mM:A—B rEN:A
M= Mx.M r'EMN:B
r=M:A rN-M: T.A MNx:A-EN:T.B

I return. M : T:A lEx<«~ M;N:T.B

r=M:p '=N:a— T.B
N=opyN:T.B

op:a(p),op€e¢
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Semantics

Models
A functorial family of theories: 7. = (¢, E.)

with E., C E., whenever g1 C e5.
Derived monads

Te,-Models T-,-Models

Algebraic Foundations for Effect-Dependent Optimisations
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Effect-dependent optimisation

Source: x < M;return0 - T1
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Effect-dependent optimisation

Source: x < M;return0 = returnO - T1
x <+ M;
IR: returnfiooupt 0 = Teturngiookupt 0 : Tirookup}l

crucial step holds VN : Ty140kupyA, not VN : TA
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Effect-dependent optimisation

Source: x < M;return0 = returnO - T1
x <+ M;
IR: returnfiooupt 0 = Teturngiookupt 0 : Tirookup}l
returng 0 : Tpl

Algebraic Foundations for Effect-Dependent Optimisations
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Formalising soundness

Erasure
Erase : IR terms — source terms
Erase(M): remove ¢'s and coercions from M

(x <~ M; return0)

Erase

x < Erase(M); return0

Validity
M a model (source or IR):

MEM=N &L [M]=[N]in M
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Formal soundness

Soundness
For a source model 7 and IRs - M, N : T.n,
suffices to find an IR model 7% such that:

T*=M =N = T k= Erase(M) = Erase(N)

Source: Erase(M) Erase(N) : Tn

IR: M =M=M'=...=M"= N : Ten
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Constructing IR Models

Conservative Restriction Model
Given 7 = (X, E), define the IR model 7" by:

E|. := E N (e-terms x e-terms)

i.e., all derivable E equations between e-terms.

Theorem
For all- M,N : T.n:

7 Cns EM=N <= T [ Erase(M) = Erase(N)
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Modularity theorem

Idea
Restrictions of 7 = 71O 7?2 in terms of component restrictions.

Theorem
For consistent theories:

(T1+T2)|€1+€2 = Tl\sl + T2|€2
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Axiomatic restriction

Axiomatic Restriction Model
Given T = (X, TheoryAx), define the IR model 7% by:

Theory|, Ax := Theory(Ax N (e-terms X e-terms))

By fiat,
Theory|, ., (Ax + Ax?) = Theoryl|,, Axt + Theory], -
Theory]|, ., (Ax! 4+ Ax?) U Ex,e5,) = Theory|_, Axt ® Theory], -

Theorem
For all- M,N : T.n:

TA=M=N = T |= Erase(M) = Erase(N)
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Abstract optimisations

(contd.) Discard: x <— M; return, 0 = return. 0

Discard: Pristine Form

M-M:T.A

X + M;return. 0 = return. 0

(cont.)

Categorical Characterisation

Due to Kock, Jacobs, Fihrmann
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Further work

» Effect reconstruction » Concurrency
> Handlers )
. » DSL reasoning.
> Automation
» More effects » Richer program logics
» Locality (Hoare, modal, etc.).
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Isolated swap applicability

For example, if e1 = {input}, e, = {lookup, update}.
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Precise relationship of semantics is further work.
Similarities:

» Soundness of optimisations.

» Validation of the Benton et. al global state optimisations.

» Constructing a semantics out of an equational theory.
Differences:

» Our work included a general treatment of optimisations.

» Our work is tightly coupled to the algebraic semantics.

» Out work treats modular combinations of optimisations.

Perhaps our work can be generalised to the parametrised setting.
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